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The formal solutions of inverse scattering problems presented in Paper I [J. Math. Phys. 10, 1819 (1969)]
are shown here to converge in certain cases of potential scattering for sufficiently weak potentials, and in
certain cases of refractive scattering for sufficiently weak variations in the index of refraction. The solutions
for the cases of boundary scattering, on the other hand, are not likely to converge, because there is no way

to make the effect of the boundary sufficiently weak.

INTRODUCTION

In Part I of this series, ' formal solutions of certain
inverse scattering problems were developed from a
procedure suggested by Jost and Kohn® and developed
by Moses.* In this paper it is shown that these formal
solutions do in fact converge to give true solutions for
some of these problems, and that in these cases the
true solution is actually given by a constructive itera-
tion procedure suitable for numerical computation. In
each case the convergence requires that the disturbance
causing the scattering be sufficiently weak that the
direct scattering problem admit an iterative solution.
This direct solution is then inverted to give the inverse
solution.

As in Part I, three classes of problems are consid-
ered separately: problems of potential scattering, re-
fractive scattering, and boundary scattering.

POTENTIAL SCATTERING

The scattering of a quantum mechanical wave function
@(x,k) from a fixed potential V(x) is governed by the
time-independent Schridinger equation

(V2 +E%)o(x, k) = V(x)o(x, k). (1)

The solution, which is to consist of an ingoing plane
wave plus an outgoing scattered wave, may be expressed

as
ilkliz-y!

o(x,K) =™ 5+ f ¢ Vy)oly, k) dy. @)

4rix -yl
As |x| — « the behavior of ¢(x,k) is given by

i
(X, k)~ e * + 4: T(k',k) +0(1/|x|?). (3)

Here k’= (k| /Ix|)x, and T(k’,k) is given by
Tk',k) = [ e Vy)o(y, k) dy. )

Thus T(k’,k) contains the scattering data. An iterative
solution for T'k’, k) is obtained by first solving (2) for
¢(x,k) and then substituting the result in (4):

T(k,,k): e-ik"YV(y)eik-ydy
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If Fourier transforms are taken throughout, then
1

1
+ ] K" ——————
j fv(k K T

T, %)= V(K —K) + f ViK' —k”) V(K" —K) K"

XV(k"—k”’)"' V(k(n)_k)dk(n). o dRY A (6)
or, more formally,
T=V+V(IV) +V(ITVTV) +---, (7
where I'V is the kernel
(TV)(k', k) = (k"> —k> +40) V(k’ - k). @)

Now it is known that this formal solution (6) of the
direct problem converges provided that the potential V
is sufficiently weak.* To see this, we define a (well-
behaved) class of integral kernels K(k’,K), together with

a norm || || for this class, such that the class is com~
plete in this norm, and if K and M are in the class, then

KN Nl <o (9)
and

HE(TMI < ik il (10)
where

EKTM)K’, k) = [ Kk',k")Kk"? ~k* +i0)" M(k", k) dk" .

(11)

It is plain that if the kernel V(k’ -k) is in this class,
and if

vil <1, (12)

then the kernel T(k’,k) is also in this class and the
series (6) converges to 7 in norm.

There are several ways of defining such a norm. One
way was originally given by K.O. Friedrichs in his
study of the direct problem,? and for this reason these
classes are sometimes called Friedrichs classes with
Friedrichs norms; we summarize his results in the
Appendix.

For the solution of the inverse problem we have only
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to invert Eq. (6). Suppose first that we know the back-
scattering data T(-k,k) for all values of k. Then we
proceed as follows: We put kK’ equal to -k, replace
T(-k,k) by €T(-k,Kk) and V(k) by 3 2.,€"V, (k), and sub-
stitute into (6). Then we equate the coefficients of €™,
The result is

T(=K,K) = V,(~k k) = V,(~2k), m=1,
0=V, (<2k) Y. 7

=2 Tyr Terem

f e f V,-l(_k —k”)(k”z +k2 +i0)-l Vrz(k” —k”) e

(13)

XV, (6P -k)dk'D. - dk”, m > 1.

Hence if we put
T,(k’,k)=Tk",k),
Vi(-2Kk)=T,(-k,k), m=1,

(14)
T, (k',k)= —ZZ Z V, (TV, -+ (TV, ) - )K", k),
Vm(—Zk):Tm(—ki,k), m>1,
then
V'(—2K) :él V,.(—2K). (15)

Equation (14) gives a potential V’(-2k) in terms of the
backscattering data T(-k, k) and thus provides a formal
solution of the inverse potential problem. It remains

to show that if V is sufficiently weak, i.e., if the
Friedrichs norm of V is sufficiently small, then the
series (15) actually converges to V' and that V' actually
reproduces the backscattering data.

In order to do so, we must first verify that the
Friedrichs norms have the following property. If K is
any kernel of the Friedrichs class and M is derived
from K by the following formula,

Mk’ k)=K(k -k")/2, (k' -k)/2),
then the Friedrichs norms of M and K are related by

1M1 < lIKH. 1)

(16)

The verification of (16) is included in the Appendix for
the norms defined there.

Now if V(k’ ~K) belongs to the Friedrichs class, with
1Vl <1, we know from (7) that 7'(k’,K) also belongs to
the Friedrichs class, and

vl .
1=Vl

Now from (14), (16), and (17) it follows that V, also
belongs to the Friedrichs class and || V,ll < liTll. Hence
so does V,, and

uTnséi VI = (18)
=1

m
HV,,,HSHT,,,H:Z}2 HV,lll-'-HV,iI!. (19)
i
Now, following Jost and Kohn,? we put
I = v,
" (20)
Jm :Z Z J e J'_ ;

»
i 1

W
]

T oHere s
1 T =m

then we see from (19) that
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Vall<d,. (21)
Now we put

w:w(z):ilsz”' (22)
and observe thm;.t, because of (20),

w(z) ~J,2=1/[1 —w(z)] -1 —w(z)

=w?(z)/[1 —=w(2)], (23)

or

Jiz=w ~w?/(1 —w). (24)
Hence, if we solve (24) for w,

w={(1+J,2) £ [(1 +J,2)* - 8J,2]"/*}/4, (25)

then we see that, as a function of z, w is analytic at
z=0 and out to the nearest singularity, where

(1 +J,2)? =8J,2=0 (26)
or where
J,z2=3-2y2=0.172, @27

Hence, if J, <0.172, then the series (22) for w(z) con-
verges for | z| <1, and it follows from (21) that the
series (15) for V' converges in the Friedrichs norm.

It remains to show that the sum of this series repro-
duces the backscattering data, i.e., that the sum satis-
fies Eq. (6). But, if we put

N
V=2l Vs (28)
and
™ =V¥ + V¥ (C V) + V¥V (TVY) +- -, (29)

then we find

silp|T(—k,k)—TN(—k,k)|

fd m

gSEp mz;d i.zzrl»,-Z+rlzm VTi(r‘V72..'(eri)_)(_k’k)
Yy SN
i

I m
< X L X vy,
maN+1 iz2 y 4oi-sp em 1 i
rlsN‘

©

< 7, Jy—=0 a8 N— oo,
ms=N+1

(30)

It follows that if one starts with the backscattering
data T(-Kk,Kk) and constructs a potential V' according to
(14) and (15), and then reconstructs the backscattering
data from (6), one recovers T{-Xk,K).

There is no guarantee, in general, that the potential
V' so constructed will reproduce the vest of the T
matrix, i.e., there is no guarantee that T¥(k’,k)

— T(k’,k) for k'# -k, or that [T - T"||—~0 as N— .,

Consequently, there is no gaurantee, in general, that
the potential V' so constructed will coincide with the
original potential V of the problem. In fact, it follows
from (7) that

T=V+VIT (31)

so that, as kernels,
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(32)

Now clearly, if V'=V, then V' will reproduce the entire
T matrix through (7); and conversely, if V' does repro-
duce the entire T matrix, then V' =V through (32). We
know that V' =V in the case of radial potentials through
the Gel’fand—Levitan theory, but we can say nothing
more in the general case.

T +TT) =V.

If instead of the backscattering data T(-Kk,k) for all
k we are given the fixed aspect data 7T(k’,k) for fixed
aspect angle k/{k| and all energies 1k’| =|k! and
scattering angles k’/1k’|, then we modify the inversion
procedure as follows.® We put

V,(2h)=T,(k’,k), 2h=k'-k. (33)

This determines V,, only in the half-space h-k <0. But,
if V(x) is to be real, then we must have V(-k)= V(k),
Hence we must supplement (33) with

V,(=2h)= V,,,(Zhi.
The rest of the argument goes through as before.

A similar modification works if we are given fixed
scattering angle data 7'(k’,k) for fixed k’/Ik!, all 'k|
= lk’| and all aspects kK/|k|. The roles of k and k’ are
now interchanged, and (33) determines V,,(2h) only in
the half-space h« k’ >0, while (34) determines V,(2h)
in the other half-space.Otherwise the result is the same
as before,

We are not able to prove, however, that the potentials
constructed from the three kinds of data described
above agree with the original potential or with each
other!

REFRACTIVE SCATTERING

The scattering of an acoustic wavefunction ¢(x,Kk)
from a variable index of refraction #(x) is governed by
the wave equation

(V2 +K%n(x))p(x,k) = 0. (34)
If we put W(x)=1 —n(x), then (34) becomes

(v* +E?)@(x,k) = E*W(x)@ (X, k). (35)
This equation resembles (1) with V(x) replaced by
E*W(x). Again we seek a solution of the form

x -/‘ PILESd .
—_ ptk'x —_ E—

ox, k) =eiF*+ Tx=y] BW(y)o(y,k)dy. (36)

Again as x| — =<, we have
K x eilkl x| , 1

o)~ e+ L T, +o(E) 60
where now

Tk, k)= [ e ™ E*W(y) ¢y, k) dy. (38)

Here we may substitute the solution of (36) for ¢(y,k)
and obtain the analog of (6),
T(k', k) =k£*W(k' k)
+ [ EPWk' —k")k"? -k® +40) R*W(k” —k)dK"
oo, (39)

or the analog of (7),
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T =R} W+ W(AW) + WAW (AW)) ++ -+ ], (40)

where now we have put
(AK)k', k) =(k? -Kk%+50)"'K°K(k’, k)
=(k'?-k*+i0)'k*K(k’, k) -K(Kk’', k), (41)
It follows that we can reproduce our results for
potential scattering word for word as soon as we define
a Friedrichs class and Friedrichs norm appropriate

for A instead of I'; i.e., instead of (10) we must now
have

IKaMI < K] ML (42)

The proof that this can also be done is sketched in the
Appendix,

In terms of the new Friedrichs norm we see that the
series (40) for T converges to T provided that W lies in

the Friedrichs class and ||W}l <1, In this case we may
define the inversion procedure as follows.

If we are given the backscattering data T(~k,k) for
all k, then we set

T,(k’,k)=T(k', k),
kW, (~2k)=T,(~k,k),
T,k k)= _ZV: >, WTI(AWrz vee (AWH) <oKL k),

i=3 v,
i

(43)

k*W, (-2k) = T,.(=k,k),
and

K*W'(-2k) = ".21 B*W, (- 2Kk), (44)
Then the proof of the convergence of (44) to an index of
refraction which reproduces the backscattering data is
exactly the same as for the case of potential scattering
given above and holds under exactly the same condi-
tions. Similar results hold in the cases of fixed aspect
angle data and fixed scattering angle data.

BOUNDARY SCATTERING

The scattering of an acoustic wavefunction ¢(k, Xx)
from an acoustically soft boundary is governed by the
wave equation with Dirichlet boundary condition

(v +E%)o(x,k) =0,
o(x,k)=0,

XeR',

x€dR’, (45)

Here R’ is the exterior of a compact region R in E® with
smooth boundary 9R. Again the solution may be ex-
pressed in the form

 ipex eilkllx-yl 2
q’(x,k)—e +2/;R 417“‘—?]! W(P(Y,k)dY- (46)

Here 2/3n(y) denotes the exterior normal derivative on
the boundary, and the integration is taken over the
boundary. As |X| —

ellkllxl 1
P, K) = x4 L T, ) +o(|—x|—2>, (47)
where now
Tk, k) =2 f et ety way. (48)
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Solving (46) formally for ¢(y,k) and substituting in (48),
we find

eilkllyl-vzl

)
ikt 3
+4 e iy
ff an(y,) 4niy, —v,l

e Vidy,dy, + -+ .

X

Ié}
anly,) (49)

This may be written in terms of the characteristic func-
tion X,(X) of R

i, X€RUGJR,
Xp(x) { (50)
0, xeR’

and volume integrals

T(k’,k)=2f e ™Y UX,(y) - Vel¥Vdy
E3

+4ff e-ik"y VXR(Y).Veilkllyl-Yzl
5 411y, =Y.l

XVXp(y,) - Vet 7edy,dy, +--. (51)
If Fourier transforms are taken throughout, then
Tk', k) =2X (k' ~k)(k’ ~k) -k

+4 [ Xp(k' —k" )k’ —k") -K"(k"* —k? +i0)"

* Xp(K” —K)(K" ~K) -Kdk"- -, (52)
or formally
T=2Z(TZ)+Z(TZ(TZ) +-- -, (53)
where
Z(k', k) =2X, (k' ~k)(k' k) -k (54)

and T is given by (8) as before.

Thus the series (53) will converge to T as soon as the
kernel Z belongs to a Friedrichs class with Friedrichs
norm ||Z}] <1. If this were the case, then (53) could be
inverted by the same procedure used to invert (7) above.
In fact, it suffices to find a norm for which [|Z[l <», To
see this, recall that, under the dilation x—ax, k— a7k,
the characteristic function X, (k) —~ X, z(k) =a ' X, (ak)
and hence Z(k',k)=Z,(k’,k)=aZ,(ak’, ak).® Thus, if
[1Zxll < and if @ is sufficiently small, then [[Z,.[l <1
and the series (53) converges. The inversion procedure
would then give Z 5, and from this ¢R, and hence R,
could be recovered.

Unfortunately, we have been unable to find a Fried-
richs norm for which |[Z4|l <« for any choice of region
R. The difficulty lies in the fact that the discontinuity
of X,(x) at the boundary ensures that Z(k’,k) will not
die out for large k, even for the smoothest of bounda-
ries, and it follows that Z will belong to none of the
usual Friedrichs classes.

Moreover, we know that the solution of the direct
boundary scattering problem considered here is a limit
of a sequence of solutions of direct potential scattering
problems whose potentials V, have increasing Fried-
richs norm: ||V, |l 4 . ® Thus it seems unlikely that the
Jost and Kohn inversion procedure presented here can
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be used in any but a formal way for boundary scattering
problems.

APPENDIX: FRIEDRICHS CLASSES

We briefly summarize here the essential features of
those classes of integral kernels first introduced by
Friedrichs in his studies of the direct potential scatter-
ing problems.* We shall deal here only with kernels in
three dimensions. %’

Let K(k’,k) be an integral kernel defined for k’,k
€ R® and let 0 <@ and 0< ;1 <1 be positive numbers.
We say that K has decay of ovder 6 at = if

|K(k’, k)| <C(1 + |k’ ~k[)? (A1)
and smoolhness of ovder u locally if
|K(k’+h’,k +h) - K(k,h)|
(A2)

<C+ |k =k[)?(|h’|* +|n|*).

These bounds are to hold for all h’,k’,h,k ¢ R® with
lh’l <1, thl <1,

Let A(8,«) be the Friedricks class of all integral
kernels with decay of order 6 and smoothness or order
g. For each member K of this class we define the
Friedrichs norm

lKll, ,= asup {[1+&K' -k)|?
Ih’Ik<ilf(hI<1‘
, (K(k' +h',k +h)—K(k’,k))>
('K(k’k”* FREEE ’

(A3)
where ¢ is a constant to be chosen below.

With these definitions it is then an arduous but
straightforward task to show that X is a linear space
which is complete in this norm.

Moreover, if K and M are any two members of X and
if we define TM by

(Cm)k', k) = (k'* —k* +i0)* M(k’, k), (A4)
then T'M is a singular kernel not in K; but, if 0 <u <1
and 1 <6, then the composition K(I'M) is again in A and

IKTMIl< b 1K [|M]| (A5)

for some choice of constant » depending only on u and
8. This result is essentially a consequence of the
Privalov lemmas. ©

If we now choose ¢ in {A3) so that ¢ =»"!, then we
arrive at (10), provided 1 <6, 0 <pu <1.

Finally, we note that if M is derived from K by the
relation

Mk, k) =K(k' ~k)/2,(k-k")/2) (A6)

then it is clear from (A3) that [IM|l < |IK]||. and so (17)
holds.

For refractive scattering we must replace I'M by
AM, defined by
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AM(k’, k) = (k'* —=k* +40) kZM(k’,k) *This work was supported in part by AFOSR Grant No.
71-2085.
=(k"?-Kk®+:0)'k?*MK" k) + MK, k). (AT) IR, T. Prosser, “Formal Solutions of Inverse Scattering
Problems,” J. Math. Phys. 10, 1819 (1969).

Again AM is a singular kernel not in X, but now if ’R. Jost and W. Kohn, Phys. Rev. 37, 977 (1952)

0 <p <1 and £ <4, then the composition K(AM) is SHarry Moses, Phys. Rev. 102, 559 (1956).
again in X, and 4K. 0. Friedrichs, Perturbations of Spectra in Hilbert
Spaces (Amer. Math. Soc., Providence, R.I., 1965),
KA M| < cliKIHIMI (A8)  s5p p. Lax and R.L. Phillips, Comm. Pure Appl. Math.

22, 737 (1969).

or some constant ¢ depending only on y and 8. The

f P bvious g'f' t'g ?th tu f (A5). If °L.D. Faddeev, Mathematical Aspects of the Thvee Body
proot 1s an obvious modilication ot that o - Hwe Problem (Steklov Math. Inst., 1963), Vol. 69 [Eng. transl.:
now choose a in (A3) so that a=c™ then we arrive at Sivan, Jerusalem, 1965)].

(42), as required, provided 0 <u<1, 3 <@. 'J. Schwartz, Comm. Pure Appl. Math. 13, 609 (1960),
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On induced representations for finite groups
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Two new notions are introduced as tools for the study of representations of finite groups.” First, in the
spirit of duality, a basis set of class orientated characters is shown to possess nice properties with respect to
induction and subduction, which lead to simple proofs of some well-known theorems. Secondly, as a useful
device in constructive representation theory, a study is made of the subrepresentations which often

naturally occur when a representation is induced from a subgroup to a supergroup.

1. INTRODUCTION

In this paper we explore two areas of representation
theory which have been of interest to applied group the-
orists, namely duality for finite groups and the construc-
tion of group representations by induction from
subgroups.

Duality theory is seen to best advantage in the case
of the symmetric groups, these being remarkable among,_
finite groups for many reasons, but in particular for
the natural correspondence which exists between their
conjugacy classes and their unitary irreducible repre-
sentations (UIR’s). The correspondence is achieved by
labelling the elements of both sets by Young diagrams.
It has proved to be of considerable calculational value.
Unfortunately, no such explicit relationship has yet been
found for arbitrary finite groups, but, nevertheless,
there is a certain duality between the algebra of classes
and the algebra of representations which has yielded
many new and interesting results (see Refs. 1=17).
Typically in duality theory, by the replacement of sim-
ple characters by suitably normalized class sums, a
representation-theoretic formula is transformed into
a class~theoretic formula whose validity, though not
guaranteed, is often the case.

In the first three sections of this paper we develop a
new relationship between classes and characters by in-
troducing the notion of a lonely character. This is de-
fined as follows: If C; denotes the ith conjugacy class
of the finite group G, then the ith lonely character is
the class function x* which takes the integer value |G}/
{C;! on the elements of the class C; and the value zero
elsewhere. This definition and terminology is due to
C.J. Bradley. We show that these class functions pos-
sess very simple properties with respect to the opera-
tions of inducing and restricting, which give rise to
trivial proofs of the Frobenius reciprocity theorem, the
permanence theorem and its inverse, the latter involving
Robinson’s inverse restriction operation.

In the last two sections we introduce the concept of
partial induction, for which the basic objects are a finite
group G and a representation D of a subgroup H. The
operation of inducing D to obtain a representation of G
is well defined. However, it frequently occurs in con-
crete examples that the carrier space V of D is con-
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tained in a larger space W which is invariant under G.
Then it is possible to lift D to the largest subgroup K= H
of G which maps V into itself, before inducing up to G.
It turns outs that the resulting partially induced repre-
sentation is a subrepresentation of D induced to G.
Hence partial induction lies somewhere between lifting
and full induction. We find that this concept allows us

to rederive rather simply an important formula on outer
products for symmetric groups and also a key result in
little group theory for finite groups, hinting at its power
in constructive representation theory.

In this paper we use the following notation: x; is the
value of the pth simple character x* on the ith class
Cy, and X! is the value of the ith lonely character on C;.
We distinguish between x; and x(C;), the latter having
value 1C;lY;, regarding the character x as a linear func-
tional on the module structure of the group algebra of
G. The symbols R and I placed before a character indi-
cate the operations of restricting and inducing, respec-
tively. It is usually obvious from context which groups
are involved. Also, where it is well defined, R de-
notes the inverse of restricting as defined by Robinson.

2. LONELY CHARACTERS

The ith lonely character x' can be more compactly
defined to be that class function whose value on the jth
conjugacy class is

X;:(lc‘/lcil)f’u,

where §;; is the Kronecker delta. It easily follows that

(2.1

X =(/leh e by, (2.2)
1

We recall from Ref. 8 that the set of complex-valued
class functions, of which x! and x* are elements, form
a ring C(G) under pointwise addition and multiplication.
It is clear from the definition that x'x’ =(1G1/1C,1x*6y;
hence, the lonely characters form a set of orthogonal
essential idempotents within C(G). We also know that
C(G) is a vector space over the complex numbers and
possesses an inner product {, ) defined by (¢, H=0/
G Zees #(2)¢¥(g). Equation (2.2) is a particular case
of the statement that the lonely characters form a basis
for C(G), and in particular we find
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TABLE I. In row 1 an entry gives a class label and the size of
the corresponding class.

C; 1 2,1)3 )2
&
3] 1 1 1
[2,1] 2 0 -1
(1% 1 -1 1
V=N, (2.3)
[

using the orthogonality properties of the x* with respect
to the inner product. The latter property is also pos-
sessed by the lonely characters, for we find

<x’,xj>:(1/|Gl)ZéG Y@ @=(|c|/|c;]s,;. (2.9

From an algebraic point of view it would seem that
lonely characters are much easier to handle than simple
characters, yet contain as much information. Of course,
they have the disadvantage of not being associated di-
rectly with representations.

We now consider an example, The ordinary character
table of the permutation group S; is displayed in Table
I, where the rows and columns are labelled by simple
characters and conjugacy classes, respectively. Ac-
cording to definition the lonely character table is the
sparse array of numbers in Table II. We quickly verify
Eq. (2.3) by directly computing x“a’ =[8]+2[2,1]+[1%],
X =[3]-[18], x®'=[3]-{2, 1]+[1%]. In this case,
since Sy has a real ordinary character table, the linear
combinations of the simple characters required to form
the lonely characters are obtained by reading the col-
umns of Table I. The orthogonality of the rows of Table
11 is obvious. We note that, in the case of S; (generally
S,.), the lonely characters are examples of generalized
characters, that is, integral linear combinations of sim-
ple characters. Such characters are of great importance
in group theory (see, for example, Ref. 8)

We have formed the lonely character table of G by
taking linear combinations of the rows of its table of
simple characters leaving unchanged the column labels,
the classes. In the spirit of duality the same array of
numbers can be formed by evaluating the simple cha-
racters on certain linear combinations of the classes.
Define the ith lonely class

Cu :Zi;—‘:c“ (2' 5)
this being a member of the group algebra A(G), where
Ci=2¢,ce€i- Then x(C,) =1G15,,, the analog of (2.1),
since the latter can be rewritten as x*(C;) = 1G|8;;. In
our example we see that Cp3;=(1%) +(2,1) +(3), Cp 5,
=2(1% ~(3), Cpay;={1%=(2,1) +(3). We also note the
relations

xHC) =G =G|/ hxe(Cy). (2.6)

We have seen that the two processes of replacing sim-
ple characters by lonely characters and replacing ordi-
nary classes by lonely classes independently lead to the
lonely character table. Equation (2. 8) shows that if these
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two processes are carried out simultaneously, apart
from the factor |G|, we produce the complex conjugate
of the ordinary character table.

The quantity C, which we have defined occurs natural-
ly in another context, namely in the analysis of the
regular representation of a group. Indeed, in Ref. 8,
it is shown that the rational multiple (d,/1G|)C,, d,
=dimy”, is the uniquely determined central idempotent
in A{G) which generates the two-sided ideal affording
the d, copies of the UIR associated with x* in the regular
representation of G.

All of these results have projective analogs, once we
recall (Ref. 9} that any projective representation can be
so adjusted that ifs trace function becomes a class func-
tion. Thus the lonely characters can also be used as a
basis set for expanding projective characters.

3. INDUCING AND RESTRICTING

In this section we prove that an induced lonely cha-
racter is a lonely character and that the restriction of
a lonely character of G to a subgroup H is an integral
sum of lonely characters of H. First we need some ele-~
mentary definitions and results,

If C,; is the ith class of G, then C; N H is a disjoint
union of whole classes of H, written U,C; 5. Let ¢; 4
€C; o be fixed once and for all. Then H; , ={gecG:
gtlc; ,8€C, .} consists of whole cosets of H in G and
is a subgroup if # is normal in G, Define Ncl'a
={geG: gl¢; w8=¢; o}, then N, ., a subgroup of the
set H,; ,, contains Nj , =N{ , (VH and, moreover, |H, !
X IN?,OJ =1C;,q4! INﬁul. Then we may prove

Theovem 1: Let H be a subgroup of G and let x%, x''*
be lonely characters corresponding to the conjugacy
classes C;, C; , of G, H, respectively, where C;NH
:Uotci,oe~ Then I(Xi'a) = Xi, for all «.

Proof: If g G, then by the definition of an induced
character (Ref. 10)

N g =xbg o (8,

where x?;Z =1HI/1C; 4! and 7; ,(g) is the number of
coset representatives of H in G which conjugate g into
C; . Clearly m; 4(g) is zero if g& C; and is equal to
Mo =1H;ol/IH| if g&C;. Hence

Hi_ Hyal (1C
Cial 1H! 1G]

But 1H; ol =1C; 4l INGi'al and INS .1 =1GI/IC,l, giving
Ix**)=x', as required.

I(Xi ,a) —

TABLE IL
C, %) 2,1 [3)]
Xi
X(13) 6 0 0
X(Z,l ) 0 2 0
X(3) 0 0 3
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Theorem 2: Using the notation of Theorem 1 and its
proof, we have

R(x)=06,2.m; ox'", (3.1)
[« 3

where 0, =0 if C; N H is empty but is unity otherwise.

Proof: Clearly R{(x}) is zero if C; N H is empty. So
assume that C; N H is not empty; then ! takes the value
IGI/IC,;] on each element of C; o, for every w, but is
zero outside C;,. Thus we have

_s Gl 1Cigl

RO =27 74

—‘—Z”h,aX"u,
o

as required

Corollavy: If H is a normal subgroup of G, 7, , is
independent of o and therefore can be denoted 7;,. Then
we have

R(X{) =8, Z\/X{ *,
[+

We now give two applications of lonely characters.

Frobenius reciprocity theovem: Let H be a subgroup
of G and let 6, Y be characters of H, G, respectively.
Then

<I(9), lp)G =<9, R(ZP»H’

where {, )g, {, )y denote the usual inner products on
C(G), C(H), respectively.

(3.2)

Proof. By using the bilinearity of the inner products,
it is clear that the validity of (3.2) can be tested by
letting 6, ¥ run over basis sets in C(H), C(G), respec-
tively. For example the lonely characters will do. So
take 8 =y and ¥ =x’. Then

), xe =, xNe=(16]/1C; )6y,

using Theorem 1 and (2.4). Also
<Xi'ay R(XJ»H

=6, 2m; 5(x***, x’**)y, by Theorem 2
5

:OjZB)n,-,a(iHl/\Ce,a )5(1,a)<j,a> by (2.4),

:(|G1/|Cik)6ij;
using the numerical relationships noted prior to and

during the proof of Theorem 1.

Permanence theovem: Let H be a subgroup of G, and
let 6, ¥ be characters of H, G, respectively. Then

I(0)p=I(8R(¥)). (3.3)

Proof: It suffices to check the relationship (3. 3) on
the set of lonely characters, so take §=x*'* and y=x’.
Then

I =x'x =(|G|/|1c,hoyxt,

using Theorem 1 and the multipication formula for lonely
characters. Now consider X!'*R(x’). Evidently, if i+,
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this vanishes on H, but for j=1, R(x%) is nonzero on the
set C; N H containing C; ,, and assumes the value 1G|/
IC; ! there. So X' "**R(x)=(1G1/1C;1)6;,x***, and the
theorem follows on application of Theorem 1.

In a sense we can think of the above two theorems as
being self-dual, for our proofs are essentially class-
theoretic to contrast with the usual proofs (see Ref. 10)
which are representation-theoretic.

In the next section we consider the application of
lonely characters to Robinson’s work (Refs. 4, 11) on
the inverse restriction operation.

4. INVERSE RESTRICTION

In connection with the representation theory of the
symmetric group, Robinson (Ref. 11) considers the
validity of the equation /(x\) =I(x)A', where X, A are cha-
racters of a subgroup H of G and A’ is a character of G
such that R(A') = X, First we investigate the conditions
under which R()') = has at least one solution X’ for
every character A or equivalently for every lonely
character. Choose A=x!"* and A'-—‘Zﬂfjx", then the con-
dition R(\') = X becomes

gémnj,ax"'ﬂ:x““. (4.1
Clearly 7; is arbitrary if 6, =0 and is zero if §,=1 and
i+#j. We are left with the equation

Viz?ni.sxi'ﬁzxi'a,

which only makes sense if #;7; s = 0,5. But every 7, 4
is nonzero, so that (4.1) only has a solution if C;N H is
a single class of H.

Before stating a theorem it is convenient to relabel
the classes of G sothat for 7=1,2,--.,% we have C;NH
#{0} and for i >», C;n H={0}. Also, if C,N H is a single
class of H, then the label o used previously is redundant
and for example we can replace 7; , by 7;. Then we have

Theovem 3; Let A run over the characters of the sub-
group H of G. Then the equation R(\") =2 has a solution
X' which is a character of G, for every A, if and only if
no class of G contains more than one class of H (non-
splitting property). When this holds, we may write the
solution for lonely characters as

1 i o
RMxp) ==xé + 27 vieXc) (4.2)
P B>r
for i=1,2,...,7, where the complex numbers ¥;, are

arbitrary. Furthermore, /(x)) =I/(x)R™1(N) for all cha-
racters x, A of H if and only if the nonsplitting property
holds.

Pvyoof: This is trivial using lonely characters.

In stating the theorem and, in particular, in writing
(4. 2) we have committed an abuse of notation, since the
operator R'l, even when it exists, is not unique. In fact,
the solutions of R(\) =x} form a hyperplane passing
through the principal solution R™*(x¥) = (1/n,)x§. How-
ever, since the induced character I(x) only takes non-
zero values on the first 7 classes we could replace
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R™()) by the principal solution in the result I(xA)
=I(X)R(N).

Although the nonsplitting property is, in general, a
strong property to impose on a subgroup H of G, pairs
of symmetric groups do possess it. Indeed for such
groups the principal solutions for lonely characters are

RAY(xE) ) =(1/n)x&™,

where (1) denotes a class of S, . Also it is possible to
apply R™ by stages through a chain of subgroups. For
the pair of groups {(S;, S;) we find (non-principal) solu-
tions for the simple characters X* 1 as R (x1®1) =x™"),
R (xEA ) =x[2E) R (x1 31 = 0 Y1 py inspection of the
character tables. In general, however, inverse restric
tion does not yield an irreducible character from an
irreducible character. We find from branching rules
that if [i1]=1[py, Ly ..., U] labels a UIR of S, then the
hyperplane RY(x* Y contains an irreducible character
of S, if and only if py=p,=+++=i,y =U, +1, for some
¥ < and all other u’s are zero. Then the solution set
containg xP1#erkrasetl

We now consider some rather different ideas connect-
ed with induced representations.

5. PARTIAL INDUCTION

We begin by recalling the inducing construction for
finite groups. Let D be a representation of the subgroup
H of G and let its carrier space V have basis {p,: ¥
=1,2,...,d}. Let G=Ug.H be a left coset decomposi-
tion of G relative to H. Now, for each 0, let V, denote
the vector space with basis {p,¢,: »=1,2,...,d}, where
pe is regarded as a label. Then the spaces V, are con-
sidered distinct and the induced representation /(D) acts
on &, V, in the following way: Suppose pilgh, =he H, for
g< G, then

d
g(p-r(pr) :pr(hd)r) :%i (p7¢t)D(lz)tr- (5' 1)

Now we said that p, is merely a label to distinguish
the space V, from other such spaces, but it may well
happen, for example, if V is a space of wavefunctiong
or physical tensors, that each p, has a definite action
on V within some larger space W—so that V; already
has a meaning within W. When this happens, we clearly
obtain a representation of G by letting G generate from
V an invariant subspace of W. This subspace is the lin-
ear span of the vectors {pagb,}, which are now not neces-
sarily independent. Indeed one might make precisely
this construction if one misunderstood the induction pro-
cedure, for in the latter case one must consider as dis-

tinct the spaces V; and V even when they appear identical.

We show now how these ideas lead to the notion of par-
tial induction with a consequent partial reduction of
(D).

Define A ={ac G: V,=V}, then 4 is clearly a subgroup
of G containing H. Let A=U!_&H be a left coset decom-
position of A relative to H. For each i, i=1,2,...,¢,
we have V, =V and so there exists a matrix 4; such
that

d
ai(.f)r:L (:Os(Ai)sr- (5- 2)
s=1
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Let {&| denote the row vector (¢,, ¢,, . ..
(5. 2) becomes

ai<¢ l :<¢ ]Aie

Hence if we only consider the group action, al¢ A7
=(¢ | is independent of the particular choice of i. This
would not be true for the action of the induced
representation.

, $¢) then

(5. 3)

Now consider the above from the point of view of the
inducing construction where only H is allowed to act
on the ¢’s and the spaces labelled by different coset
representatives are distinct. Define (¢ |'=a ¢ A7,
then if a;a; =a,h, where hc H, we have

al¢ | = ah(o |47 =(¢ | ™A, D(NAF.

For the group action, since {(¢19=(¢1"=($|, we could
have written simply

alp|? =(p|™Ay;

hence comparing (5.4), (5.5), we see that a;a;=a,h
implies A;A; =A,D(h). This is not the quickest deriva-
tion, but it brings out the differences between the two
actions.

(5.4)

(5.5

Keeping the spaces (¢ 11,{¢ 12, ...,($ ! distinct, we
now show that they form a basis for a representation of
the symmetric group S;. Let b A; then, if ba;ca;H,

b | =(¢|'B(b) (5.6)

and in particular if 6 =a,%, where he H, we have B(b)
is equal to 4, D(%) and is independent of Z,j. The action
of A on the cosets of H in A leads to a permutation re-
presentation which, as is well known, decomposes into
the representation [t]©[¢ -1, 1] of S,. Here we associate
be A with I, € S; if ba; € ay,,H. Hence, if I*(D) denotes
D induced up to 4, then /4(D) decomposes naturally as

b ~Bb)¢[t-1,1)(II,)® B(®) (5.7

for bc B, where b — B(b) is the extension A of D to A.
Thus A(b) =B(h) =A,D(h) for b=a,h. If D is irreducible,
then so is A. Now consider I°(4), which is 4 induced
from A to G, and which we call the partially induced
representation. From (5.7) and the well-known result
on inducing by stages through intermediate subgroups
we see that I°(4) is a subrepresentation of I°(D),

It should be noted that /°(a) is only identical to the re-
presentation obtained by allowing G to act on V within
W if the vector spaces V, satisfy the condition: Either
Ve=V, or Vo V,={0} for all o, 7. In particular this
will be true if H is a normal subgroup of G and D is a
UIR of H, because then V and p,V are both irreducible
H-modules and hence their intersection is either V or

{o}.

Another point is that in general the set {1, ; b ¢ A}
will only give a subgroup of S; and so the representation
[£-1,1]¢ A will split further. For example, if A
=H® P, the coset representatives can be chosen to form
the group P. Then I*(D) becomes regP® 4, where regP
denotes the regular representation of P, which can be
reduced into irreducibles.

This result can be used to obtain simply a result of
Robinson (Refs. 12—14) for the symmetric groups. Take
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G=S,, and H=S,X§, X--.X§,, (nfactors). Let [a] be
a representation of S,; then we consider the reduction
of I([a]® -« *® [a]) arising from the interchangeability
of the n factors. In this case A=H ®S$¥, where S* is
isomorphic to S,. If Il €S, belongs to the class
(112%...n°), then I1* e S* belongs to the class
(1m12m2 ... p™n), Let {4;:i=1---f} be a basis for the
UIR [a] of S,,; then a basis for [a]'=[a]® - +-® [a]

(n factors) is the set of ordered n-tuples {(¥;,, ¥1, + 1, ¥y)
is=1,...,f;s=1,...,n}. The action of S* on this basis
is

H*(d){ly cees win) = (lpin-l @’ " Zl)‘l'l']'(n))
=Zj} (s« v v 3 JAITH)yy. (5.8)
From the previous discussion
H#(lal :EBBfB(A® (8, (5.9

where [8] is a UIR of S, of dimension f; and A is defined
by
A(1xp) =AM ([a '), (5.10)

Robinson denoted I°™ (a® [8])) by [a] ©[8]. It is called
the symmetrized outer product. Thus

rralny =6 flalo 8] (5.11)

6. LITTLE GROUP THEORY

The theory of the above section also allows us to re-
derive an important aspect of little group theory in a
very straightforward manner when the little group can
be expressed as a semidirect product, for example, for
symmorphic space groups. Let G, H, D be as before.
Define the little group N={ge G: D(g hg) =D(h) ¥V h c H}.
Suppose for simplicity that N=H® P; then

D(pithp,) =PFD(W)P;,, (6.1)

forallheH, p;cP. Hence p;<P. Hence p; —P;is a
projective representation of P will factor system w say.
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Now
hp ol =pLP1DPIhp,),
=pLo IPPD(R)P;,
by (6.1), so that

hp o | P) = (p (¢ | PPD(M), (6.2)
pipid | P =p,p o | PP P,
=(pele | PFYw*(, 0)Pj, (6.3)

where p;p; =ps. Let A=I(D); then
A(p;h) =P;D(h)® regular w*-rep of P.

On reducing the regular w*-rep of P to irreducibles,
we see that we have captured an important property of
the little group, namely that it allows for a natural re-
duction of I°(D).
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Subdynamical systems induced from a given quantum dynamical system are studied in the framework of
operator algebras. Sufficient conditions are shown for induced subdynamics to be Markovian. It is also
proved that the ergodicity of states in Markovian subsystems is preserved.

1. INTRODUCTION

Given a quantum system X described by some dynam-
ics 0. Let T be a subsystem of £, we are concerned
about the subdynamics ¥ of I" induced from ¢. There
are, in general, two different types of subdynamics:
reversible and irreversible. An interesting problem in
the subdynamics is how to obtain an irreversible pro-
cess Y from a.given reversible process 0 in the whole
system. The conventional method employed in this prob-
lem is by means of the so-called “projection technique,”
i. e., by using an appropriate projection from Z onto I’
so that ¥ is exactly the projected map of o0, For example,
0 is described by Schrddinger equation in £, and, by
projection technique, one can obtain in subsystem I’
an irreversible subdynamics y, which is controlled by
the so-called master equation.! Another aspect of inter-
est in the subdynamics is the extraction of macroscopic
subsystems from a quantum mechanical system such
as developed in the theory of “independent
subdynamics.

In the present paper, we study the subdynamics in the
framework of operator algebras, in particular,
Markovian subdynamics induced from a reversible
dynamical system. Some sufficient conditions are given
so that induced subdynamics is Markovian, Then, the
preservation of ergodicity is shown in Markovian sub-
dynamical systems.

We begin with reversible subdynamics in the next
section., The main purpose of this section is to show
the connection between some well-known results in
operator algebras and subdynamical systems. In Sec,
3, we study Markovian subdynamics, Sufficient condi-
tions for a subsystem to be Markovian are shown (The-
orem 3.1 and Proposition 3.5). In the final section,
Sec. 4, the preservation of the ergodicity of states in a
Markovian subdynamical system is proved (Proposition
4.1).

2. SUBDYNAMICAL SYSTEMS

A (quantum) dynamical system is a pair (M, a(R))
consisting of a quantum system M and dynamics «(R)
of the system. Here, M is a von Nuemann algebra acting
on a separable Hilbert space 4, and a(IR) is an one-
parameter group of automorphisms {a,; te IR} of M. Let
N be a von Neumann subalgebra of M, which represents
a subsystem in the quantum system M. We are interest-
ed in the subdynamics of N induced from «(IR) in the
following way: Let ¢; be a projection of norm one from
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M onto N, and v, =€,0,6p; 17;;< R} and {y;;¢ > 0} are
denoted by ¥(IR) and ¥{IR*) respectively; then we want to
know whether y¥(IR) and ¥(IR*) would be dynamics of the
subsystem N, If they are dynamics in N, then the sub-
dynamics described by ¥(IR) (resp. ¥(IR*)) is a rever-
sible (resp. irreversible) process. More precisely,
the pair (N, v(R)) is a (reversible) subdynamical system,
if ¥(R) is an one-parameter group of automorphisms of
N; and (N, y(R")) is 2 Markovian subdynamical system,
if y(R*) is an one-parameter contraction semigroup of
N,

We shall give some characterizations for ¥(IR) to be
reversible subdynamics in this section, and Markovian
subdynamical systems will be studied extensively in the

following sections,

Notice that one crucial point for ¥(IR) to be dynamic
in a subsystem N is y;oy,=7v,, for {, sc IR, This can
be achieved by, for instance, ¢yoa;, =a,°¢ for all fc R,
In this section, we shall give necessary and sufficient
conditions for the commutativity of ¢ and «,.

First, we recall a projection of norm one ¢; from M
onto N has the following properties®: (i) g;{x) =x for x
€N, (ii) tegx)ll < lixll for x e M, (iii) ¢,(x*) =¢€4(x)* for
xeM, (iv) (x*x) =0 for xe M, (v) eglaxd)=aey(x)b for
a,beN, xeM, (vi) e(x)* ¢ x) <e,(x*x) for xe M. ¢ is a
faithful normal projection of norm one if, in addition,
(vii) €4(x*x) =0 implies x =0 for x€ M, and (viii)
sup, €o{x,) =€y (sup, x,) for each uniformly bounded di-
rected set {x,} of positive elements of M.

Remark 2.1: We note that a projection ¢; of norm one
from M onto N is necessarily positive and 2-side N-
module mapping [i. e., (iv) and (v)]; and conversely, a
projection ¢, from M onto N is norm one if it is
positive, 2

The existence of such a projection of norm one is en-
sured from 2 theorem of Takesaki®®: Let N be a subal-
gebra of a von Neumann algebra M, and ¢ a faithful
normal state on M, Then, there is a faithful normal
projection of norm one ¢, from M onto N such that
@oe, =g if and only if 6/(N)=N for all 1€ R, where
{091 e R}=0“(R) is the modular automorphism of M
characterized by the following conditions: for x,y e M
there is an analytic function f on the strip D ={eC;
Imz e (0, 1)}, continuous on D such that | f | is bounded
and f(t) = p(0%(x)y), ft +i) = p(y0?(x)). € obtained in
this way is a conditional expectation induced by ¢.
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In the sequal, a conditional expectation of M onto N
will always mean a faithful normal projection of norm
one induced by some faithful normal state on M.

If we consider dynamical system (M,0(R)), and ¥,
=¢,07 ¢, with ¢4 a conditional expectation of M onto N,
then (N, ¥(IR)) is a subdynamical system. This is due to
the fact that ¥(R) is a group of automorphisms of N. In
fact, we have the following:

Proposition 2.2: For all te R, 0%0 ¢y=¢;00/
<= 0% (N)=N,

Therefore, there is always a subdynamical system in~
duced from the system (M, c”(IR)) whenever there
exists a conditional expectation of M onto N.

The proof “<=>"" is essentially in Ref. 6. By assump-
tion, o/ (N)=N, there is a conditional expectation ¢, of
M onto N. Let us consider 0%o¢00{(x) =0%(e;[0 (x)]

e 0% (N) for xe M, then 0%0°¢,00! is a faithful normal
projection of norm one from M onto 0%(N). Moreover,
(poof)e(0loe°0f)=pe0f for all t< R. Hence,

0% c¢yo0/ is a conditional expectation of M onto 0% (N)
induced by a faithful normal state ¢°g{. The modular
automorphism is indeed 6°° =0of. Therefore, the cor-
responding conditional expectation is 0%°¢;°0f =¢,, which
implies ¢y o 0f =0 °¢;. Conversely, we have o} (e, (M))
=¢y{0f(M)) from the hypothesis, and note that of(M)=M.
Hence, we have o/(N)=N.

If we consider a subsystem N of macroscopic observa-
bles (e.g., in statistical mechanics), then the dynamics
described by the modular automorphism ¢%(IR) is not
very interesting. In fact, the subdynamical system
(v, v(IR)) is trivial in the sense that y(IR) is the identity
automorphism of N, This can be seen easily from the
following.

Proposition 2.3: N is Abelian, then NCM,,
where M, ={xc M; ¢o(xy) = @(yx) for all y € M}.

Indeed, for xe N, y e M, ¢(xy)=0(exy)) =@ eo(¥))
=@(e()x) = @(e o(yx)) = @(yx). It is well known that M,
is a fixed point subalgebra of M,% i.e., M,={xc M;
of(x) =x}, so that v, =¢,0/¢, is the identity automor-
phism. Therefore, a nontrivial subdynamical system
of macroscopic observables should be induced from
another automorphism «a(IR) different from the modular
automorphism ¢*(IR).

Given a dynamical system (M, a(IR)) for arbitrary
dynamics @ (IR) different from the modular automor-
phism, there is also a criterion similar to Proposition
2.2:

Proposition 2.4: Let ¢, be a faithful normal projection
of norm one from M onto N, (i) If a,€y=¢, @, for all ¢
€ IR, then a,(N)=N. (ii) If o,(N)=N for all f€ R and N
SN’'N M, then a, €, =¢ ;.

(i) was proved in Proposition 2.2. The proof of (ii)
follows again from arguments used by Connes.® Let ¢’:
M — N be a map defined by ¢’ (x) = a_, {e,[a, ()]} for x
€ M; then €’ is a linear, positive, normal surjective
map.
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Moreover, for x,ye M,
ee@ye)=a_ {ela,(e®)ye )]}
=afela o lega,())yalea, 0D}
=0 {elega,(0) c () rega, ()]}
= {6, x) rega(y) rep o (x))
=a_{g a0 a,{gay)a g, @)}
=e'(x) e’ (v) €' (x).

This means that ¢’ is a 2-side N-module mapping; hence
¢’ is a faithful normal projection of norm one from M
onto N (see Remark 2.1). However, due to the unique-
ness of faithful normal projection of norm one [Ref. 6,
Theorem 1.5.5(a)], we have ¢’ =¢;. Consequently, eya,
=a,¢ for all e IR.

Remavrk 2.5: The linearity, positivity and normality
of ¢’ follows immediately from its definition; however,
the surjectivity of €’ is due to the hypothesis of o,(N)=N
for all i IR, Actually, this is one of the main reasons
which makes the subdynamics a reversible process.

Remark 2,6: We note that if N is a maximal Abelian
subalgebra of M, then the condition N 2N’ M holds.

3. MARKOVIAN SUBDYNAMICS

Given a dynamical system (M, a(IR)), and a condition-
al expectation ¢, of M onto N induced by a faithful normal
state ¢ on M, we want to see in this section when is the
subsystem (%, ¥(IR*)) Markovian,

Theovem 3.1: Suppose ¢ is a(R)-invariant, then
(N, ¥(IR*)) is a Markovian subdynamical system if a,(N)
2N for allt=0.

Proof of Theorem 3.1: Let m,, #,, &, be the cyclic
representation of M induced by ¢. As ¢ is faithful, =,
is also faithful; and ¢ is normal, hence 7,(M)" =m,(M).
Thus, 7, is an isomorphism of M onto 7,{M), and we
may consider M =7,(M) and //=#,. Let N¢,=K and let
E| be a projection from # onto K. Then, for xc M and
y &N, we have®

(Eoxte, vE,) =0 (v*x) = (e (v*x)) = (y*e)(x))
=g vEo);

hence, Epxé, =¢i{x)§, for all x€ M. Thus,
E(M)E, =€p(M)E, =NE,. (1)

By assumption, ¢ is a(R)-invariant, a(IR) is uni-
tarily implementable in #,=#/, i.e., a,(x)=uxu¥ and
usé, =&, for xc M. Define

(2)

then E, is a projection on 4. By hypothesis, a,(N) 2N
for ¢ =0, we have a,(N)t, ON&,; hence u Nuft,=uN¢,
DNg, for =0, From (1) and (2),

Et(M)Ew ZutEoufW)Ew :utEO(]VI)‘Ew
:utN‘Ew QNEw :EO(M)‘EW

E,=u,Eu¥ fort=0

for ¢ = 0; this implies

E,=E; for {=0.
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By the definition of ¥;, we have for allxe N and =0,

Yg(x)'éw =€o°‘g€0(x)£c =€oat(on)£c =€0[“:Eo(x)uﬂ§w
=Ew,Ey(x)utt , =EwEy(x)E , = EquxE . (4)

For s,t>0 and x& N, we have

YY) E o =¥s(V: (6D €, = Equs (v, (x))E,

=EwuEuxt,

=EwEquiuuxt,

=EEu,xE, [by (2)]
=Eqtg xE, [by (3)]
=Ysn ()€, (by (4)].

As £, is separating for N, we have v,¥;(x) = s, (x) for
x € N; hence vy, =vs,, for s,t>0, Clearly ¥,=1, and
Nyl =llegaeqll <lla,ll €1; hence ¥, is contraction. More-
over, y; is a surjective map of N onto N: Indeed, v,(N)
=€, (N) 2N for ¢ = 0 by assumption, and, on the other
hand, x < y,(N)for t =0, there is a y € N such that x
=7v:(y) for some ¢ = 0; it follows then x =v,(y) =€y, (y)

e N, so that y,(N)CN for £ =20, This completes the proof.

Remark 3.2: Compare the condition in Theorem 3.1
with Remark 2.5, we see that this is an a priori condi-
tion to yield an irreversible process in a subsystem.

Remark 3.3: If t — a.(x) is continuous for x€ M, then
t ~ v, (x) =€ya,e4(x) is also continuous for x € N. There-
fore, ¥(IR*) is a strongly continuous contraction semi-
group on N if a(R) is strongly continuous,

Remark 3.4: Notice that ¥(IR*) is in fact a semigroup
of norm one;

ll7.]| = sup 7, (x)] ] = sup e, @) ]
2 ||ega ) || = [la, ) || = |]x[] =1.

In connection with Theorem 3.1, we give other suffi-
cient conditions which yield Markovian subdynamics,
Let N,=N'NM, and N,=NNN’. If ¢, is a conditional
expectation of M onto & induced by a faithful normal
state ¢ of M, then there is a conditional expectation ¢,
(resp. ¢,) of M onto N, (resp. N,} by Takesaki’s theorem
cited in Sec, 2. In fact, for allte R, of(N.) =N, and
of (N, =N,, respectively; this can be seen as follows:
Let x € N,; then 0/ (x)c M. Furthermore, for each
» €N, there is a w € N such that o/ {w) =y, since o/(N)
=N for all € IR. Hence, of(x)y =af(x)of @w)=0(xw)
=0/ (wx) =0 (w)o! (x) =yof (x), which means o/(x) e N’,
Therefore 6/(x)c N'N M =N,. Similarly, one can show
N, is also o/-invariant for all € R,

Proposition 3.5: Let v, =¢,a,6y for ¢t = 0. Suppose ¢ is
a(R)-invariant and N2 N, then (V,, y(IR*)) is a Marko-
vian subdynamical system, if (i) ez, ==€,6, and (ii) a,(NV,)
2N, for t=0,

Proof: We use the same notations in the proof of
Theorem 3.1, we may define
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Ey(M)E, =€M)E,=NE,,
EcW)gw =€cW)£w =N,¢,,
E M)t , =€ M)E, =N,E,.

Let E,,=u,Eu¥ for > 0, which is a projection on 4.
And notice that a,(N,) 2a,(N,) 2N, for ¢ = 0 [by (ii)],
E, M)t ,2E,(M)E,, which means

E, > E, fort>0. {5)
From (i), we have for all xe M

EEwt,=EExE,. ®)
Moreover, N 2N, implies
E,z E,. "

For xe M and t > 0, similar to Theorem 3.1, we may
compute

)’g(x)Ew——-Eca:Eo(x)&@
=E,uExt,. (8)
Therefore, fors,t>0and xe M,

7s7’t(x)£w =EcusE0(7t(x))£w

=E us EE uEgxk,

=E.u, E,u,Epxk, [by (1]

=E,Egothsis EgxE,

=E Ey(ByctieBox)E, [y ()]

=E, Ey(Byousi Ex)E, [by (6)]

=B E(EsussEx)E, [Ey>E,]
=E)E ugEgxt, [by (5)]

=EEgus,:Egxt,

=E Eyus EgxE, [by (6)]

=E.us, Exxt, [by (7]

=Yent W)€ fby ()]

By a similar argument used in Theorem 3.1, one can

show that ¥(IR*) is a semigroup of contraction. In fact,
Remark 3. 4 still holds; hence Y(IR*) is a semigroup of
norm one,

It deserves some remarks on the assumptions given
in this proposition.

Rewmark 3.6: First of all, from Theorem 3.1, (ii)
implies that the subsystem (N,, ¥(IR")), where y, =¢,a,¢,
for =0, is Markovian. Therefore, the above proposi-
tion shows subsystem N, can be Markovian, if its sub-
system N, is already Markovian.

Remark 3.7: (i) is a special version of Nelson’s
Markoff property in the theory of Markoff fields. ’ In-
deed, given a topological space X, let {0} be a family
of closed subsets of X containing X, and the boundary
(resp. the complement) of (J is denoted by 3() (resp. ().
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For each {0}, there is a von Neumann algebra R(0),
and for 0,0, {0} with 0;< 05, R(0))<R(0s). In par-
ticular, for two (J;, U, {0} with 0, (J,, we assume
ROD =R(0)' 0 R(0z) and R(ONN ROy =R (0110 Oy).
Then R(0) =R(0)N RO =R(0)' N R(04). I there
exists a conditional expectation ¢, of R((J,) onto (0},
then as we have seen that there are also conditional -
expectations ¢, (resp. ;) of R((J,) onto R(3()) (resp. onto
R(09). Hence, (i) is a Nelson’s Markoff property;

€€ =€,€. For more details of this property in this
setting, we refer to Accardi’s paper,?

Remark 3.8: We note that if N is maximal Abélian,
then N=N,, and thus N=N_=N,. Hence, Proposition
3.5 reduces to Theorem 3.1,

4. PRESERVATION OF ERGODICITY

In addition to the time evolution, we consider in this
section another group G of physical symmetry acting on
this Markovian system (N, y(IR*)) induced from a dynam-
ical system (M, a(IR)). Let us assume that G is also
represented by an automorphism group of N; 7: G
~ Aut(¥V). If w is a G-invariant state on N, and =, #,
is the cyclic representation of N induced by w, then
there is a unitary representation u, of G on /4, such
that 7, (Tx) =u,(g)7r, (0, (g)* for xeN and g G. A G-
invariant state w is G-ergodic if 7, (N}’ N [/ (G)
={,h?

In this section, we assume that a(IR) is unitarly im-
plementable on subsystem N, i.e., a;)=uwxu} for x
€ N (cf. the proof of Theorem 3,1), Furthermore, we
assume y,T, =T,y for all g= G and £ = 0, Hence, wy; is
G-invariant whenever w is invariant under G,

Again, ¢; is a conditional expectation of M onto N in-
duced by a faithful normal state ¢ on M, and y, =¢,a,¢€;
for t=0.

Proposition 4.1: Let w be a faithful, normal G-in-
variant state of N, if w is G-ergodic, so is wy, for ¢
=0,

We need some preliminary lemmas to prove this
proposition.

Lemma 4.2: 1f w is a faithful, normal state on N, then
w'=wy, for { =0 is also faithful and normal.

Proof: Faithfulness can be seen as follows; for x& N
and £ >0, if y,(0*x) =¢ Lo, (r*x)] =€l @y (x)*a, (x)] = 0; then
a,(x) =0 (due to the faithfulness of ¢;), and x =0 (be-
cause of the injectivity of @,). Thus, w’/(x*x)=w(v,{x*x))
=0 implies x =0.

Let {xu} be a uniformly bounded directed set of posi-
tive elements of N; then sup,y;(x,) =supgeol a;(x,)]
=¢lsup,a;(x,)]. Furthermore, o, is unitarily imple-
mentable: a,(x) =uxu}, for x& N, we have sup,a.(x,)
=Sup, u,xuf =u,(sup, ¥, ¥ =a,; sup, ¥,. Then
sup, ¥ (ry) =€l supex,] =% (sup,x,). Therefore,
SUPL W (¥,) = SUPLW (VX o) = W(SUPLYX,) = W(Y, SUPEX,)
=w’ (supy,x,) which shows the normality of w’.
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Now, the key point in the proof of Proposition 4.1 is
due to the fact that two faithful normal states on a von
Neumann algebra is the same up to equivalence. Indeed,
let w and w’ be two faithful normal states on N, 7, and
7, the corresponding cyclic representations with cyclic
vectors &, and £, respectively. Faithfulness of w (resp.
w') implies 7, (resp. 7,,) is faithful, and £, (resp. £,.)
is also a separating vector for 7 (N)” (resp. 7 .(N)}”).
Moreover, due to the normalities of w and w’, 7, and
T, are W¥-representations of N. Therefore, two faith-
ful W*-representations 7, and 7. of N are unitarily
equivalent, since 7, (resp. 7,) has a separating and
cyclic vector &, (resp. £,).'" Hence, we have proved:

Lemma 4.3: If w and w’ are two faithful normal states
on N, then 7, and 7, are unitarily equivalent.

In order to show Proposition 4.1 more explicitly, we
need two additional lemmas.

Lemma 4.4: Given two Hilbert spaces #,, /, and
WcBW#H,), let v be an isometric map of /; onto #, such
that W —oWu*; then (@Wo*) =oWnh*.

Proof: Let ye W, then vyv*c oWo*. For xc (@Wo*)’,
(vyv*) x =x(vyv*); hence y(v*xv) = (v*xv)y. It
follows that v*xve W', and thus x< vW'v*,

On the other hand, let x < W/ and y € W, then
wxv*)wyv*) =vxyv* =vyxv* = (Lyv*)(wxv*), which im-
plies vxv* e (Wo*)’, since vyv* c vWo*, Hence,
oW C (vWo*)yr,

Lemma 4.5: Given two Hilbert space /,, 4, and an
isometry v of /, onto #/, such that v8(#,) v* =5(#,). If
M, and M, are two von Neumann subalgebras of 3(#,),
then oM w* N oMuw* =v (M0 M,) v*,

Proof: Let xc vMv* N vMup*, For eachy < v(M]
UM v*, xy =yx. However, v(M{U M§)v*=v(M,N M,)'v*
= ((M, " M,)v*}*; here the last equality is due to Lemma
4.4, Hence x € v(M, N M,)v*.

On the other hand, vMu* N oMquw* Dv(M 0 M) v*
holds obviously.

Proof of Proposition 4.1: Let w’ =wv,; then w is also
faithful and normal (Lemma 4, 2); hence 7, and 7. are
equivalent (Lemma 4.3). Therefore, there is a isometry
v of /,, onto A such that vm (N)v* =7 _(N) and
W/, (G)v* =[/.(G); hence from Lemma 4.4

T N) = m,(N) v*) =vm, (N) v*,
UulG) =l ,(G)v*) =vl/ ,(G) v*
Therefore,

TN 1 (G =0T ,(N) v* 7 vlf (G) v*
=v{r, NN/ (G))v* [by Lemma 4.5]
=o{x1,}o*
={1,).
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Perfect fluids and symmetry mappings leading to

conservation laws
D. R. Oliver, Jr. and W. R. Davis

Department of Physics, North Carolina State University, Raleigh, North Carolina 27607

(Received 10 May 1976)

Some of the results recently obtained by Glass relating to shear-free perfect fluids are extended and further
interpreted. In particular, it is pointed out that certain symmetry methods are fundamental to this type of
investigation. This approach of using symmetry mappings (e.g., characterizing vanishing shear) at the level
of the matter tensor is seen to naturally lead to considerations of an important family of symmetry
properties which include Ricci collineations as a special case. These considerations are used to obtain new

conservation expressions holding for perfect fluids.

1. INTRODUCTION

Recently Glass! investigated several aspects of shear-
free perfect fluids. Some of the new results that were
obtained in this work led directly to the formulation of
certain interesting local conservation expressions. The
purpose of the present paper is essentially threefold:
(1) to point out that certain symmetry methods are
fundamental, if not essential, in this type of investiga-
tion; (2) to re-examine and further interpret some of
the results that were found by Glass; and (3) to obtain
and interpret, employing symmetry methods, additional
conservation expressions that were not obtained by
Glass.

A simple example of the relevance of symmetry con-
siderations is immediately given by noting that vanish-
ing shear? (0;,=0) is equivalent to /[ ,¥;; =(2/3)8v,, [or
L ougi; =20, @ + @agu;, + ©(1/3) 0y,,1]. This expres-
sion which was given, for example, by Glass! clearly
shows that vanishing shear can be equivalently regarded
as an infinitesimal symmetry mapping (x* —x! + epu’)
of the metric along the timelike congruence given by the
ut(x) field.

In accord with the stated purpose of this paper, it will
be shown that vanishing shear and other dynamic and
kinematic conditions fundamentally relate to space—
time symmetry properties defined at the level of the
matter tensor. In particular, it will be seen that this
type of symmetry investigation relates to a certain
family of symmetry properties which are particularly
interesting because of their relation to the matter
tensor and a general conservation law generator. Ricci
collineations are the most familiar members of this
symmetry family which will be referred to as the family
of contracted Ricci collineations® (see Fig. 1). Several
investigations of Ricci collineations have been made in
connection with conservation expressions concerning
gravitational and electromagnetic radiation.* Recently,
among other results, Shaha® obtained one special theo-
rem, for a magnetofluid admitting Ricci collineations,
that has some formal relationship to certain aspects
of this paper.

Here we treat the case of perfect fluids which have
matter tensors of the form

(1.1)

where p and p are the density of total mass energy and

Ty =puu; = PpVijs
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the isotropic pressure as measured in the fluid ele-
ments rest frame, respectively. The familiar “dynami-
cal” and “conservation” equations of the fluid follow
from V,T* =0 and take the form

(p+pla;=v}8,p
and
p+(+p)o=0. (1.3)

In addition it is assumed that the Ricci tensor is related
to the matter tensor by Einstein’s field equations

R;;- 38 R=xT;;. Furthermore, the fluid is taken to
be a thermodynamical perfect fluid. ¢

(1.2)

Family
of

Contracted Ricci Collineations

Including Ricci Collineations

£R1,=0

Curvature Collineations
JZRU,,”' =0

Special Curvature Collineations

vk(ﬂTJ) =0

Affine Collineations

£I"‘fd =0
Motions
g1y = 0

FIG. 1. Symmetry property inclusion diagram.
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2. SYMMETRY PROPERTIES RELATING TO
VANISHING SHEAR AND ISENTROPIC FLOW

In this section the relations between certain condi-
tions on perfect fluids and corresponding symmetry
properties at the level of the matter tensor are investi-
gated. Thus space—time symmetries will be examined
in terms of Lie deformations of the components of the
matter tensor (i.e., T;;~- %gn T) or alternatively Lie
deformations of R;;. Clearly, symmetry demands (in
the context of an assumed perfect fluid) can be made by
requiring that /,(Ty, - zg;, T) =K;;, where K,; is a sym-
metric tensor which is not by definition equal to / ,(T;;
- 3g8;,;T) for all perfect fluids.

First, we look at the symmetry family defined by re-
quiring K;; to be a trace-free tensor. " The importance
of this family of symmetry properties is that each of
its members satisfies the condition g*// (T, - 3g,,T)
=0 which is equivalent to the conservation law
generator®

v, [V=g(Ti - 38iT) /] =0.

Even though the general form of the conservation law
is the same for all members of this family, it follows
that the particular form the conservation law will take
will depend upon the given K;; and the particular g
(assuming that the relevant symmetry is admitted).

(2.1)

In view of our particular interest in symmetry map-
pings along the timelike #* congruence, we observe
that /,(T;; - 3g;,T) in the case of a perfect fluid for

£ = gu' may be expressed in the form
L(Ti;= 286 T) =W(Ty; ~ 581, T) + (0 + 3p) uv5y (@ + 9,0)
+(p = 0)0y; + 181,V (p + 3p) pu®],
(2.2)

where it has been assumed p +p # 0 with y=(p +p)"{v,[(p
+3p) pu*] = (4/3)(p + 3p)" 20V, [(p + 3p)V/ *u*]}. We ob-
serve that the first three terms on the right hand side

of (2.2) are trace free while the last term is not trace
free.?

We are now in a position to see in detail how two
familiar conditions placed on perfect fluids lead to
timelike symmetry demands at the level of the matter
tensor.

Theovem 2.1: (a) A perfect fluid (p#p) is shear free
if and only if / (T;; - 38:;T)=¥(Ty; - £g4,;T)
+ (0 +3p) u Vi (@ + 9,9) + 1g;, Vil (0 + 3p) u*] for all
gt =qput. (b) A thermodynamical perfect fluid (p + 3p #0)
is isentropic if and only if £ (T;; — 3g:;T) =W(T;; - 1g4;T)
+(p =)oy, + g, VLo + 3p)ou*] for & =ul/f, where
f is the index of the fluid.®

Proof: The proof of part (a) follows from p#p and
(2.2). The proof of part (b) follows from p+3p#0, (2.2)

and the equivalence of isentropic flow to a,=vi(d;f)/f
for a thermodynamical perfect fluid.

3. SYMMETRY CONSIDERATIONS IN CONNECTION
WITH V; (/=g r '3 P wiu)=0

Glass! has shown that for a shear-free isentropic
perfect fluid with V;(nu*) =0, for some function #, one
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obtains the conservation law V,(n!/3fwu!) = 0 which is
equivalent to V,(V= g n"/3f%w’}) = 0. We shall see in
this section how this conservation expression can be
obtained in accord with the point of view provided by
symmetry methods.

Theovem 3.1: For a thermodynamical perfect fluid
with /,(fw;;) =0 and 0;;w'w’ =0 the conservation law

v.(V=g /3 i) = 0 (3.1)
holds.

Proof: Note that /,fw;; =0 implies »*/3fw*/ fw,,
=0. Using /,(fw;;) =0, 0;;,0'w’ =0, and V,(u’)=0 one
can show fw;; [ (3 foif) =fw,, [ (v g g fw,,)
=fw;; Wy L/ *g**g /™) = 0. This implies [ (»*/3f%w?)
=0 which leads to V,;[vV=g »"V/3f2w?*] = 0. Alternative-
ly, we can make a stronger statement as to the condi-
tions for the conservation law (3.1) to hold.

Theovem 3.2: A thermodynamical perfect fluid with
0;,0'w/ =0 admits the conservation law (3.1) if and
only if one of the following conditions is met: (i) /,p=:0
where X' =n"*"u,w,a, (x*#0), (i) w; =g, (i.e.,

[ u; =au;), or (iii) ;=0 (i.e., Lu;=0).
a”t

Proof: Using the relation for Dw?/ds in Ref. 2,
0,,w'w’ =0, and the perfect fluid assumption, we find
that Dw?/ds =-2[(2/3) 6 +p/(p +p)w* - (0 +p)
a,w"™d, p. With V,(ru?) =0, o"™=n"wu;, f=(+p)/r
and (1.3), we have D/ds(r/3w*f?) = 2f/v"/3) x™2 . p.
Thus D/ds(¥*/3w? f%) = 0 which is equivalent to
V;(V=g 13w %¢) =0 if and only if X™,p=0. If
Xx™#0, then x"9,p=/,p=0. When x™ =0, then either w
=xa' (i.e., [ =a*u;)or a;=0 (i.e., [,a;=0).

We now show how the conservation law (3.1) relates
to a particular symmetry at the level of the matter
tensor. For a symmetry vector & =[#"1/3f2p2/

(o — 3T)]u' satistying g¥ /,(T;; ~ 2g;,T) =0, we obtain,
with the help of (2.1), a conservation law equivalent to
(3.1). We further observe that Lu(fw,.j) =0 implies

[ o {fw;;) =0 for all ¢. Thus this symmetry property,
which is a special timelike member of the family of
contracted Ricci collineations, leads to the same con-
servation law as the symmetry demands /,fw;;=0 and
00w =0,

4. ROTATION RELATED CONSERVATION .
EXPRESSION BASED ON A RICCI COLLINEATION

It has been shown in previous sections of this paper
how symmetry properties are related to certain condi-
tions that may be placed upon perfect fluids. Indeed, we
looked for symmetry properties corresponding to given
conditions. Here we require the symmetry /,(T;; - 3g;,;T)
=0 for £’ = pw! and explore some of the conditions that
this Ricci collineation places on a perfect fluid.

Theovem 4.1: If a perfect fluid (p# p) admits the
symmetry property [ (T;; - 3g;;,T)=0 for £ = g},
then (a) V,[a(p + 3p)w’]=0 where w'3,0 =0, (b)

w'3,[(p +3p)(p - p)]=0 and if in addition!® @;w?+0, then
(c) Dwt/ds=-[(4/3) 6 +2p/(p +p)]w? - 20, ,w'w! or
equivalently a,w"™2,p=-2X"3,p=0.

Proof: (a) Using the perfect fluid matter tensor, the
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relations involving w* in Ref. 2 and (1.2), we find that
Lg(Tu - %guT) = <ka[(P +P)wk] U
+ 30w (p - p) gy + 5(p-p) Legi,
(4.1)

where £' = @w?, Part (a) of this theorem then follows
by noting that

u'ud [ (Tyy - 5g,,T)=0=149,[(0 +3p) '], (4.2)

(b) From (1.2), (4.2) and the relation involving ¥,w'
in footnote 2 we have

w3, (p-p)=(p-p) V0.

Next making use of (4.2) and (4. 3), part (b) of this
theorem follows,

(4.3)

(c) The relation w'w!/,(T,; - 3g;,T) = 0 can be written
in the form

Dot /ds=[~2(¢/9) +(2/3) 8] * - 20,0 0. (4.4)
From u*a’[ (T;, - 3g;;T) =0, one obtains
(@ - 98 - (¢h)/ (o +p) @y’ =0. (4.5)

Combining (4.4), (4.5), and ¢;w*# 0 proves the first
portion of part (c}. The second half of part {c) and the
equivalence of the two halves follow because for a gen-
eral perfect fluid we can prove

Dw?/ds =~ [(4/3)0 +2p/(p + p)] w?

- [a,0"™@,0)/ (0 + p)] - 20,0 w? (4.6)

with the help of results previously given.?

In view of Theorem (3. 2) we see that for the special
case where 0;,wfw’ =0, part (c) of Theorem (4.1) im-
plies the conservation law v,[V=g »*¥/3r2w%’] = 0. Thus
in addition to the other new information contained in
Theorem (4.1) (to be discussed) we have gained further
insight relating to Theorems {3.1) and (3.2). This
conservation law was shown to hold for isentropic
shear-free perfect fluids by Glass.! Earlier an essen-
tially equivalent expression for the special case of
geodesic fluids was given, for example, by Ryan and
Shepley!! who interpreted it as an expression of “con-
servation of rotation.”

We now show how part (a) of Theorem (4.1) can be
interpreted with the help of some results obtained in a
paper by Greenberg. ¥ In particular, Greenberg!® has
shown

(1/A)DA/dT)= - (1/w)(Dw/dT) - (a,w'/w), 4.7

where A is the proper area subtended by the “vortex
lines” as they pass through the “screen” which is the
two surface dual to the surface formed by %; and w; and
where DA/d7=(w'/w)3;A. Now using V! +2aq,w! =0,
part (a) of Theorem (4.1) and (4.7), we find that

D/dl(p+3p)V/?Aw]=0, (4. 8)

Thus (p +35)1/? Aw is a constant along the vortex tube.
This is a generalization of the Kelvin—Helmholtz theo-
rem of Newtonian theory where wA is constant along the
vortex tube, 12
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In accord with the notations and definitions used hy J. A.
Schouten, Ricci-Calculus (Springer-Verlag, Berlin, 1954),
here and throughout the paper we use (i) V, for the operation
of covariant differentiation, (ii) Le for the operation of Lie
differentiation with respect to the vector £, and (iii) round
and square brackets on indices for the operations of symme-
trization and antisymmetrization, respectively. The following
definitions of quantities associated with a timelike congruence
defined by the four-velocity uf @iu; =1 with signature of met-
ric — 2) will be needed (i) acceleration af=%?Vu?; (ii) expar-
sion, 6=V /; (iii) projection tensor, Y5 =8y — wguy; (iv) shear
tensor, oy; =V, —ayuy ~ (1/3)6Y;; (v) rotation tensor, w,;
=V — auy; i) rotation vector, w! =%y vy, where
niikm {s the permutation tensor with %3 = — (-g"‘ﬂ: wii) dual
of wyy, *wlt=3n¥"y,,; (vil)) shear scalar, 20%=0;,0%; and
(ix) rotation scalar, 2u’=whu,;= - 2uw,w', We further define
(D/ds)B = B=u*V,B, where B is a tensor of arbitrary rank.
Also, the following identities will prove to be useful: (i) *w,;
=2wuyy, (D) 0™ =n"wy, (1) ojwlel =0 0Me,], (V) V!
+2a;0 =0, ) Dwi/ds=—wiau, +m*™u,9 a, — (2/3)00!
+ol,om, and i) Dw?/ds = — @/3)80! - 20, wiel + WtV a;.

3See symmetry property inclusion diagram (Fig. 1). A sym-
metry property inclusion diagram of this type (without the

family of contracted Ricei collineations) first appeared in
Katzin—Levine—Davis? (1969) and later in a considerably ex-
panded version (less family of contracted Ricei collineations
and with minor corrections) in articles by G.H. Katzin and
J. Levine [Collog. Math. 26, 21 (1972)] and W.R. Davis
[“Conservation Laws in Einstein’s General Theory of Rela-
tivity” in Lanczos Festschrift, edited by B.K. P, Scaife
(Academic, London, 1974), pp. 29—64].
4G. H. Katzin, J. Levine, and W. R. Davis, J. Math. Phys.
10, 617 (1969); Tensor N.S. 21, 52 (1970); and K. P. Singh
and D.N. Sharma, J. Phys. A: Math. Gen. 8, 1875 (1975).

R.R. Shaha, Ann, Inst. H. Poincaré 20, 189 (1974),

6 A thermodynamical perfect fluid, following A, Lichnerowicz
[Relativistic Hydrodynamics and Magnetohydrodynamics
(Benjamin, New York, 1967), pp. 23—31], is defined by
(i) p=7(1 +€), where 7 is the “proper material density” and ¢
the “specific internal energy”; (ii) Tds=de +pd(1/7), where
T is the “proper temperature,” s the “specific proper entro-

pv” and d is the operator of exterior differentiation; (iii) f
= (p+p)/7, the “index of the fluid”; and (iv) V, 6t) = 0.

"This symmetry family, which was referred to earlier in the
Introduction and Ref. 3, is called the family of contracted

Ricci collineations,

’This conservation law generator was first obtained by
Katzin—Levine—Davis? (1969) (for space—times with R=0
admitting RC and CC). Somewhat later C.D, Collinson {Gen.
Rel. Grav. 1, 137 (1970)] pointed out that this expression
holds for any space—time (R = 0) admitting RC. Clearly, this
conservation law generator may be regarded as a generaliza-
tion of the familiar Trautman expression [A. Trautman,
“Conservation Laws in General Relativity” in Gravitation:

An Introduction to Current Research, edited by L. Witten
(Wiley, New York, 1962), pp. 169—198] V, & =g TJ£t) =0
which only holds, for general T, if the S{ is a symmetry
vector characterizing a group of motions (M) (isometries)
admitted by the given space—time. Of course, here we have
assumed Einstein’s field equations (R;;— 38;;B=xTy,).

n addition, it is noted that no sum of terms on the right-hand
side of (2.2) can vanish unless each individual term in the
given sum vanishes,

0With the assumptions as given, the following statements are
equivalent: (i) a;wf= 0, (ii) w®,(p —p)= 0, (iil) V,wi=0, and
(iv) L yg;; = 0 for £ = put.

M, Ryan and L. Shepley, Homogeneous Relativistic Cosmo-
logies (Princeton U. P., Princeton, N.J., 1975), pp. 53—56.

2p_J. Greenberg, J. Math. Anal, Appl. 30, 128 (1970).
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The method used by Petrov to obtain the first classification of vacuum space-times has since been
overshadowed by methods which yield a finer classification based on principal null directions. It is shown
that this finer classification can be expressed in Petrov’s terms and a simple algorithm is obtained for

finding all repeated principal null directions by matrix methods.

1. INTRODUCTION

In the recent literature, the Riemann tensor of a
vacuum space—time, or more generally of an Einstein
space, is usually classified in terms of the coincidence
of its “principal null directions” rather than its eigen~
values and eigen-bivectors. That these null directions
have physical importance themselves and also yield phy-
sical information about Riemann tensors of different
types has contributed to the appeal of the tensor and
spinor methods of classification,® to the extent that the
matrix methods used by Petrov? in formulating the ori-
ginal classification are now widely overlooked. In addi-
tion, it is felt that the matrix methods are unnecessarily
cumbersome.?®

It is known that principal null directions can be de-
scribed in Petrov’s terms. A definition as elegant as
those of the tensor- and spinor-theoretic approaches
has been given by Thorpe* in the formalism of the
Riemann tensor of an Einstein space as a symmetric
transformation on a normed complex vector space.
However, Petrov and Thorpe point out only three classes
of such tensors, while there are six possible coinci-
dence patterns of principal null directions.

It is our purpose to modify the Petrov—Thorpe
scheme to derive the six classes and to obtain the re-
peated principal null directions of a Riemann tensor by
matrix methods. The classification is determined by
the minimal polynomial of a complex 3X3 matrix. Once
this is known, the eigen-bivectors are easily found. The
null directions then arise naturally from the eigen-
bivectors and their coincidence from the repetition of
the corresponding eigenvalue.

The classification is described in Sec. 2. In Sec. 3,
the canonical forms of the Riemann tensor are used to
verify the coincidence of the principal null directions
of each type. The algorithm for finding the repeated
principal null directions is summarized in Sec. 4. It
may be used without finding the basis with respect to
which the matrix is in canonical form.

2. THE PETROV CLASSIFICATION

We shall first summarize the Petrov—Thorpe view-
point, referring the reader to Thorpe* for details and
proofs. At the end of this section we refine their meth-
ods to obtain six classes instead of three.

The classification assigned at each point to a mani-
fold M with arbitrary Lorentz metric is that of the
(Weyl) conformal curvature part of its (Riemann) cur-
vature operator R. If therefore suffices to assume that
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the Ricci curvature of R vanishes, i.e., that the
Einstein field equation for a vacuum is satisfied. The
action of R on the tangent space to M at one point is
abstracted to the following situation.

Let V be a four-dimensional vector space with inner
product {, ) of Lorentz signature (+++-). The bivector
space W=A%(V) has an induced inner product, also de-
noted {, ), of signature (+++--~), We shall assume
that V is oriented and{e,, e,, €4, ¢, is an orthonormal
basis for V which is compatible with the orientation,
where {e,, ;) = — 1. Following Ref. 4, we define the
corresponding Lorentz basis for W to be

{E,...,Ed={e,n e, ey neq, ey hegegney, eghe, e hegt.

1)

A curvature operator on V is a linear transformation
R:W-W, which is self-adjoint with respect to the inner
product. Its Ricei curvature is the map »: V-V defined
by (r(e;), ey =3 (Rle; N ey, ejAe,). If ¥=0, then with
respect to any Lorentz basis, R is represented by a
matrix of the form

rl=| 4 %,

-B A

where 3X3 matrices A and B are symmetric and have
trace zero. The canonical forms for such a matrix are
of three types, namely:

Type I
a 00 by 0 O
A={0 a, 0 and B=|0 b, 0 |,
00 g 0 0 b,
Type II:
—01 0 0 b 0 0
A=(0 a,+1 0 and B=|0 b, 1 |,
_0 0 a,-1 01 5,
Type III:
[0 1 0 00 0
A=|1 00 |and B={0 0 -1},
000 0-10

where in each case trA=trB=0.

Petrov based his classification on the Segre charac-
teristic of the symmetric complex matrix C=A +iB.

Copyright @ 1976 American Institute of Physics 1793



TABLE 1. Refined Petrov classification of curvature operators.
The numbers A ;=a;+ib; are the characteristic roots of the
matrix C=A+iB,

Class Characteristic Minimal Independent
polynomial of polynomial of invariants
C=dethI-4 C
—1iB)

L a. \,’s O-2)O=nd  A-A)O=%p)  aq,by,a,,by

distinct X~y x (0 —23)

be A3=Ay = Ay A=2APdO =292 A=ApQ =29 ay,by

C. 7\3:)\2:7\1=0 7\3 A -=-

Ioa. A=hy A=A)0=29? =20 -n? ay,by

b, Ag=Ai=0 A3 Al ---

M. As given  A° 3 -

The numbers A;=a; +ib; are the characteristic roots
of the matrix C. The types correspond to the cases
where its minimal polynomial {I) has distinct linear
factors (A - 2;), (ID has factor (2 - A;) repeated twice,
and (IID) is A3,

Thorpe obtained the canonical forms by regarding W
as a three-dimensional complex vector space and R as
the complex linear transformation on W represented by
the matrix C. Types I, II, and III have respectively
3,2, and 1 independent eigenvectors.

These three classes may be refined by considering
repetitions among the A;’s, Taking into account the con-
dition trA =trB =0, we obtain the six cases listed in
Table I. They correspond to the six possible minimal
polynomials of complex 3X3 matrices with trace zero.
The maximum number of invariants for each class is
given in the last column. One number of each pair a;, b;
may be zero. In class Ia, one pair a;, 0; may be iden-
tically zero. Notice that the characteristic polynomial of
C may not even distinguish between Types I, II, and III.

3. PRINCIPAL NULL DIRECTIONS

Consider a point # of a vacuum space—time M at
which the curvature tensor R, is not identically zero.
The principal null directions (p.n.d.’s) at m are the
directions along the nonzero null vectors k, at m which
satisfy

keaRy yijrckai’ R = 0. (2)

This quartic equation has in general four independent
solutions, but will have fewer solutions if any are “re-
peated” or “coincide,” that is, if they satisfy a similar
equation of lower degree. The possible coincidence pat-
terns of the four solutions are just the partitions of four,
and are summarized by the symbols {1111], [211], [22],
[31], and [4] (see Pirani!). The case R=0 has no dis-
tinguished null directions and is included in this scheme
with the symbol [-].

The p.n.d.’s may be defined via the transformational
approach as follows. Let V be the oriented tangent space
at m. Let * denote the Hodge star operator, which as-
signs to any oriented subspace its oriented orthogonal
complement. Its matrix with respect to any (orientation-
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respecting) Lorentz basis is

0 -7

[+]=

-10Y¢

where I is the 3X 3 identity matrix. Then (& *& =0 if
and only if £ is a decomposable bivector: é=xAv for
some x,yc V. A common zero of (£, & and (&, % &) thus
determines a plane® which meets the null cone of V in

a single null direction, i.e., the multiples of some non-
zero null vector K.

Proposition 1 (Thorpe): A nonzero null vector K rep-
resents a principal null direction of R if and only if
(RE, £ =0 and (RE, *£) =0 for some null plane ¢ contain-
ing K.

Proof: Equation (2) is the tensorial form of the
equation

(RIK A (K, x)y = (K, v)x]), KA [(K, 2)w - (K, w)z ) =0
(3)

for all x,y, 2z, we V. Let v{x, y) denote the vector (K, x)v
— (K, v)x. Then (X, v)=0 and, unless v is a multiple of
K, (v,v)>0. Conversely, every spacelike vector ortho-
gonal to K is v(x,y) for some x and y. Therefore, Eq.
(3) is equivalent to

(REAV),Kne)y=0 (39

for all spacelike vectors v and » " orthogonal to K.

Given a null plane £ containing K, there are vectors
Xand Y sothat (K, X)=(K, V) =(X,Y)=0, £=KAX, and
*(=KAY. Now any vector v orthogonal to K is a linear
combination of X, X, and Y, where X and Y arise as
above from an arbitrary null plane £ containing K.
Therefore, writing K Av and KAv' as linear combinations
of £ and x£, (3") becomes

(RE, §=(RE*H=0. (37

Finally we remark that if this equation is satisfied by
one such £, it is satisfied by all. Il

Similar arguments applied to the tensorial definitions
of the repeated principal null directions prove the follow-
ing result.

Proposition 2: A nonzero null vector K represents a
principal null direction which is

(a) double if and only if (RE, n)=0,
(b) triple if and only if R£=0, and
(¢) quadruple if and only if Rn=0

for every null plane £ containing K and/or every plane
71 containing K.

The conditions given in this proposition for triple and
quadruple p.n.d.’s are linear in K. Condition (a) for
double p.n.d.’s has a linear version, which is derived
as follows. Given any null vector K, there is a unique
timelike plane 1 which contains K and which is ortho-
gonal to all null planes containing K. Given such a null
plane £, any other such null plane is a linear combina-
tion of £ and *&, and an arbitrary plane containing X is
a linear combination of & =&, and 7. Condition (a} now
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becomes: There exist real numbers @ and 8 such that,
for all null planes £ containing K, R(£)=an+Bx*& It
follows that there is a timelike plane ¢ with R({)=a’%
+B°'*¢ for some @’ and 8. We shall see that the co-
efficients in the linear combinations are the numerical
invariants of the curvature operator.

Using these descriptions of repeated p.n.d.’s and the
canonical forms for R given in Sec. 2, we shall show
that the six classes of Table I correspond to coincident
p.n.d.’s as follows:

Ia b Ic Ha Ib I
(1111]  [e2] [-] [211] [4] [31]

(4)

In each case, let {el, €y, e, 64} be a basis for V such that
the matrix for R is in canonical form with respect to
the corresponding Lorentz basis for W.

Type III: Any null plane containing K= (e, +¢,) is a
linear combination of £=¢ AK and *£{=-¢;AK. Since
R())=R(»£ =0 and R(e,ne,) #0, K is a triple but not a
quadruple p.n.d.

Type IIb: (a,=b;=0); Any plane containing K= (e; - ¢,)
is a linear combination of £=¢e; AK, *£{=~e,AK, and
n=eyAe,. Since R(§) =R(x§ =R(nm =0, K is a quadruple
p.n.d,

Tvpe lla: Let K=(e,—¢,) and £, Nbe as in Ib. Then
R(E)=ayt+byxt and R(x&) =a,*E— bk =a,*E+byx x¢,
Thus K is a double p.n.d., but not a triple p.n.d. since
a, and b, are not both zero, Notice that R{7) = a1+ by x7.
It can easily be shown that for other values of aand 8,
the transformation R - af — 8x has trivial kernel. Hence
R has no other repeated p.n.d.’s.

Tvype Ic: is clear.

Type Ib (ag=a,==3ay, by=b,==3b)): If K*=(eyxe,),
then & =e; AK and *&* =1+ ¢, AK* are in the kernel of
(R = a,] - byx}, and so K* are each double p.n.d.’s.
Notice that n=e, A ¢4 is in the kernel of (R - a;] = by%).

Type Ia: The equation (R - of — B*) £=0 has solutions
precisely for «, B=a;, b,, but none of the decomposable
solutions are null. Hence R has no repeated p.n.d.’s.

4. ALGORITHM FOR THE NULL DIRECTIONS

Although the canonical forms for vacuum curvature
operators were used in the last section to verify the
correspondence between the matrix and p.n.d. classifi-
cation schemes, it is not necessary in practice to find
explicitly the basis for V that yields the canonical form
for R.

(i) The equation
(R(e;Aey), ephe) =Ry,

relates R as a linear transformation to the components
R, for R relative to any orthonormal basis {e;, 2% e3,e4}
for V. From Eq. (1), one obtains a symmetric matrix
Q;;=(R(E;), E;), which is related to that of R by

A B A B
=y | w=]
1795 J. Math. Phys., Vol. 17, No. 10, October 1976

(i) Comparing Table I and line (4), the p.n.d. type
of R is uniquely determined by the minimal polynomial
of the complex 3X3 matrix C=A +iB.

(iii) Once the eigenvalues A;=a; +ib; of C are known,
the repeated principal null directions of R may be found
by solving only linear equations, as follows:

[22] and [211]: In these cases the characteristic poly-
nomial of C is (X~ 2)(A = %,)’. Each solution to (R - a,]
- b,*)£{=0 is a plane which meets the null cone in a
double p.n.d. Note that the matrices for I and * are in-
dependent of the choice of Lorentz basis.

[31] and [4]: The characteristic polynomial of C is A%,
The two independent null planes among the solutions to
R£=0 each contain the repeated p.n.d. In type [4], there
will be additional timelike and spacelike solutions, the
former also containing the p.n.d.

Remark: There does not appear to be a similar linear
condition for nonrepeated principal null directions. The
conditions of Proposition 1, however, imply the follow-
ing: Let K be a null vector, £ a null plane containing X,
and 7 the unique timelike plane orthogonal to both £ and
*£. Then K is a principal null direction for R if and only
if R¢ is a linear combination of £, x£, 7, and x7. The
coefficients depend quadratically on the real and ima-
ginary parts of the eigenvalues for C.

Remark: The hierarchy of types of Riemann tensors
suggested by Penrose’s diagram is evident from the
minimal polynomials of the types:

(1111] (A= M)A = X)) (A= 2g)

/ [

[211]—[22] (A= 2){(A = )2 — (= ) (A= 2,)
31]—§[4]—>[- 23 --»\2/——»\

The arrows point to types whose minimal polynomials
have lower degree and/or whose eigenvalues have more
repetition.
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some of the simpler physical interpretations.” (Pirani,

Ref, 1, 1962, p. 216.)
43.A. Thorpe, J. Math, Phys, 10, 1—7 (1969). This paper
relates the Petrov classification to the critical point behavior
of the sectional curvature function and thus provides a
geometrical interpretation of the classification.
A 2-plane PCV is represented by any decomposable bivector
£ =xAy such that P is the linear span of x and y, This repre-~
sentation is not unique. On the other hand, a nonzero decom-
posable ¢ € W represents a unique 2-plane. The plane P is
called timelike, spacelike, or null according to ¢ ,£) being
<0, >0, or =0 for each representative £.
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It is shown that there is a unique ten-parameter group of projective (fractional-linear) transformations of
space-time preserving free-particle motion and containing the inhomogeneous Lorentz group as a limiting
case when a characteristic fundamental length of the projective group (whose structure comes from the
group of rotations in the five-dimensional space of homogeneous space—time coordinates) is made infinite.
The basic differential geometry, free-particle dynamics, and Lie group algebra going with the projectively
extended space-time structure are developed, and it is remarked that the Hamiltonian for free particles
most generally will have eight branches, owing to the fundamental space-time metric being that for a
Finsler space. The means to projectively extending electrodynamics are also briefly noted, and the need for
characterizing electrodynamics by two intrinsic quantities (charge, and a purely electromagnetic length) are

pointed out.

INTRODUCTION

“Hence the first part of physical science relates to
the relative position and motion of bodies.” This sum-
mation® of the base of physics has meant since Newton
that, first of all, particles are the primary entities of
physical study; secondly, that inertial frames are the
foundation stones for the reckoning of particle motions,
these being the frames with respect to which a pre-
sumptively free particle runs in uniform straight-line
motion. Assuming a prototypical inertial frame given,
the rest have generally been supposed derivable by lin-
ear transformations, which self-evidently send free-
particle motion into free-particle motion; and the de-
velopment of physics accordingly has had much to do
with the exfoliations from the Galilean and the Lorentz
transformations. We may call these linearly inter-
connected frames of Newtonian relativity or special
relativity the ordinary inertial frames or OIF.

The present note is a recapitulation and expansion of
a preliminary discussion? of a transformation group
that preserves uniform rectilinear motion, but goes
beyond the OIF into a set of extended inertial frames
or EIF. Just as the Galilean group is embraced in the
ovdinary Loventz transformation (OLT) group as a
limiting case for ¢ —«, the Lorentz group is contained
in the EIF group of extended Loventz transformations
(ELT) in the limit that a characteristic fundamental
length parameter b of the latter is allowed to become
infinite,

extended Lorentz transformations

— ordinary Lorentz transformations

b~

- Galilean transformations.

The ELT to be described are in fact a specialized
form of the projective or fractional-linear transforma-
tions, a group of 24 parameters, which have long
been known to preserve free-particle motion. Now the
(affine) group of linear transformations of 20 param-
eters is cogently narrowed for physical purposes, in
either Galilean or Lorentz cases, to ten parameters,
associated to the covariance of physical statements
under time- and space-displacements, frame changes
to relatively moving frames (boosts), and space rota-
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tions. In the Galilean case the parameters may be
grouped according to

(1) + (3) + (3) + 3(3)(2),

describing the separateness of translations and of boosts
and of space rotations; while in the Lorentz group they
fall according to

(1) +(3) +2(4)3),

expressing the separateness of translations and the
connectedness of space rotations and boosts. Similarly,
we shall narrow the projective group from 24 to a
physically fundamental set of ten parameters; this
allows room for exactly the one more universal constant
b besides c¢. In this reduced projective scheme it will
appear that all ten of the group parameters fall together
in a simple and unified way into a type of single over

all rotation,

£(5)(4),

the rotation in question being one in the five-dimensional
space of homogeneous coordinates.

(Galilean)

(OLT)

(ELT)

The projective transformations have, of course, a
long history in geometry and to some degree in physics,
as may be seen in the works of Cartan, Einstein and
Mayer, Hlavaty, Hoffman, Kaluza, Klein, Pauli and
Solomon, Schouten, Van Dantzig, Veblen, Weyl, and
others, and are referenced in Schouten’s® and Veblen’s!
monographs. The physical thrust, starting from
Kaluza,® was toward an unification of electromagnetism
and gravitation. The projective-geometrical considera-
tions have, however, seemed excessively general math-
ematically, while the physical interpretations have
sometimes been opaque, and without recognition and
development, so far as we have seen, of projective
transformations as instruments for describing ab initio
wider types of inertial frames (aside from questions of
unification). The present discussion is wholly concerned
with the latter point.

EXTENSION OF INERTIAL FRAMES

In an inertial frame in one space-dimension a free
particle travels according to

x =xy +vt.
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Very simply and obviously we have that the fractional-

linear transformation
G Apx HALE
T 14ax +aft

_a+Apx + ALt
T T M ra vajt

is sending x,¢ free-motion into x’, ¢’ free-motion, ow-
ing to the common denominator 1+ ai{x’+ aft’. We must
understand then that the frame x’,1’, an EIF, has to

be reckoned as a genuine inertial frame, under the sole
and sufficient criterion of the principle of inertia, that
uniform straight-line motion be preserved.

Calculating v’ from the above indicated x’ =x'(¢’),

o VAl +xp0f-Aly
VA +xgal - AT

It is to say that the EIF particle velocity depends not
merely on the OIF velocity v but also on the origin x,
of the OIF motion. Consequently, two parallel straights
x=x,+vt and X =x; + vt in the x,¢ plane go over into
EIF straights, but not parallel ones, in the x’, ¢’ plane.
It means that the notion of “rigidity” as ordinarily
understood from affine thinking, where the preserva-
tion x - x=x, - %, is carried over into x’ - x’ =x§ - x§,
is being set aside (in some slight degree at least).

From the inverse to the preceding transformation,

1@ +A91x +A00t

y_ G HAX T A
r= l+ax+ag

1+ax+agt ’
we may otherwise write the kinematical transformation
rule for velocity, and also acceleration,
o = Ayv+A-x'(av+a)
Agv+Agy -t (aw+ay)’

oo AT vy - -o't) dt
A01U +A00— t'(a11}+ Olo) dt'

We can then rephrase the nonrigidity of the EIF trans-
formation in a different physical metaphor: The EIF ve-
locity at the world point x’, # in general depends explic-
itly on the location of that world point. There isn’t any
single relative OIF—EIF velocity, for the space of EIF
is not in uniform motion en masse with respect to OIF,
but is like a fluid flowing nonuniformly—v’ is describing
a velocity field, as in hydrodynamics; the affine “rigid-
ity” has gotten replaced by a “fluidity.” This situation is
of course symmetrical, one can interchange the roles of
OIF and EIF in these, and in all statements. All the
same, a=0 means a’ =0 and vice versa, so both EIF
and OIF observers must say, the one about the other,
that the other is inertial if the one is so. The designa-
tion of the starting frame x, ¢ as OIF, and of x’, ¢’ as
EIF is in fact gratuitous.

Let us recall also the simple geometric meaning of
the EIF or fractional-linear transformation. Take two
intersecting planes and set up x, f coordinates in one
and x',t’ coordinates in the other in any convenient man-
ner. Draw any straight in one and then project it into
the other, using rays from any point (center of projec~
tion) external to both for the projection. Then the
straight projects into a straight, and the coordinates
of corresponding points (those linked by a ray from the
center of projection) are connected by fractional-linear
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transformation; an example is given below, see Fig. 1.
Parallel straights in one plane, however, go over to
oblique straights in the other—the book held near the
candle casts a shadow on the desk that is a lopsided
quadrilateral (but notice too how quickly this subsides
into a very good parallelogram as the book is taken
further away). The essential parametrization of the
transformation is: one parameter for the angle between
the planes; two for the location of the center of projec-
tion; two for the origin-location of x, ¢ coordinate axes,
and one for the orientation of these axes; and another
similar three for x’,#’ axes. The eight a, A, o are
built from these, and the vanishing of the denominator
1+ ayx + oyt above is expressing simply that x’ and ¢
have gone over to the usual projective-geometric “line
at infinity,” owing to the rays from the center of pro-
jection being parallel to the x’, # plane.

The OIF-origin-dependence of EIF-velocity, or the
kinematical “fluidity,” or the parallelism going over to
obliquity, are of course all expressing the same thing
about the EIF transformation. The point has been not
only to characterize in simple ways the differences
between OIF and EIF, affine and projective, but to draw
sharply the issue that inertiality of frames on the one
hand, and “rigidity” ov “fluidity” of the transformation
vules on the other hand, avre sepavate and distinct physi-
cal propositions. It is hard to imagine doing without
inertial frames so far as can be seen, But is rigidity,
after all, compulsory too? There can be no answer
short of examining the alternative of fluidity. And since
the latter includes the former and can be made as little
different from it as desired, the issue is more exactly,
not whether but in how far physical observation may be
requiring rigidity or allowing fluidity.

The transformation law

,_ G tAx .

xi_T:a—B;‘LBé (2‘1:2;3)0)
is the general one now of EIF type that is being allowed
to take us from Cartesians x4, x;,x3=r and time {=x, of
one inertial frame to another (summation on repeated
Greek index B from 0 to 3), involving in all 24 param-
eters a;, A;;, a;, with obvious restrictions for making
r’ and ¢’ be three-vector and three-scalar. These gener-
al projective transformations moreover exhaust those
preserving uniform straight-line motion, as is clear
from a discussion of Veblen and Thomas® and a particu-
larly stimulating one due to Fock,’ which, however,
entail complex calculations; a sketch of a very simple
proof of the important fact of exhaustiveness is given
in Appendix A. The inverse transformation is similar-
ly the ratio of linear forms with a common denominator
throughout. The parameters a, A are dimensionally like
those for ordinary linear transformations, e.g.,
a,=(time) and ay,, ;= (length), etc., making r’ and ¢’
length and time if r and ¢ are. But the denominator ele-
ments call for some new characteristic length, so that
for instance

01 +0.ct
characteristic length ’

dgXg=

with dimensionless 0, 0.
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In an obvious condensed notation we can write
x’ =[A;a;a]x. Then if x”=[D;d;0]x’ is a second EIF
transformation, the rule of composition of the EIF or
projective group is x” =[E;e; €] x with

[E;e;e]=(D;d;8][A; a;a]
_[DA+(da) _D-a+d a+6°A]

"L 1+6a ?1+6:a’ 1+0°a

where (da);, is d;a;. Notice that if a =—6-A4, the final
transformation is [E; e;0] and x” is a linear function of
x: That is, a pair of EIF transformations arranged in
this way can be thought of as providing a kind of inter-
polative step in conducting a linear transformation; or,
we can go from one OIF to another OIF via OIF to an
EIF to a second EIF.

It is noticeable too that the homogeneous type of EIF
transformations, those with the additive terms a;, d;, e;
omitted in the numerators, separately form a group.
These are much simpler than the inhomogeneous type
and give the starting point for extending Lorentz
transformations. J

(@ @, + Y ¥V V/ct) v+ (@ yv+y'yv)i

THE HOMOGENEOUS ELT

First recall the ordinary homogeneous Lorentz trans-
formation (excluding spatial rotation),

r'=g,°r+yvt, t=y{+ver/c?),
y=(1-v¥/c)V? o =1+[(y-1)/V]vw=I+Bvv,

with three-~velocity parameter v. Now if v alone is to
characterize the corresponding EIF boost, one expects
to represent it by

o= @,'rT+yvit
T1+h(ver)/ch+E(cHb’

Yt +ver/c)

=1 +r(v-r)/ch +k(ct)/b’

or, say, r’, ' =F(r,t;v), where k and %k are dimension-
less constants depending at most on v?/c?, and where b
is some universal length on the same standing as the
universal ¢. Introducing a second boost r”,t” as
F(r’,t';v') we find the composition

r”

VYL +V v/e) t+ (Yy v/t YV c g, /ct) T

A+ VLRV @, + Eyvit/ch + (B +R'y V' v/ct + B ct/b ’

tlr

The numerators give the usual composition rule for
pure Lorentz boosts,
Gy P Y YVV/CE =R O, @y v VHY YV =Ry"V7,
YV =yl vy g, Y’ =v"r(L+v' v/c?),

with R being the usual space rotation attending the com-
bination of such boosts. We are now to require as well

RV =+ RYIVERY o,
B"=k+Ek'y+R'yvev'/cl,

if the EIF boosts are to compose properly into a group.

The unique % and % ensuring this are simply
h=vy, k=y-1,

for this choice alone is compatible with the composition
for y”v” and v”.

The homogeneous ELT then ave

r_. @, r+yvi
T 1+yver)/chb+(y-1)ct/b

r

y(@t+ver/c?)

1= 1+y(v-r)/cb+(y-1)ct/b’

forming a group in similar fashion to the homogeneous
OLT and reducing to the lattey for b —~ <. The group
altogether is comprising boosts and, inseparably, space
rotations, with the projective denominator a rotational
invariant.

The inverse transformation follows from interchang-
ing r’ and r, and #’ and ¢ while replacing v by - v, as in
the case of OLT. For the transformation rule for
velocities one finds now
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T1YGv+RV @, +EYv)r/chb +(k+ Ry vV v/t +R'Y)ct/b

' 7
. ’ .
dr _ ((ﬂ,, dr+yv>— rbc <7v Cdr/dt+y—-1)

dt" dt
vedr/dt ¥ [yvedr/dt -1
ofr (@) -5 (F o)

As remarked before, for fixed dr/d¢ this is not any
fixed velocity dr’/dt’ at all, but rather a field of veloci-
ties depending on world point r’, #’ location; yet again
d*r’/dt" vanishes if d’r/df* does. The EIF particle
velocity dr'/dt’ can therefore assume any value what-
ever, unrestricted by c.

To the question what then is ¢, one must answer
now that it has turned from being an electromagnetic
constant to being a universal scale factor for velocity,
as indeed b stands for a universal scale factor for
length. The question clearly begets the counter-ques-
tion, what is the extended structure of electrodynam-
ics—viz., how are Maxwell’s equations to be widened
S0 that they are (inhomogeneous-) ELT covariant in-
stead of OLT covariant? This will be discussed briefly
below and more fully in a later report. So long as the
extended inertial frames are at all admitted, electro-
dynamics as well as gravitation and other physical
statements have to recognize both ¢ and b from the
start. An extension of space—time structure cannot
but modify the way physical statements within that
structure may be formulated. Of course b has evidently
to be understood as very large, so that the b correc-
tions to physical statements are small. Parenthetically,
as regards Einsteinian gravitation, not only would the
central idea of elemental flatness of space—time by free
fall into a local inertial frame have to be reconsidered,
but also the possibility that gravitation and inertia could

Edward H. Kerner 1799



XX P

FIG. 1. Projective connection between ¢, p, P, for the geo-
metrical description of homographic space and time variables.

be linked in a novel way, owing to the fact that b could
be replaced by b X (a function of b/7;), with 7, the gravi-
tational radius GZm/c? of all the masses Zm of a
complete self-contained system. Of course 7; could be
taken otherwise, but the universality of gravitation
suggests that a total gravitational radius may have a
preferred place while also giving an embodiment to
Mach’s principle.

The distinctiveness of the common origin of r, ¢ and
r’, ¢’ frames above shows itself in that r=V# implies
' =Vt with

V' = @, °V+yv
Ty(l+veV/et)

i.e., the usual Lorentz velocity composition rule. In
this case V1 =c¢ means V'] =¢, so this much of
special relativity holds for rays passing through the
origin. The transition to the Galilean limit goes either
by b — and then ¢ -~ =, or else directly in one step

by ¢ —=. Reversely, there is no working up from the
Galilean limit without the avail of both ¢ and b measures.

A simple geometric meaning for the homogeneous
ELT comes from the intermediate homographic
transformations

T z_.—t_~
T1l-ct/b’ " T 1-ct/b’
— T’ - t

1 __ .

S R Ty

which bring the homogeneous ELT to linear Lorentz-
like form

T=g, T+yvi, t'=y{+v-T/c?).

Let us work in one space dimension for simplicity,
Xx=x/(1-ct/b), etc. Now in Fig. 1 we illustrate a
projective relation between points p(x, y) and p(x,y) in
intersecting planes, done by rays emanating from a
point ¢g(y,, z¢) external to both. The transformation rule
set by the projective link between p, p, and g is readily
calculated to be

x
1~ ytand(y,tand + zo)1’

x=
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—_ yz¢/cosd(y,tand + zy)
T 1-ytand(y,tand +z,)"

Place q at (b,b) and take 6 = 37 as convenient (not nec-
essary or unique) choices and rename y as ct, and we
have a geometrical picture of the homographies x =x/
(1~ ct/b), t=1t/(1~ct/b). Thence in Fig. 2 we have the
substance of the geometrical meaning of the homogene-~
ous ELT: They are ordinary Lorentz transformations

of homographic space and time variables x, {, as shown.
The invariant line element
(ds) = (dF)? - c*(a?)?,

and D’Alembertian

o 9 1 @t

TR T et

are easily written out in r, f as pointed out in Paper I.?
Let us observe further for comparison with later re-
sults the structure of the homogeneous-ELT-invariant
free-particle action in these primitive variables,

- mc? [v(t = ct/b) +rec/pJF\ 12
(1-ct/b)? (1 - ct ) dt,

leading to the Hamiltonian

Ldt=

H-= (———-—fl_clt/b) [miet + P pr(1 — ct/BR]2 - —*—“ffft//@

or by canonical transformation back to T=r/(1 - ct/b),
and to p=p(1 - c#/b), to the action principle
5 f DT - (net + )/ idr=0.

In going to the inhomogeneous ELT one gets the com~
plete perspective of these statements, seeing in particu-
lar how the flatness of the T, { space—time of homogene-

FIG. 2. Diagram showing the geometry of homogeneous ELT.
The homographic space and time x and ¢t are first obtained
projectively as in Fig. 1, with #=7/2 and v called ct. Then in
the x, ot plane a2 Lorentz transformation is conducted to
obligue axes %/ and ¢f’ scaled in the usual Lorentz fashion by
a scale factor o= (1 +22/)V2/(1 —v*/c)V? and with the angle
a=tan-v/c between cf, ocf and between the %, ox’ axes, so
that ¥’ =Y — vf) and F' =y (f —vx/c?). As the center of projec-
tion moves off from (b,b) to (o,=) the rays it sends off come
in parallel and strike the horizontal and vertical planes sym-
metrically, so that these planes become replicas of one anoth-
er; then the oblique axes in the vertical plane express the
usual OLT.
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ous ELT comes about as a limiting case of a more gen-
eral situation.

THE INHOMOGENEOUS ELT

The nature of the homogeneous ELT is best seen by
going to homogeneous coordinates

R T R’ T
=g =7 V=g =1

r
and further introducing
R=X,, X,,X;; icT=X,; ibU=X;.

Then the homogeneous ELT is

R’ I+8vv —iyv 0 R R
Ll X | = iyv y 0 X, | =@ Xy |,
Xt ivv y-11 X X

where now v is an abbreviation for v/¢, and I is the
unit dyadic. The factor g is an arbitrary nonzero quan-
tity whose significance is merely to instruct that it is
the ratios Xj,,, 3 4/Xs and X{ , 3 ,/X} that count—one re-
turns to the fundamental fractional-linear forms by
writing

pX'=%,,X, (a,w=1,...,b),
and then p falls away in

)ﬁ — inXw — éiTXT/X5+§i5 (l y=1 4)
X; T 95, X, @5 X,/ X5+ P55 Trre

The split notation above is convenient and unambiguous,
and means for instance

LR =(I+Bv)*R-iyvX, +0X,
pXj=iyv'R+7vX,; +0X;
pXi=dyv'R+(y-1) X, +1X;.

The essential features of homogeneous ELT are at
once visible from pX] and pX{ and from the Lorentz
rotation nesting in the upper left 4X4 corner of &,

LX) - XD =X,-X;
AR+ X)) =R+ X2,
It is to say that, taking pi=1,

Q=x3+ X} + X} + X2 +f¥(X, - X;)? = invariant

under homogeneous ELT, where f? is (so far) an
arbitrary pure numeric, either positive or negative,
whose meaning will appear below. Hereafter we will
drop .

The rotation hiding here is brought out by a simple
similarity transformation

I 0 O I+8vw —4yv O I 0 0
@={01 0 v y 0 01 0

0 1!5:5." 0 0 1 0 -f F
=N"1¢,N,

That is, NX’=¢&;NX with &; a Lorentz-like rotation.
Hence (NX) ¢ (NX) is invariant, This is @ above.
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To go to inhomogeneous ELT is but a step along the
same path: We take it as a fundamental hypothesis that
the generality of ELT is defined through

X*=N-1{general five-dimensional rotation} NX
=N-1R; NX.

This interjects into the projective geometry an element
ordinarily considered foreign to it, namely a metric.
But there is nothing which on principle forbids this,
and it is clearly in point physically. The /&5 will have
ten free parameters in it owing to the orthonormality of
its rows; and it will be evident that, on returning to

the primitive fractional-linear transformations in x,,
the inhomogeneous elements therein (corresponding to
the space- and time-translations of OLT) become

an integral part of the five-dimensional rotation group,
not separable from the rest as in OLT.

The five-dimensional rotation group on quite another
basis, stemming from de Sitter’s cosmological model, ®
has otherwise come under study in both cosmological
and elementary particle contexts.? As will be seen be-
low, when we consider the differential geometry asso-
ciated to ELT in ordinary space—time variables x, as
expressed for convenience in a suitable natural set of
auxiliary variables £;(x), £,(x), £3(x), £,(x), we obtain
a four-space of constant Gaussian curvature that de-
volves from a flat five-space of metric proportional to

dg} +did+agh - |ag [* + |ag; |2,
Es=E5(Ey, &y, E3, £y).

That is, we have to do with a de Sitter or so-called
anti-de Sitter space signed by (1,1,1,-1,1) or by
(1,1,1,-1,-1), respectively. In a word, the de Sitter
spaces of both kinds may be considered to be under-
girded by the projective group of ELT bearing the three
intrinsic universals ¢, b, f and connecting to an extend-
ed class of transformations of free-particle motions.
The undergirding will also show that the metric of
space—time is best understood to be that for a Finsler
rather than a Riemannian space, due to an inherent
sign-ambiguity when one goes from X;, X,;, X;, X;, X;
to &y, &, &3, &4. The still larger group of projective
transformations of 24 parameters, containing the in-
homogeneous ELT as a subgroup, of course goes be-
yond any five-dimensional rotation group, offering the
most general basis for studying free particles. This
will be deferred until ELT has been more fully charted.

Returning to the construction of R;, a second simi-
larity transformation simplifies its explicit
representation,

I 00 100
Rs=|0 0 1| R¥| 00 -1 =s-1R*s.
0 -10 01 0

For example, the Lorentzian &; above is
I+Bvw 0 -iyv
&, =51 0 1 0
iyv 0 v

5=5-16%S.

The reason for introducing S, R¥, ®¥ is as follows.
One basic (four-parameter) type of rotation in five-
space is
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I+Buu Buy; -iGu
R¥@w)=| Buu, 1+Bu} iGu, |,
iGu -iGuy G

G=(1-u,u,)V? B=(G-1)/uyu, (@=0,...,3).

It is a five-dimensional counterpart of a Lorentz
rotation

I+B8vw —iyv }
[ wv Y

in ordinary Minkowski four-space. The point is that

®¥ above fits into the framework of RF(x) (with uy,u,

=v,0), while &, does not. The rotations in the X,, X

plane by $7 and — 7 in S$°! and S are needed to get this

fit right.

We may now take R¥(u) with u,u,=v, & to be the first
generalization of R¥, with 1 being an abbreviation for
1/b = (new length parameter)/b. In unabbreviated
notation

G=(1-v*/c® +7*/p?)1/2,

To get the rest, recall how in four-space the Lorentz
transformation is broadened to account for both space
rotations and boosts,

R, = General four-rotation
™ in Minkowski space

Rs 0
0 1 iYv Y

I+B8vw —iyv

where £; is an ordinary three-space rotation, specified,
for instance, by Euler angles 8, ¢, ) or say © for short.
In similar but extended fashion we have to adjoin to
R¥(u) a general rotation in four-space. But we already
have this in £, excepting for replacing v therein by a
new vector triplet,

Ry 0 0 || I+Att -iFL O
RE@;E;v,m=]0 10 iFt F 0
0 01 0 0 1
I+Bvv {Bvy —-iGv
x| iBwp 1-Bn* -0Gn
iGv G G

The § here is an abbreviation for (new three-vector
length parameter £)/b and

A=Q1~-g)V2 F=@A-1)/¢.

Putting everything together, the geneval ten-parameler
ELT in inhomogeneous coordinates is

X' =N-15-1R¥(9;¢; v, in) SNX.

The construction has been done so as to recover the
homogeneous ELT for R;=17 and £,1=0, and so as to
produce the inhomogeneous ordinary Lorentz transfor-
mations when r’, # are finally expressed fractional-
linearly in r,# and the limit b — « taken. The details and
an elaboration of infinitesimal general ELT are set out
in Appendix B.
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GEOMETRY, DYNAMICS, GROUP ALGEBRA

Having introduced the homogenizing fifth coordinate
U we must now get rid of it so as to work in the physical
coordinates x,. The simplest way to do this is to divide
the fundamental quadratic form @ by itself (or minus
itself),

R - c*T - F(bU — cT)
AT +FHbU = c TV - R

e r/b :
=invariant= [[ct/b +f7(1 = ct/b)2 _ (r/b)z]in]

-[e5%]) - [5H42)

or multiplying by £26? and introducing

_r/b _ ct/b _ fll-ct/b)
we have

F¥p? - 7 - 0*) = - f2p% = invariant.
Also, differentially, it is seen that
ds® = (dp? - d7* — do?)
is the fundamental metric interval invariant under ELT.

We have arranged things so that for b —« the ds?
collapses to the line element

(ds%)orr =dx® +dy* +dzt - att

of ordinary special relativity. In the limit % =« we
obtain

2 2
o2 _r _ _ct
=4 (r-o) | [ 4(=em)] -
which returns us to homogeneous ELT. In this case,

but not generally, the space is flattenable as shown.

Keeping to the general case, a Minkowskian &, =47 and
p=£y, &, &3 brings

ds® =f ¥ (dEd +del + dEd + dEd - do?)
or owing to
o= (1+f+ej+ g5+ DY,

we have in the space £, &, &3, &4, which is now the
projective counterpart of the ordinary Minkowskian
X{y %9, X3, x4 =ict, the Riemannian metric

ds* =g,pdEadEg,
8i; = (5;',' - Eigj/oz)fzb27

where now repeated Greek indices are summed from
1 to 4. Thence we find

ghi= (5;; + 5;51)/f2b2’

18" | =0/ B,

(1] (s - 48) o,
For the D’Alembertian or wave operator there follows
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92 apl 9
2 _ yaB - —_—
=g (agaasa {7 } ag,)
a

= A [ Gos+ ub) s 48 o |
_fb [:7: aS8 agaagﬂ Yagr .

The covariant curvature tensor is

gigk 5

£
Ry go= 170" [5mk5u' EpmsOint éiéi 5, + —"5—1 55

- %’-&EJ 51]]}

and is the same as

- [gmlgik_gmkgij]/fzbz'

Hence the space is of constant Gaussian curvature
K=-1/f%?, as was clear from the beginning, the space
being simply the surface of a type of five-dimensional
sphere (going flat for f* — =), We can in fact introduce
polar coordinates 8, ¢, X, ¢ in the five-space to hold us
to this surface,

£y~ cosé,
£, ~ sinf cosy,
£3~ sind siny cosX,
£,~ sinf siny siny cos¢@,
£; =10~ sinf siny siny sing,
and obtain (x being imaginary)
ds® = Fb%(d6? + sin0 dy* + sin8 sin*P dy?
+ 5in?6 sin®y sinfx d@?).

The geodesics follow from

N @ 2 (d_g)z]uz
G/ds 6/[1_(d‘r> + ar ar
Eﬁf AdTt=0,

do_o _1(,.dp_
ar &_a<p ar )

which in dynamical terms are the extremals for the
Lagrangian

L=-mA,
m =reduced mass parameter = (particle mass) °cfb.

It is surprisingly cumbersome to bring out the rudimen-
tary fact that they are the straights d*r/dff =0. A
simpler way is to write

F=at+vy0o
such that

(at* )
under

012:1, 72:1;

=d7 + do*

ay+ya=0,

viz., #* is a little spinor, a sort of compound or twist-
ing time, Then immediately

d*p 0,
art =
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d
dlz‘ =k* =ak, + vk,

p=5(K*t* + *k*) =K T + K,0,
r=kiei+ k(b -ct) =Kt + K,

where in the third line we naturally have had to take
the symmetrized sum, as the integration gives ambigu-
ously k*t* or r*k*.

The null lines similarly appear,

(i) -
o _ v
arr
p=z(0*t* + *n*) =n; 7+ nyo,
r=nct+nfb-ct)=(y —fn,)ct+n,7b,
(nf+nf=1).
Writing
ny =d, cosd, n,=4a,sind,
we have that the null rays are
r = (@, cosd - fsind &) ¢t + &, fb sind,

and travel with speed

dr\ *
2 - 2
u _(dt) =c

where 6 is the angle between &, and @,. The rays there-
fore are in anisotropic and inhomogeneous flight, know-
ing in their speed the starting point @, sind=a, A, and
their orientation with respect to this starting point.

For f*? negative, 8 must be taken imaginary. In the OIF
limit, b —«, we must understand that finite arbitrary
starting points A,a@, have to be allowed, requiring 6 —0,
so that v —c?.

[1+sin®8(f%~1) - 21 sind cosdcosh],

Let us go back to dynamical language and calculate
the Hamiltonian consequent from L. Calling w the
velocity dp/d7, the momentum conjugate to p is

L _m (o 0
b= aw A op :

Inversely,
_4A p-p T
w= m <p+p1 _1.2) - 1_;2 o,
A=[1-w+&]t/

=[1-72+(1~)p/m* + (prp)/mt]1?,

and in the ordinary way the Hamiltonian works out to
be

H= 3717+ (1= #) p/mit + (pr ol /m?|/?

;
TR PP

Under the canonical transformation

p= (—1—_—‘::2-)17'2 , Pp=p-7)2,

we obtain the new Hamiltonian
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H=g7g [t 7+ B/m? +(5-BF/m 1V,
or with T=tanhT we have

5 [prdp-H'd7=0,

B =[0+P+(p* 9?4

W =m sechT.

Now the infinitesimal transformations in p, 7 varia-
bles of the ELT group are for infinitesimal e, A, v, 0:
time-translation type
T—T+€0,
p—~p (0—~0-eT1),
space-translation type
T—T,
p—p+A0 (0—-0+p°dr),
Lorentz-rotation type
T—~T+vep,
p=p+vr (0—0),
space-rotation type
T—T,
p—p-8-(IXp)

as follows directly from the primitive infinitesimal
transformations in r, f variables given in Appendix B.
The critical difference from OLT lies in the infinitesi-
mal addenda €0, A0 to the translations, which in OLT
are, instead of type €, A; the five-rotational character
of the transformations is reflected in the transforma-
tions for ¢ as well as p and 7. All these transformations
of course leave Ld7 invariant, and accordingly by
Noether’s theorem we find the corresponding conserva-
tion laws:

(0—~0),

E:%Z(U— Tb'):UH,

P=— (ow - 0p) =0p,

ﬁ’l_
A
K=" (p-w1) =Hp- 7p,
m o
L=pX+ (W— 5p> =pXp.

This brings us also to the group algebra. The Lie
generators corresponding to the infinitesimal ELT are

0
T=0%

d
/9i=°5£—i,

9 9

Then the Lie commutator brackets come out,
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(7, Kd=Ps, KKy ==€p Ly,
(7, P) ==Ky, Ki,P)=-T58,
(7, L) =0, K, L) =€450 Ko

(P Pi)=—€3 Ly,

(Pis L) =155 Pas

(Lo L) =€rgp Ly

and are distinguished from OLT in the failure of com-
mutability of any pairs of 7, P, P;, Fs, again reflect-
ing that the translations are a species of rotation. An
important consequence is that the conserved momentum
components Py, A,, P; cannot be made the canonical
momenta in any Hamiltonian framework starting from
p as canonical, as is otherwise evident from P=op.

Let us return to the fundamental differential invariant
ds?, involving dp=d(r/b)/[Z]}/?, etc. We see that when

s (§) o (o= 5) ()
=i+ f(1-u)? - (g)z

goes from positive to negative values, ds? does so too.
The geodesics, the free particles, however are all the
straights d®r/df* =0 and ignorantly pass through the sur-
face Z =0 without hindrance; all of space—time is
traversed by them. The quadric separator suvface Z=0
may be rewritten

() - -eorn (st

and we may call the “interior” or “exterior” the regions
Z>0or Z<0, correspondingly replacing the equal sign
in the preceding equation by < or >. The separator is
entirely controlled by f2 as shown in Fig. 3.

The only simple way to avoid the jump in ds* from (+)
to (=) in, say, an infinitesimal step from the interior
to the exterior across the separator, is to square ds®,

dst=f'b4(dp? - d7* — do?) .

This means we have to work in a Finsler space!® rather
than a Riemannian space, but a very simple one, loose-
ly the “square” of a Riemannian space.

In dynamical terms we now have
6 f Lpdr=0,
Lp=-ml(1- w2+ 524 = mlQt]V/4,
whereupon

_3Ly _mw=(0/0)p)Q
Pe%w =7 @y

and then
Q={1-72[(1-7)p/m?+(p*pl/m*]},

so that the Hamiltonian becomes
en)2\Y 2) 1/4
Hp=10 {[1-721 <(1-72)-7%2, +(—%;§’—)-)] }
T
“1- PP
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FIG, 3. Geometry of the separator surface for diffierent f2,
Swing each figure around the vertical (ct/b) axis for a repre-
sentation of Z{x,y,f)=0. For f2= 0 the values of f? are written
in the “interior” region, while for f <0 they are written in the
“exterior” region. The intersecting hyperboloidal sheets for
f2 >0 are collapsed into a disc having a hole through it, for
fF2— and go over with decreasing f? to form a cone for f°=0,
Then as f2 turns negative, separate upper and lower hyper-
boloidal sheets are formed, with the lower sheet sinking away
to —® as
As f? falls below — 1, the upper sheet bends round to close and
become a prolate spheroid, then a sphere, and then an oblate
spheroid which flattens finally for f2— - to a disc occupying
the hole in the starting 2= disc.

Simplifying by the same canonical transformation to
P, p as before, and again introducing 7, w,

Hp={@ =[P + (PP I/
That is, Hj has eight branches
Hp =z =[P+ @-p)?
+i(w?+ [ + (p Pl ]/,
being the roots of the biquartic
{7 - ' - [P + PV TP =40'[F + (P 9]

The more extended and simplified theory of a free
particle based on the Finsler-type metric will be dis-
cussed in a forthcoming paper.
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f2— ~1, while the upper sheet becomes a paraboloid.

CONCLUSION

In summary, it has been shown that there is a unique
extension of the Lorentz group from being a ten-
parameter sector of the affine transformations to being
(in one-to-one correspondence) a ten-parameter sector
of the projective transformations, each sector preserv-
ing equally the uniform straight line motion of a free
particle, with the projective extension of Lorentz trans-
formations containing besides ¢ a new universal length
constant b and going over to the Lorentz group for
b ~~, and with the projective extension coming from
the group of rotations in the five-dimensional space of
homogeneous space—time coordinates.

A main question, on which hinges possible observa-
tional tests, plainly is the extension of the structure of
field physics, especially electrodynamics, so as to
make them extended-Lorentz covariant. The general
outlines toward this are already clearly imprinted in
the extended space—time structure itself. In the case
of electrodynamics, one naturally starts with a projec-
tive type of five-potential A, A,, A3, As, As and current
density Jy, J;, J3, Jy, J5 that are posited to transform
as do the homogeneous coordinates X, X;, X3, Xy, X;
of space—time [(NA)? and (N J)? invariant] and proceeds
to get rid of the homogenizing A; and to go to A, i@
plus a nonindependent fifth i or &,, &,, 4&;, A,, A;
with = A? fixed, as in the transition earlier to p,i7,i0
=%, &, £3, &, & with T &% fixed. Similarly, J; is
<_Jlisp_osegl of_by going to a nonindependent quintet
jiy j2: j3, j49 js:

A R
K,L,Ks:{r(;z +7T(kb - g = AT [’Z]%'i )
Xfrb

if(kb ~ @)
T

§. 3= i ico  if(vb -cp)
I35 =\ Tea W+ 720 - oV = 7170 T 70— [ 7T
X fvb.

Besides the nonlinear composition of field and source
quantities, it is noticeable that one more specifically
electromagnetic constant (apart from ¢ and b) in addition
to charge is required, for the sake of integrity of physi-
cal dimensions. Namely, we have written A; =ibkV,

Js =ibvW to dehomogenize to

é , —’éi =A, i@ = (charge/length),
J Iy =j icp = (charge/length?® - time)
w’ WP ’

and we must accordingly require
« = (charge/length?),
v={charge/length®  time).

Here the (length) cannot be taken to be b as it is neces~
sary that k, v remain of nonzero size for b -, in order
that extended electrodynamics fall back into ordinary
Maxwell theory in this limit. Hence, one further in-
trinsic electromagnetic quantity besides charge must
enter, say an electromagnetic length A, so that k, v can,
for instance, be written as numerical multiples of

e/A% ec/AY. The pure electromagnetic field, corre-
sponding to that of the source-free Maxwell equations,
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recognizes interiorly the existence of charge, whereas
ordinary source-free electrodynamics has internally
to do exclusively with ¢. That is, besides ¢ and b in-
herent in space—time, the field knows « and the source
v, and electrodynamics rests on two essential internal
parameters.

The ELT covariant electrodynamics may be formu-
lated on the base of constrained &;, A;, j;, and in other
ways, as will be discussed in a report in preparation.
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APPENDIX A

To see the kernel of the simple proof that the projec-
tive transformations are necessary for preservation
of straights, let us consider the one-dimensional case
and first allow an undetermined functional connection
between x’, #’ and x, ¢,

x'=F(x,t), t'=Gx,1).

Then
_dx' _DF
“df T DG’
. 0 ]
D=x Ev—a =

and secondly

2 [dv 2 (DFy (D8] 41

dt’ "L dt 2v \DG DG dt’’
For dv/dt =0 to imply dv’'/dt' =0 and reversely, means
requiring

DF
D (3@) =0,
where in D the velocity parameter » is constant but
arbitrary. The general first integral is

DF _ vF,+F,

DG ~ vG,+G, =Mx —vt, v).

Since the left side is fractional-linear in v, M must be
s0 too,

Calr—evf)+autay  (y-a)vtaxtay_ My
T alx-vt)tautay

Moreover, the Jacobian F,G,~ F,G, of the transforma-
tion is not to vanish, so neither must

(a, = a t)(ax +a;) — (@ — agt)(oyx + o).
Going to
DF =MDG
and integrating again,
F— MG =E{x - vt,v).

Once more the left side is fractional-linear in v so
E has to be of the form

_ Bylx - Ut)'*‘ﬁzv'*‘ﬁg: (ﬁz-ﬁxt)v'*'ﬁxx‘*‘ﬁs___ Eq
- b1(x - 'Ut) + b2'l)+b3 (b2 - b1t) 11+b1x+b3 E2 :

E
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(ag=at)v+ax+a; My’

Thence,

FMy - GM; _ By
M, E,

On cross multiplying and equating coefficients of like
powers of the arbitrary v, one sees after a short cal-
culation that F and G are wholly restricted to being
general fractional-linear forms with common denomi-
nators. The proof in three dimensions goes the same
way.

APPENDIX B

Dropping the three-space rotation, we find by mulfi-
plying N8R, (£) R¥(u) SN, and returning to r’,#, r,¢
variables, the inhomogeneous ELT in fractional-linear
form,

v’ ={l¢;* ¢, + BFngv]r
+[(G~fBn) @, v+ (fF(1 - Bn*) - FG) ] ct
+[Bng, v-F(1- Bp?)]sl/a,
t'={G(L+m)t+ Gver/c-fbGn/cl/a,
a=[F(1-Bn?) - FByve{—fGnl+[(fG - FBn)v
- Ft-@,] v/ +[G(1+fn) - F(1 - By?)
+FByv { —fIFGE *v—n)lct/b
(pe=1+AEE, @,=1+Bvv),

where v, {, 1 are the abbreviated ones standing for
v/c, t/b, n/b. When f is imaginary, { and 7 are to be
taken imaginary.

For b — = we obtain (8 and ¥ having their OLT
meanings)

I"Z(PU 'r+Wt+ﬂ'lﬁCV—f§,
Y=y(t+ver/c?)-fym/c,

here (and below) in nonabbreviated quantities, v
=velocity, {=displacement, n=1length. Hence the
recovery of the inhomogeneous Lorentz transformations.

The separate infinitesimal transformations are:

time-translational type (n infinitesimal, ¢ and v zero)

’_ n 2
T=Toro [A+7Du-F2,

w=u- % [F2 - 1)* +dt];
space-translational type (£ infinitesimal, n and v zero)
af°r
r’:r+rf —br+f§(u—1),

°r
w =u+uf? ——T—cb 3
Lorentz-rotation type (v infinitesimal, § and 7 zero)

1 b
r':r—b—c rv°r+vzu,

u =u- —l‘)‘c—‘ (u—l),
where u stands for c¢t/b. The infinitesimals €, A, v in
the text are — /b, —£/b, v/c.
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The high conductivity limit in mean field electrodynamics
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An attempt is made to resolve conflicting views on the reliability of first order smoothing theory when
applied to electromagnetic induction of magnetic field by a turbulently moving conductor, in the
astrophysically most interesting case of large microscale magnetic Reynolds numbers.

The ensemble mean, {B), of the magnetic field, B,
in a uniform conducting fluid moving with the nonrela-
tivistic velocity, u’, is governed by the mean induction
equation?

3(B)/0t =V X & +1V¥B), (1)

where £=(u’XB’) and B’ =B - (B) is the fluctuating part
of B. It is governed by

dB' /3t =V X (0’ X (B) + G’) +nVB’, (2)

where G’ =u’XB’ - £.1It is the objective of mean field
electrodynamics to use (2) to express €as a linear
functional of {B). Then (1) is a closed equation for the
mean field, which may be studied in isolation from B’.

The computation of £ is simplest when G’ =0, an ap-
proximation sometimes called “first order smoothing
theory,” or FOST for short. Roberts and Soward re-
cently attempted to delineate parameter ranges in which
FOST might be safely used. *=* The four terms in (2) are,
respectively, of order B'/T, U{(B)/L, UB'/L, nB'/L?,
where L and T are length and time scales typical of B’,
and U is the rms turbulent velocity. It might at first
sight be thought that G’(=UB’/L) would be negligible if’’®

e,=UL/n<<1, or=UT/L<<1, (3)

(or both), and that B’/{B) would then be of order ¢ or ¢,,
respectively, In particular FOST would seem to be valid
in the astrophysically interesting case of large micro-
scale magnetic Reynolds number UQT/n(zeiez) provided
€; < 1. Roberts and Soward saw however, that in this
case B'/(B) would, no matter how small initially, be
ultimately’ of order €, (> 1), and that the contribution

to (2) of G’ would then not be negligible compared with
that of u’X(B). They argued that FOST was justified®
only when €; <1 and €6, <1, and implied that the excel-
lent account given by FOST of, for example, solar
electrodynamics was fortuitous (see, for instance,
Refs. 9 and 10).

It seems to us that Roberts and Soward were mis-
taken, and for a somewhat subtle reason, adumbrated
earlier by Steenbeck and Krause. ® 1t is true’ that, when
€, <<1 and €6 >>1, the rms magnitude of B’ is large
compared with (B), but this is irrelevant. In computing
it is only B/, the part of B’ correlated with u’, that
is required, and this is of order ,(B), i.e., it is small
compared with (B). Thus FOST is reinstated for ranges
(3), broader than those envisaged by Roberts and
Soward. As an unintentional side effect, their area of
disagreement with Lerche and Parker is exacerbated. 2
The main issue is of course the astrophysical one. The
remainder of this note presents the argument, in a
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more complete form than Steenbeck and Krause. ?

In the interests of economy, the space arguments
will be suppressed, and x, &, x+£, £-£/, etc. should
be understood below to be respectively implied by time
arguments ¢, 7, t+7, T~ 7', etc. We will use the sum-
mation convention, and the abbreviations

A=3/3T-nV?:, V,=3/0¢,.

We wish to contrast (2) with two equations obtained from
it:

A OBt + TN = €016 Violte] (Dul (t + T) Bi(E + 7))

=€Jk1€zmvk[<“f(t)“;n(t+ )Y Bt + 7)), (4)
A(BIOBIE+ 7)) = €)1 Vil BH (DNl (E + T) BY(E + T))
:Ejkletmvk[<B;(t)u;n(t+ 7Bt + ™l (5)

The advantage of (4) over (2) is clear. While (4) is an
equation that can yield directly the quantity, &, of inter-
est, (2) governs B’, a quantity not directly relevant

to (1). Supposing that (3) is true, and justifies the
neglect of the triple correlation in (4), we may solve
that equation without difficulty. Since w{(#)Bj(t+ 7)) -0
as 7~ =, we obtain

@i(t) Bi(t+ 7))

= f..i ar’ f AE" G(T = T') €131y VAL Qum ') B, (£ + 7)),
(6)

where @, ,(7) = @, () u,(t + 7)) is the two-point two-time
velocity correlation tensor and G(7) = (4 7)%/? exp(- £2/
47n7) is the Greens function of the diffusion operator, A.

The velocity correlation @,,(7’) in (6) is negligible
when |7/1€ T, and when |£’12 L. Thus, (u{B)) is effec-
tively zero for 7< - T, and for larger 7 we may, with
little error, replace the limits of 77 integration in (6)
by ~ T and min(7, T), while confining the £ integration
to the interior of (/| =L. Specializing now to the high-
conduetivity limit L?>n7T, we see that if 0< 75 LY /p
the Greens function G(7— 7’) is effectively 5(¢ - £').
Equation (6) therefore shows that, for £ =L,

@() Bit+7))= (UT/L) U(B), (1)
and
aui() Bi(t+ 1))~ (3/37)wi(t) Bj(t + 7))
= ui(t)Bi(t + 7))/ T, (8)

these quantities being essentially zero for £5L. Thus,
when UT/L <«<1, the correlation (u{B}) is small com-
pared with U{B), despite the fact (see below) that,
when U2T/np>1, (B'¥))!1/? is large compared with (B).
Estimate (7) shows that

Copyright © 1976 American Institute of Physics 1808



[ (et + TIBLE+ 7)) | < U [¢ulo(t + T) BL(E + 7)) |
~(U’T/L){B), 9)

so that by (8) the term involving the triple correlation
in (4) is indeed much smaller than the first term on the
left-hand side of (4), so justifying a posteriori the
application of FOST. We may also observe that, for
> L%/, G(r-7') and therefore (ujB]) will decrease as
73/ The correlation (7) has the magnitude there indi-
cated during an entire Ohmic decay time L?*/5, defined
by the correlation length.

We may apply very similar arguments to (5) and
establish in a parallel fashion that the term involving
the triple correlation (B{(t)u!, (¢t + 7) Bi({ + 7)) is likewise

much smaller than A(B{(f) Bj(¢+ 7))= (3/d7)(B{(t)B}(¢ + T)).

However, the consequences of (5) for (B}(f) Bj(t + 7)) are
then surprisingly different from those of (4) for
(i(t) Bj(t + 7)). Analogously to (6), we obtain

BB+ T))
= [l ar [at' G(T=T) e Cm
XVI(Bi(Bhult + T))B, (¢ + T'))]. (10)

The crucial difference in the estimation of the integrals
(6) and (10) arises from the difference in behavior of
the two-point two-time correlations. Whereas @,,,(7")
in (6) is effectively nonzero only for - T< 7' < T,
(Bju!,) is, as we have seen, nonzero in - T <7/ <L%/p,
an interval large compared with T in the high conduc-
tivity limit, Using (7) and following arguments similar
to those given below (6) we find that, for [£!5 L and
1715 L/n, the integrand of (10) is of order U*T(B)*/L?
over a 7’ interval of order L?/n. In particular, for

£ =71=0 we obtain

(B%) = (L*T/n){B). (11)
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This is the basis of the statement made earlier that,
when U:T/n>1, (B) will be large compared with (B)2,
Again, an a posteriori comparison of the terms in (5)
suggests that the application of FOST to (5) was justi-
fied even though, paradoxically, (11) confirms?® that that
approximation could not be made in (2).
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On the analyticity of certain stationary nonvacuum Einstein

space-times*

Lee Lindblom
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It is shown that certain nonvacuum solutions of Einstein’s general relativistic field equations are analytic
space-times, i.e., an analytic atlas exists with respect to which the components of the metric tensor, and
all material fields are analytic functions. The two specific cases discussed here are interesting from an
astrophysical point of view. The first is the class of space~times containing a source free electromagnetic
field: the exterior of a charged black hole, for example. The second is the class of space-times filled with a
rigidly moving perfect fluid, often used to describe the interior of a rotating star.

1. INTRODUCTION

Miiller zum Hagen!'? has shown that every stationary
vacuum solution of the Einstein field equations is ana-
lytic, i.e., there exists an analytic atlas with respect
to which the components of the metric tensor field are
analytic functions. His result has proven to be a useful
tool for the study of space—times of astrophysical
interest, e.g., the exteriors of rotating stars or black
holes (see Refs., 3 and 4). The purpose of this paper is
to extend those results to certain nonvacuum space—
times which have possible astrophysical interpretations.
The case of a space—time which contains a source-free
electromagnetic field includes the charged black hole
solutions. Hawking,? in his proof that stationary black
holes are axisymmetric, uses the analyticity of the met-
ric tensor. The result presented here, therefore, makes
his argument rigorous for the case where electromag-
netic fields are present. The other case presented
here, space—times containing a rigidly moving barytro-
pic fluid, is often used to model the interiors of rotat-
ing stars.

2. BACKGROUND

Analyticity of these space—times is demonstrated by
showing that the functions which describe the geometry
and the configuration of the matter satisfy systems of
elliptic partial differential equations. A theorem of
Morrey® is then recalled which guarantees the analytic-
ity of such functions. Several definitions and results
implied from previous work will be required to effect
these proofs; they are simply listed in this section.
Discussion and proofs of these points may be found in
the references,!:?®

Definition: A coordinate chart in a stationary space—
time M is said to be stationary and harmonic if (a) the
components of the timelike Killing vector are given by
n*=32; and if (b) the Christoffel connection satisfies
I‘gvguvzo’ (ayﬁy o :0, 15 21 3).

Definition: A function f(x) is said to be Hélder contin-
uous of order 0< <1 (C*), on some domain D, if 3 a
constant K, such that ¥ x,veD, |f(x)~f(v)| <Kix-yl*.

Lemma 1 (Miilley zum Hagen): Assumptions: A
space—time M is C™? for integer n = 2. It contains a
globally timelike vector field, n®, which is C™!. The
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metric tensor is C". Assertions: In a neighborhood of
each point xeM there exists a stationary harmonic
coordinate chart which is C** 0<p <1, related to the
C™2 charts on M.

Lemma 2 (Mulley zum Hagen): Consider a stationary
space—time M in which the components of the metric
tensor are analytic functions of the stationary harmonic
coordinate systems at each point. The the stationary
harmonic coordinate charts form a basis for an analytic
atlas on M.

Definition: A system of second order partial differen-
tial equations, ®*(x®,f%,2,0,/%)=0(A,B=1,2..., N) is
said to be elliptic in some domain D if ¥x*¢D and v
vectors A*#0,

O#det{Z} rop8 [a 2,

a8 Vas

4 (x7, 9°, .vf,y,i)J } ,
evaluated at v? =f5, y3=0_f®, and v8,=0,0,f".

Theorem (Morrey): Assumptions: f? is a function
which is the solution of the system of elliptic differential
equations, ®4(x*,f?,3,f%,0,3,/8)=0, (4,B=1,2..., N)
on some domain D. 78 is of class C***, 0<p <1, The
functions ®4(x®, v2, y2 92} are analytic in the variables
(x*, v8, v, v5)). Assertion: The functions /¥ are analytic
on the domain D,

3. ELECTROMAGNETISM

The electromagnetic field is described by the vector
potential A%, In a source-free space—time, the field
equations which govern A® are

v,VeAs +RE A% =0, (1)

(The Lorentz gauge condition has been adopted, v A”
=0.) These fields are themselves sources for the
gravitational field, via the Einstein equations

R, =(28"16%0% — 38 ,s8" 8" )V LA, ~ VLA NV, A~ V, A
(2)

These space—times are called stationary if there exists
a globally timelike vector field n* which satisfies

L A*=1"V, A%~ A*V, 7% =0, (3)
L\8ys=Vllg+ VsNy =0. (4)
For space—times described by Egs. (1)—(3) we will
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derive the following:

Proposition 1: A stationary space—time M is assumed
to contain a source-free electromagnetic field, de-
scribed by Eqs. (1)~(3). If M is C%, the components of
the Killing vector field n® are C®%, the metric tensor
&5 is C*, and the vector potential A% is C°, then M
admits an analytic atlas with respect to which g, and
A% are analytic functions.

Pyoof: In a harmonic coordinate system the components
of the Ricci tensor, and the D’Alembertian of a vector
field may be expressed as,

R,,=1%g""0,3,8.s + Boslg, 39),
VAV, A®=g#vD,0,A* +RYA* + C*(A, 04, g, 38).

(5)
(6)

The functions B,s and C* are functions only of the
metric g,,, the vector field A%, and their first deriva-
tives. Equations (1) and (2) may be rewritten in har-
monic coordinates [using Eqs. (5) and (6)] to obtain,

ghra 0, g,.=Blslg, 08,4, 0A),
gha, 2, A*=C""(g, 0g,A, pA).

(7
(8)

When a stationary and harmonic coordinate system
(existence is guaranteed by Lemma 1) is assumed, Egs.

(3) and (4) may be rewritten as

0,6A*=0, 05843=0.

In these coordinates, the operator ¢**9,0, may be
replaced by g*/3,2;, with i,j=1,2,3, in Eqs. (7) and (8).
Since g’ is a positive definite matrix, Egs. (7) and (8)
are elliptic systems of differential equations for A*

and g,,. Morrey’s theorem guarantees the analyticity of
A%and g,, with respect to the stationary harmonic
coordinate charts. Lemma 2 guarantees the existence
of an analytic atlas for M. =

4. FLUIDS
Perfect fluids are described via the Einstein equations,
R, =87[(0 + P ugus + (0 ~ p)g 4l &)

The energy density of the fluid is p, the pressure is p,
and u® (#®u, =- 1) is the four-velocity, tangent to the
world lines of the fluid. The fluid under consideration
here is assumed to have an analytic barytropic equa-
tion of state, i.e. p(p) is an analytic function of the
pressure. Also, the fluid is assumed to be moving
rigidly; this condition is given by,

(10)

The stationarity of these space—times is expressed by
the existence of a timelike vector field 72, satisfying

(8% + 1 u)(Bg + ugtt’)(V 00, + V,u, ) =0.
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Eq. (4) and,
(11)
(12)

Lu®=n*V,u® -u'v, 1*=0,
an :n”Vup:O.
For these space—times, the following proposition holds:

Proposition 2: A stationary space—time M is assumed
to contain a rigidly moving barytropic fluid (with analyt-
ic equation of state).® If M is C”, the components of the
Killing vector field n® are C°®, the metric g, is C® and,
the pressure p and the four-velocity «* are C3, then M
admits an analytic atlas with respect to which g, 2,
and #% are analytic functions.

Proof: Equations (9) and (10) and the fact that the fluid
is barytropic imply that the following relationships are
satisfied:

VeV b=~ VD + PllfVu, + (o + PYu*tfR oy = V 1y VPu®),
(13)

VoV B = (U V ,u  (VPu® — VoB) — uB(V 0 ) (V¥u*). (14)

Equations (9), (13), and (14) form a system of second
order differential equations for the functions g4, <,
and p. These equations may be written in a stationary
harmonic coordinate system, in analogy with Eqs. (7)
and (8),

gijaiajp :A(pv g: agr u; au)y
g”aiaju&:Ba(p7 &, aga s au)a
gijaiajgaﬁzcaﬂ(pyg’ ag’ u)-

These equations form an elliptic system, thus the
theorem of Morrey and Muller zum Hagen’s lemma can
be applied to complete the proof. .
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The solution of steady, one-dimensional half-space multigroup transport problems with degenerate

anisotropic scattering is obtained for L, sources and incident distributions. The solution is expressed in
terms of contour integrals of the resolvent operator (AI— K)~!, where K is the “separated” transport
operator. The connection between this method and the singular eigenfunction method is briefly discussed,
and the half-space albedo problem is treated in detail. This problem reduces to obtaining the Wiener—Hopf
factorization of the dispersion matrix, hence to solving two coupled nonlinear, nonsingular matrix integral

equations.

1. INTRODUCTION

The one-dimensional multigroup transport equation,
which has been studied extensively in the past decade,
has recently been solved!'? by the application of resol-
vent operator techniques first applied to the one-speed
equation.® Although Refs. 1 consider only isotropic scat-
tering, Sancaktar? has extended the analysis to include
scattering matrices C(u, s) which are separable as a
matrix product C{u)L(s).

The analysis of Refs. 1—3 leads to singular eigen-
function expansions and is restricted to the case that
the interior source and incident distribution are Holder
continuous in the angular variable 4. However, we ex-
pect that these expansions can be extended to the much
larger class of L, functions for p >1.? In a related
paper, ° the solution of the one-speed equation is obtained
in the physically natural L, space by employing a con-
tour integral method rather than the singular eigenfunc-
tion formalism.

In the present paper, we extend the analysis of Ref.
5 to one-dimensional multigroup transport problems in
L, with an anisotropic scattering matrix of the form
M
C(u, s) :ZJ‘IA,,(u)Bn(s). 1.1
n=
We are able to exploit the technique of Ref. 2, the sepa-
rable kernel case, by noting that this degenerate sum is
in fact a separable matrix product of nonsquare matri-
ces A(u) - B(s) (cf. Sec. III). However, we shall use a
contour integral method to obtain L; solutions rather
than construct singular eigenfunction expansions of solu-
tions for Holder-continuous interior sources and inci-
dent distributions. We do this for two reasons: First,
L, is the natural space in which to solve transport prob-
lems; and, second, the singular eigenfunction formalism
is notationally very awkward for the present problem.

Aside from the fact that L, solutions to multigroup
transport problems have not previously been construct-
ed, the degenerate scattering matrix C, defined in (1.1),
has hitherto been analyzed with only partial success. ®
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This is because previous results were expressed in
terms of a matrix Riemann—Hilbert problem which,
except for very sepcial cases, has never been solved.
But the contour integral method employed in this paper
depends upon the solution of a different problem, name-
ly the Wiener—Hopf factorization of the dispersion
matrix 4(z). This factorization has been derived by
Mullikin, 7 and it is this recent result which has sparked
the current flurry of activity in multigroup neutron
transport theory.

The plan of the present paper is as follows. In Sec.
II we express the solution of a half-space transport
problem in terms of a contour integral of the resolvent
operator (M - K) around the spectrum of the “separat-
ed” transport operator K. Then in Sec. III we construct
the resolvent operator explicitly. In Sec. IV we intro-
duce the analysis necessary to the solution of half-space
problems, i.e., the extension of a function () defined
on {0, 1] to Exr(u), defined on [-1,1)], in such a way that
(M =K)?Eh is analytic in X for Rex < 0. (This is just
the extension operator E of Refs. 1-3. Infact E has a
physical interpretation as the “reflection” operator.)
It is in this section that the Mullikin factorization, re-
ferred to above, is used. This factorization is presented
in detail in Appendix A; it is expressed in terms of the
(numerical) solution of two coupled, nonlinear, non-
singular matrix integral equations.

In Sec. V we treat the half-space albedo problem in
detail. In particular, we take the contour integral solu-
tion of Secs. 2—4 and cast it in a form which explicitly
indicates the dependence of the solution on the continu-
ous and the discrete spectrum of K. We then consider
this expression for the special case of one-speed, iso-
tropic scattering, and show that it reduces to a form
which was derived previously for the solution of this
problem.’® The simple connection between this form and
the singular eigenfunction form of the solution is then
briefly discussed.

In Appendix B, we fully describe the domain of the
transport operator defined in Sec. II; this domain is a
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dense subspace of the L, space which is physically ap-
propriate for neutron transport problems.

The analysis presented here cannot be considered
completely rigorous from a strict mathematical point
of view, since many lengthy technical details involving
interchange of orders of integration and differentiation,
etc., are omitted. The full analysis, if included, might
double the length of this paper without enhancing its
physical content.

1I. CONTOUR INTEGRAL SOLUTION

We consider the following neutron transport problem:

1
“a—i)(x, w) + Zp(x, 1) - J. C(u, s)P(x, s)ds
=qlx, W), x>0, ~1spsl, (2.1)
WO, u)=yp(w), O<p<l, (2.2)
O0=limg{x, u) =hlmP(x, 1. (2.3)

x~+ Py

In these equations ¢ is an N X1 vector whose components
represent the neutron angular density in N velocity
groups; ¥ is an N XN diagonal matrix whose diagonal
elements o; satisfy: 1=0; <0, < -+ <0y, with 0; repre-
senting the total cross section in velocity group “i”;
C(is, s) is the NXN scattering matrix which is Hdlder
continuous in p and s; and ¥, and ¢ are nonnegative

N X1 vectors representing the incident distribution and
sources respectively.

We require
N_ :
Z{fo By, (1) dpn <=0
i=

then the total number of neutrons per unit cross sec-
tional area which enter the half-space through its bound-
ary x=0 in a unit time interval is finite. For a similar
reason, we require

N
© (1
%fo .[_1q(x; W) dudx <,

We seek a solution ¥ of problem (2.1)—(2.3) which
lies in X, the Banach space of NX1 vectors f(x, u), de-
fined for x= 0 and |ui<1, and satisfying

N
=202, [,° 3 1tr, )] e <o,

Among all the L, spaces, this is the physically natural
space for the transport operator since |||l represents the
total number of neutrons per unit cross sectional area

of the system. We note, by the conditions imposed in

the previous paragraph, that g X.

We require the half-space x> 0 to be subcritical. Thus
there cannot exist a solution of (2. 1) which is indepen-
dent of x for ¢=0.

We proceed by rewriting equation (2. 1) as
oy
s, )+ LY(x, 1) = pgfx, p),
where
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qolx, w) = L q(x, ) (2.5)

and where L : X - X is the bounded operator defined by

Lp(x, ) =22(x, p) = [2C(k, s)¥(x, s) ds. (2.6)
In Sec. III we shall show that for a degenerate kernel C
of the form (1.1), for which the half-space x> 0 is sub-
critical, the operator L™ :X ~X exists and is bounded.
Thus, we may define an operator K by

2.7

The domain and range of K are not X, but instead the
larger Banach space X, defined as follows:

Kg(x, w) =L pg(x, ).

X, ={glx, W | pglx, p) c X},
N
lelly =272, [,° [ ngir, ] duax.

It is trivial to verify that K: X; - X, is a bounded op-
erator. Also, by (2.5), g,€X{ and so (2.4) may be
written in terms of K as

oy
K=—(x, u) +9(x, ) =Kqy(x, 1), (2.8)

In Sec. III we shall prove that the spectrum of K con-
sists of the line segment [- 1, 1] plus certain discrete
eigenvalues. We require that none of these eigenvalues
be purely imaginary. (Kuscer and Vidav® have shown
that for a moderator with continuous energy dependence,
the reciprocity relation implies that the space eigen-
values—i.e., the point eigenvalues of K—are all real;
see Fig. 1.)

Now we shall construct a solution of the transport
problem (2.8), (2.2), and (2.3) using a method which
is suggested by the operational calculus for operators
in a Banach space.® Although the procedure may seem
cumbersome, it is actually straightforward. The key
idea is to express the solution as an integral, around
the spectrum of K, of the resolvent operator (M — K)™
acting on an undetermined function f(x, i, A). We then
solve for f and express it in terms of the problem data.
Following this procedure, we write

_ 1 g,
P(x, u)—mfr(u_;() S, 1, A) dA, (2.9

Here ' =["J " is a closed curve enclosing the left and
right halves of the spectrum of K, as indicated in Fig.
1. (I intersects the ReX axis at an angle between 0 and
71/2.) We require f, which is to be determined, to be an
analytic vector-valued function of A for X inside I', and
a continuous vector-valued function of A for X e [', with
vector values in X;. Also, to satisfy Eq. (2.3) and to
avoid certain problems at the point A=0, where [ in-
tersects the spectrum of X, we shall require

Limf(x, 1, A) =0,

=

Ac L,

(2.10)
Hmf(x, £, M) =0, ael.
A=0

To determine f, we require ¢ to satisfy (2.8). This
yields
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ImX

Re\

FIG. 1. The contours I~ and I'*, (The “continuous” spectrum
of K is represented by the heavy line, —1 =A =1, while the
point spectrum is denoted by dots. If the results of Ref, 8 ap-
ply, then the point spectrum is real.)

quzﬁlif(u_x)'l (K5%+I>fd>\
=57 [ - K)*{[(K m+u]~f+f}dx

1 3 1 [ 3 ]
e | =—Ffdrx+-—=- “K)T A=+
2n ,I;ax d Zm'_/; (A - K) ox I} fan.

(2.11)
We shall show that this equation is satisfied if f obeys
the boundary conditions (2.10) and the o.d.e.
)
(7\§+l>f(x, 1, N = gy, ). (2.12)
The general solution of (2, 12) subject to (2.10) can be
expressed in the form

exp(-x/Ng(p) + [ expl(t - x)/Mgot, v dt,

ReA>0,

S, py 2= (2.13)

[% expl(t = %) /Ngolt, 1) df, Rex<o.

Here g(u) is an arbitrary function which will be deter-
mined by the boundary condition at x=0, [We note that
Jf{x, £, 0) =0 can be obtained from either of the above
expressions by taking the limit X =0, )

Before determining g, we shall show that we have in-
deed satisfied Eq. (2.11). To do this, we insert (2.12)
into (2.11) and obtain

g mafovs gt fore

0——2—777 = f A,
If f, as given by (2.13), did not satisfy this equation,
the representation of our solution as a contour integral
would not be correct. However, f does satisfy this equa-
tion for any g, as we shall verify at the end of this
section.

or

(2.14)

We now return to Eq. (2.13) in order to determine
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the arbitrary function g, and hence to complete the con-
struction of the solution. We introduce f, from Eq.
(2.13) into (2.9), and obtain the decomposition

dlx, W)=y (x, 1) +ylx, 1, (2.15)
where
Uy (x, ﬂ)=§1~.f exp(— x/N (M = K)g(p) da (2.16)
m fr+
and
1 X
Ul W) =5 ﬁ_(M—K)“ [Q
xexpl((t = x) /Mg, p) dt dx
+——f (M=K f
X expl(f — x)/Mgolt, 1) dt dX. (2.17)

At this point, ¥ satisfies Egs. (2.8) and (2.3), but
not (2.2). This last condition is the one which will de-
termine g. We set x=0 in (2.15)=(2.17) and use (2.2)
to get

by(1) = 9,(0, 1)

A
me (N=K)g(u)dr, O0<u=<l. (2.18)

If the range of integration in this equation extended over
I'*u -, then this equation would be identically satisfied
by any g defined on — 1< <1, such that

glp)= lbo(li) -

Let us therefore require g to satisfy (2.19), and, in
addition,

P,(0, ), 0<us1, (2.19)

0:_1_.f (M =K)lg(pydy, —1s<sp<i. (2.20)
21t Jp-

To satisfy (2.20), we shall extend g(1) as defined by
(2.19), to —=1< 1 <0 in such a way that (W -K)? g is
analytic in A for ReA<0. It is customary to express g
as

g(w) =E[y (1) - (0, w1, (2.21)

where E is the well-known “extension” operator. (See
Refs. 1—3.) In Sec. IV we compute E, finally complet-
ing the specification of g and hence of the solution to the
transport problem (2.1)—(2. 3).

—1SFLS1;

To recapitulate, given a “modified” source ¢, and an
incident distribution §; on a half-space, we calculate
(M -K)? (Sec. TID), and $,(0, 4) from (2.17). Then we
define g(u), 0< k<1, by (2.19) and appropriately ex-
tend g to - 1< u<1[Eqg. (2.21) and Sec. IV]. The solu-
tion ¥ is then given by (2.15)—=(2.17).

It remains to verify that the conditions imposed earlier
on f are actually satisfied. These conditions are:

(i} f is an analytic vector-valued function of » for A
inside [, and a continuous vector-valued function of »
for Ac I, with vector values in X;

(i1) f satisfies (2. 14);
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(iii) ¢, defined by (2.9), is an element of X.

To verify (1), we use (2.13) to obtain the inequality

N © 1
Zﬂilffiufe(x, i, N)|dp dx

]7\12 1
{z L 1 )uEg.-(u)ldquqH}.

(2.22)

lRe)\l

Since the right side of this inequality is finite for each
X inside and on £, and since the left side is just lIfiy,
then f< X, for each A inside and on I'. f is obviously
analytic in A for A inside I’, and since f—0 as A—0 with
A& [0, fis continuous in A for A€ ['. This proves (i).

To prove (ii), we observe from (2. 22) that we may

write

S, i, ) =

where F is a vector-valued analytic function of A for A
inside [, and a bounded, piecewise continuous function
of A for Ac ', Therefore,

[;\fdx:deA:O,
iy r

and so f satisfies (2. 14). This verifies (ii).

AF(x, 1, A),

Condition (jii) must be verified because the integral
in Eq. (2.9) exists in the context of the Banach space
Xi, not the physically correct space X. In Sec. V we
shall show that (iii) holds for ¢ =0; the proof for ¢#0
is similar, but for simplicity we shall not present it in
this paper.

11l. CONSTRUCTION OF THE RESOLVENT
OPERATOR

In Eq. {2.1), we take the scattering kernel C to be
degenerate:

C(u,s>=i1A,,(u>Bn<s>. (3.1)

Here A, (1) and B,(s) are NXN matrices. Since C(k, s)
was assumed to be Holder continuous in g and s, it fol~
lows that A, (u) and B,(s) are Holder continuous in 4 and
s respectively. We define the NXNM matrix A and the
NMXN matrix B by

A=(AA, -+ Ay
and
B = (BB -+ - B),
where the superscript T denotes transpose.

Then

C{u, s)=A(un) - B(s), (3.2)
and so by (2.6), L has the form
Lf(x, u) =2 flx, 1) — A(p) - f_i B(s)f(x, s) ds. (3.3)

To determine L™, we set Lf=g and multiply by = to

obtain
Tlg(x, w)=f(x, 1) = Z1A() - [1B(s)f(x,s)ds.  (3.4)

Now we multiply on the left by B(x) and integrate over

K to get
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[1B(s) £glx, s) ds =9 - [} B(s)f(x, s) ds, (3.5)
where J is the NMXNM matrix defined by
J=1I_ f_i B(s) =t A(s) ds. (3.6)

We solve (3.5) for [} B(s)f{x, s) ds and insert the re-
sult ‘into (3.4), which gives the operator L™ as
zg(x, w)

flx, wy=Lg(x, p) =

+2A(W 91 [1B(s)nglx, s) ds 3.7

Of course, to verify this procedure, we must show that
dety=1J| #0,

To do this, we assume {J | =0. Then there exists a
constant NM X1 vector V such thatJ - V=0 and, by (3. 3),

L{Z"A(u) 'V}:A(u) ‘J-V=0.

Thus $(u)=ZA(u) -V is a space-independent solution
of the homogeneous transport equation (2.4), and so the
half-space x >0 is critical. Since we have assumed sub-
criticality, we have a contradiction; hence 1J |#0.

The operator K is now defined by (2.7) and (3.7), i.e.,
Kg(x, 1) =27 uglx, p) + =AW -9 - [1B(s)

xrtsg(x, s)ds. (3.8)

The resolvent operator (M - K)?: X ~ X exists as a
bounded operator for all X not in o(K), the spectrum of
K.

We now compute a formal expression for the resolvent
operator (M -K)?, and then determine o(K) from its
singularities. [The same result for o(K) could be ob-
tained by a direct but tedious spectral analysis. ]

We proceed by examining

h= (= K)gle, )= (] = 2™ g, )

- =AW 137 [1B(s) 2lsglx, s)ds (3.9
We introduce the convenient notation
D, )= (M =z1u) (3.10)
and we multiply Eq. (3.9) by D(, 1) to obtain
D, wh(x, 1) =g(x, 1) = DX, WS A(n) -9
- [YB(s)z? sglx, s) ds. (3.11)

We then multiply on the left by B(x)=1u and 1ntegrate
over i to get

LAB(s)Z DA, $H(x, s) ds

=AM 97 [1B(s) 2tsglx, s) ds, (3.12)
where & is defined by
AN =3 = [1B(s)5 D\, 5)2A(s) ds
(3.13)
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=1=2 f: B(s)Z1D(X, s)A(s) ds.

A is analytic in A off the cut [- 1, 1], and 1A | =)
satisfies Q()=1J | #0. Equations (3.11) and (3. 12) can
be solved for g= (N - K)h, yielding

(M = K)h(x, 1)

=D(A, Wlh(x, p) +THAW) ATV - T(, )], (3.14)

where

T(\, %)= [} B(s)=sD(, s)h(x, s) ds. (3.15)
From Eq. (3.14), we observe that o(K)=[-1,1]
U{XIQ() =0}. A simple application of Gohberg’s theo-
rem'’ shows that the set {A1Q(2) = O} consists of dis-
crete, isolated points. This is well known anyway, since
our A is identical to the dispersion matrix previously
calculated for this degenerate scattering kernel.!!

V. HALF-RANGE THEORY

As was explained in Sec. II, in order to solve trans-
port problems in a half-space it is necessary to form
a function A(u), 0< <1, from the given source and
incoming distribution, and then to extend it to the func-
tion Eh(u) = g(1) defined on the full-range — 1< pu<1;
the extension operator E is required to satisfy

(1) Er(p) = (),
and

(i) (M = K)" En(p) is analytic in X for ReA <0,

O<p=l,

Since % and Eh are independent of x, we cannot inter-~
pret K as an operator mapping X, —X,;. Thus, we intro-
duce the space X{ as the space of all NX1 vectors g(i),
defined for — 1 s 1 <1 and satisfying

N
Ilgll{JEZnZi J2 [pgw)]dp <.
P

Since K is independent of and does not act upon x, we
may consider K as an operator mapping X{ - X7,

In this section we derive the operator E. We begin by
introducing the N XN matrices I;, 1<i<N, for which
the element in the ith row and ith column is 1 and all
other elements are 0. Then by (3. 10),

N 4
b =2 (-£) 77,

i=1 i

4.1

Thus with T(N) = [1B(s)=sD(}, s)ER(s) ds we have, by
(3.14),

(L = K) Eh(p) =2, ( -—‘i)'l

isl Jy

X{I,-Ehm) HEAGW A0 -Tm}.
(4.2)

Then, in order that (A — K)" E% be analytic for Rex <0,
E must be chosen such that the following three condi-
tions are satisfied:

(@) [A (] T () = (A (W ] - (1)
=H(u), -1<€pu<0,
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(b) 0=1,Eh(u) +;1A(u) .H ((_7;),

1<isN, -1=<u<0,

and

(c) A*(3) - T()) is analytic at the points - v,, where
I2(-v,)| =0 and Rev,> 0. [Here we use the standard
notation F*(u) = lim,, F(u +i€). ]

Condition (a) implies that (M — K)'Eh has the same
limit as A approaches the negative branch cut from above
and below, Condition (b) implies that this limiting value
is finite, and condition (c) implies that (M ~ K)"'Eh has
no poles with negative real part.

In order that the limits in (a) and (b) exist, it is suffi-
cient that Ek(u) be Holder continuous for — 1< <0,
We shall verify this below. [See Egs. (4.10) and (4. 11). ]

To meet conditions (a)—(c), we introduce the NM XNM

matrices X and Y, which factor A as follows:

AN =X Y (=N, (4.3)
Here X(2) and Y(}) are analytic in the entire plane ex-

cept on the cut (-1, 0], and nonsingular (i.e., inverti-
ble) except at the points — v, described in (c). [We note
that A(\) =A(~ A), ] Furthermore, X and Y have con-
stant (nonzero) limits at A==, The existence and con-
struction of X and Y are discussed in the Appendix.

Now we assume (and shall verify immediately below)
that T itself may be factored as:

TN =x(N) - L(Y), (4.4

where L(}) is analytic off the cut [0,1]. Furthermore,
since T(*) =0 and X()#0, I(~)=0.
Equations (4. 3) and (4.4) lead to
AT) TN =Y (=2 - LY.

Then, since Y'(- A) and L(}) are analytic except on
[0,1] and v,, the above conditions (a) and (c) are satis-
fied. We can now write (b) as

1.
LER(w) = - A(p) - Y (__’i) . L(ﬁ),
a; o

i 04

1i<N, —1sp<0. (4.5)

This defines Eh(u) for — 1< £ <0 in terms of L. It
remains to determine L and to verify that the factoriza-
tion (4.4) is possible and consistent with (4.5).

The factorization (4. 4) is valid if there exists a matrix
function L(}) analytic off the cut [0, 1], vanishing at =,
and satisfying

1 T .
577 [T*(W) -T (u)]—zM. [X* (1) = x" (W] L{w),
—1<u<o, (4.6)
and

1 - - . _1' + _I-
ﬁ[T (1) = T() ] =x (1) 2m.[L () = L=(w)], @
o<u<l.
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From (3.15) and (4.1),
1
—271-['1' )

-~ 1< <],

N
- T-(H-)]:.Z_./1 B(o; 1o, ul Eglo, 1),
(4.8

[In Eq. (4.8) and in several others to follow, we adopt
the notation

0=B(o;u) =A(o; 1) = h(o; 1) for |ou|>1.]

Combining Eqs. (4.7) and (4. 8),
we obtain from Cauchy’s theorem

afs\. s
(0_,> B(s)Iih(s)—Mi =5 ds.

and using L(*)=0,

N
LN=2
i=1 (4° 9)

Thus L is defined in terms of % for the half range 0 <u
<1. It remains to show that (4.6) and (4.5) are consis-

tent. To do this, we observe from (4.3), (3.12), and
(4.1) that
Lix(w) - x-(w)]
2w
1 4
=g — A (u) = A (W] ¥ (= 1)
—-LB(ua)IuA(uo Yi(-pu), —1<su<0,

-
Using this and (4.8), we may rewrite (4.6) as

N
0=7,Blo;1)o; i [IiEh(or,-u)
i=1

I.
i o v w -L(u)] , —1=u<o.
But by (4.5), each of the bracketed terms is zero, and
so (4.5) and (4. 6) are indeed consistent.

Therefore, the factorization (4.4) is valid, L is de-
fined by (4.9), and the extension Eh is defined in terms
of L by (4.5). Solving for Eh explicitly, we find

R(u) o<u<l,
EM=) f1e (u, on(s)ds, - 1<p<0, 19
where ¢ is the NXN matrix defined by
Ewys)
= i%/:l [IgA(Li) D (— ?Lt) xt <§_,> 'B(S)Ij] #M_Uj’
-1su<Q, 0<ss<1. (4.11)

Since ¥1(~ 1) is analytic on [- 1, 0] and A is Holder
continuous (this requirement is stated in Sec. III), it
follows that Ea(u) is Holder continuous for — 1< u <0,
This property of £ was required earlier in the present
section.

This completes the construction of the operator £ and
hence of the solution of the transport problem (2.1)—
(2.3). The explicit role which E plays in the solution of
half space problems is described in Sec. II.

We note that for a sourceless half-space with incident
distribution i, the neutron density for x> 0 is given by
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(2.15) with g=Ey,. For ¥=0and - 1< 4 <0, this equa-
tion reduces to
0, 1) = EP, (1),

Thus the operator E physically describes the reflection
of a beam incident upon a sourceless half-space.

~-1=spu<0.

V. THE HALF-SPACE ALBEDO PROBLEM

In order to clarify the contour integral techniques
introduced in Sec. II, we sketch below the solution of
the half-space albedo problem,

This problem is defined by Egs. (2.1)—(2.3) with ¢=0.
The solution is given by Eq. (2.16) with g=Eyy; (M - K)™*

is expressed in (3. 14), (3.15), and the operator E is
defined by (4.10), (4. 11)

Using the explicit form for (M - K)" in (2. 16),
obtain
Plx, 1)

- fr _exp(= x/NDO, W{Ed(8)

+ A () F AN - [IB()Z sD(X, s)Ey(s) ds}an.

(5.1)
However, using (4.1) and
X/, >0,
+o, U=,
we get

227 .. ool /D0, WES () = expl- e, 1) (.
r

Applying this to the first term in (5. 1) and interchanging
the integrations in the second term, we get

U(x, u) = exp[~ 2d(x, 1) Jv(1)

1

+ f F(x, 1 ; sYEPs)ds (5.2
-1

The first term in this equation represents the uncollided

neutrons. In the integral term, representing the collided

flux, the kernel F is defined by

F(x, u; s)

577 . SXR(=X/ND(, W)

5TA(W)

AT (N -B(S)ZD(A, s)s da. (5.3)

To express F explicitly as an integral over the posi-
tive spectrum of K, let us make the assumption that the
eigenvalues v, ..., v, of K in the right half-plane are
simple and do not lie on the cut [0, 1]. Then F may be
written as

F(x: Ky S L/ exp( x/Vk F (IJ"

+ fol exp(- x/V)F,(1, s) dv (5.4)

The terms F,,k(u, s) arise from the residues of the
integrand in (5. 3) at the (simple) poles v,. If we recall
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that 2= 1A| and define the cofactor matrix R by

AT = (IR,
then ka is explicitly given by
F,(k,s)

=DV, EF AR VIB(S) 2Dy, 5) i .
()
The matrix function F,(L, s} in (5. 4) arises from the
singularities of the integrand in (5.3) on the cut {0, 1].
To evaluate F,, we replace D(\, i) and D(A,-s) in (5. 3)
with the expansion (4.1), and then close the contour
around the cut [0, 1]; the result is the integral term in
(5. 4) with F, given by

F,(k,s)= 6(v = W)= A(w) - 3{ (A () ]
AWt BE)ZD(k, s)s
+8(v - s)D(s, WA - H{[AY(s)])

(5.5)

+[AN ()]} B(s)Z7s + Dy, wztA(w) 511?2
{[ATW ] = [A )] - B($)Z D, s)s.
(5.6)

The first two terms in this equation contain delta func-
tions, while the third term contains two principal value
functions. Thus the integral in (5.4) is a singular inte-
gral; F(x, u; s) itself however is smooth in all of its
variables, as can be seen from the form (5. 3).

The function F in (5. 2) is thus explicitly given by Eqs.
(5.4)—(5.6) for the case of simple eigenvalues v, not
lying in the cut [0, 1]. If the eigenvalues are not simple
or lie in the cut [0, 1], then Eq. (5.3) still defines F;
however, greater care must be taken in calculating the
multiple residues or the contributions due to poles on
the cut [0, 1]. We shall not consider these complications
here.

Finally, if we introduce (4.10), (4.11) into (5.2), we
obtain as the final form for the solution of the albedo
problem,

9(x, p) = expl— Td(x, W) l(w) + [ Hx, 15 $)uy(s) ds,

(5.7
where
H(x, u;s)=F(x, u;8) + [ [ Fx, 4;0) (0, 8)do.  (5.8)
The first “singular” term on the right side of (5.7)
describes the uncollided neutrons. Therefore, H in the

remaining integral term is a regular Green’s function
for neutrons having undergone one or more collisions.

Let us now indicate how one can prove that the solu-
tion ¥(x, p) € X. (We already know < X,.) The key idea
is to verify that H(x, 4; s) =sG{x, &; s), where G is con-
tinuous in all of its variables. (We shall explicitly verify
this for a simple case below.) Then ¥, as defined by
(5.7, is in X for ¥, satisfying

N
. 1
Z{ i T e, () |dp <=,
i=
as required in Sec. I.
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Now we shall show that the above solution reduces,
for one-speed, isotropic scattering problems, to the
form derived in Ref. 5. For such problems we may
take £=1, C(i,s)=c¢/2, 0<c<1, and A=¢c, B=1.
Hence, by Eq. (4.11),

Also, by (5.3),

1 1 c S
Flx, w3 9) =55 fr+exp""/*’m A A
and hence by (5. 8),
1 1 cs
. —— _ A) ———
Hix,p8) =5 fr+exp( NS SA(Y
1 c " g 1 1
X +
()\-s 2X(s) ,[1 A—cX(—o)s—odo)ds'
(5.9

Except for some simple changes in notation, Eq. (5.9)
is identical to Eq. (4.12) of Ref. 5; in this reference,
it is shown that H may be rewritten as

cs _1_[ exp(-x/0) 1 i
2X(s) 217 Jr+e (A= )X =) X(=2)
(5.10)
From this simple form, it is obvious without further
analysis that ¢, defined by Egs. (5.7), (5.10) is in X for
P, satisfying

H(x, p;s)=

JH ugo(p) | dp <o,

There is a detailed discussion in Ref. 5 concerning
the connection between the solution (5.7), (5.10), and
the singular eigenfunction solution. The results, brief-
ly, are as follows. If one closes the contour I'* in Eq.
(5.10) around the singular points [0, 1Ju{v} of X(~ 1
and then introduces the resulting expression for H into
Eq. (5.7), then one can interchange certain integrations
(using the Poincaré—Bertrand formula) to obtain exactly
the singular eigenfunction solution. To do this, however,
one must require ¥, to be Holder continuous. Thus while
the singular eigenfunction solution is more elegant in
appearance, the above solution (5.7), (5.10) is mathe-
matically more regular; the boundary data does not
occur within any singular integrals, and hence it need
not be so smooth.

APPENDIX A: FACTORIZATION OF A

Recently, Mullikin’ has proved the following result:
consider the integral equation

U-K)-p(x)=q(x), 0<x<w, (A1)

where K is an integral operator with a difference kernel
K-p()= [ “k(x—v)-p(v) dy, (A2)

and where p and ¢ are defined in a suitable Banach space
X. Let k(z) be the Fourier transform of k:
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K(z)= | *~explixz)k(x) dx. (A3)

-0

Then if the spectral radius of K is less than one (or more
generally if 1 is not in the spectrum of K), 1 =K(z) may
be factored on the real axis as follows:

(1 - K(2) :1,(2) 1 (- 2) =1, Imz=0. (A4)

Here n and n, are analytic in z for Imz = 0, continuous
in 2z for Imz > 0, and nonsingular (i.e., invertible for
Imz = 0).

In addition, Mullikin has shown that matrix functions
which satisfy the nonlinear equations

Wl(z) =1 +-L

- 1
BYd . —_— >
i _»H'(t) x( t)t+zdt’ Imz > 0,

(A5)

and
ri 1(Z)"'l Eyert ' K(f)'ﬂr(f)——-dt Imz >0 (A6)
21 ).« ’ t+z"7 ’

also satisfy Eq. (A4).

To use these results, we write Eq. (2.1) in the form

(“%Jrﬂ) U, 1) =Ar) -p(x) +qlx, w), (a7

with

p() = [{B(s)I(, 5) ds. (a8)
To obtain an equation for p, we invert the operator

on the left side of (A7) and use (2.2) and (2.3). We ob-

tain an equation for ¥ explicitly in terms of p. We then

multiply this equation on the left by B(#) and integrate

over i, obtaining Eg. (A1) with k defined by

1
_[0 B(u)ﬂ%ﬂA(u)du, x>0,

1 oy
fB(-u)ix—p%ﬁ—)A(u)du, x<0.
0

K(—\') = (A 9)

Introducing (A9) into (A3) and inverting the x and ¢
integrations, we find (after some routine algebra) that

1-K(2) = A /2), (A10)
where A, we recall, is given by (3.13).

Now we combine A(z) =A(- 2z) with (A10) and (A4) to
get

/:\(z):H;l(z'/z):d;l(— i/z), Rez=0. (A11)
If we define

X(z)=n;*(i/z), Rez>0, (A12)
and

Y(2)=n;'(i/2), Rez>0, (A13)

then, by the properties of n(z) and #,(2), x(2), Y(z) are
analytic and nonsingular for Rez > 0; also, by Egs.
(A11)—(A13),

A(z)=x(2):¥(-2), Rez=0. (A14)
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[To compare with Refs. 1 and 2, make the transforma-
tion X(2) == Y(~2).]

Equations (A5) and (A6) can now be rewritten in terms
of X, Y, and A using (A10), (A12), and (A13); by suita-
bly deforming the contour of integration (for details, see
Ref. 1) we obtain

1 1 * -
x0)=1-2 [ a - a)

dt

vt

YU 7, Rez>0, (A15)

and
1
Y@ =1-z f S UHINCRYNG)
o = =
1 dt
omit z+1° Rez > 0. (A16)

To proceed further with this system of nonlinear in-
tegral equations, the following equation, derived from
(3.13), may be useful:

N

LA - A"0]=2 BltoplAlte), 0<ts1. (A1)

anit = = oy
The numerical solution of (A15) and (A16) then provides
the solution of the transport equation.!? In (A17) we adopt
the convention B(u) =A(u) =0 for iul > 1. The remarks
of the following two paragraphs can be derived easily
from results proved in Ref. 1.

Any solution pair X(z), Y(z) of (A15) and (A16) can
trivially be extended analytically to the entire complex
plane except for the cut |~ 1, 0]; as an easy consequence,
Eq. (A14) holds in the entire complex plane except on
the cut [-1,1].

Thus, any solution pair x(z}, Y(z) of (A15), (A16)
satisfies (A14) in the cut plane and x(z), Y(z) are analy-
tic for Rez > 0. However, in Sec. IV we also require
that x(2) and Y{z) be invertible for Rez >0 or, equi-
valently, that (X(-v)I=1Y(-v,)| =0 (the v, are de-
fined in Sec. IV, and these zeros of X and Y must be of
the proper order). These extra constraints will uni-
quely determine the solution pair of (A15), (A16).

To summarize, if 1 is not in the spectrum of K, then
A(z} is factorable by Eq. (4.3); x(2) and Y(z) are analy-
tic in z except on the cut |~ 1, 0] and satisfy the nonlinear
equations (A15) and (A16) and the constraints that x(z),
v(2) be invertible for Rez > 0.

A simple mathematical criterion that the spectral
radius of K be less than 1 is of course that 1K1l < 1.
From Egs. (A2) and (A9), we obtain

IKIl< sup f 7 lIk(x - 3)lldx < 2lIAINBII.
0Ky<o

In this inequality, we treat B(u) as a mapping from
NXx1 vectors (i) into NM X1 vectors under the
supnorm, and A{x) as a mapping from NXNM vectors
(i) into N X1 vectors under the supnorm.

Thus, if

lAllBI <3,
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then the half-space x > 0 is subcritical, and the above
factorization of A exists.

APPENDIX B: THE DOMAIN OF THE TRANSPORT
OPERATOR

Here we describe the domain of the transport opera-
tor, i.e., the operator acting on ¢ in Eq. (2.1). This
provides a description of the regularity properties pos-
sessed by L, solutions of transport problems.

If we denote the streaming operator 1 3/9x by T, then
by (2.6) we may rewrite (2.1) as

(T+L)p=gq.
The domain of T+ L, is the subspace of X such that

(T+L)he X for each he D(T+ L), However, L: XX
is a bounded operator, and so

D(T + L)=D(T). (B1)

The operator T, which is just a first-order ordinary
differential operator, has the following domain: ¥ ¢ D(T)
if and only if

(a) ¥(x, 1) is continuous in x for almost every i,

(b) ¥(x, u) is differentiable in x for almost every x
and L,

(c) yeX and noy/dx e X.

[Condition (c) is obvious. Conditions (a) and (b) follow
from D(T)=D(M = T)=R({M = T)™) for A& o{T), con-
structing (M - 7)™ for A& o(T), and applying elementary
results from any real variables text, e.g., Ref. 13.]

Thus the set of functions satisfying (a), (b), and (c)
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is the domain of T; by (B1), this is also the domain of
the original transport operator T+ L.
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A simple proof of the angular momentum Helmholtz
theorem and the relation of the theorem to the
decomposition of solenoidal vectors into poloidal and

toroidal components
H. E. Moses

Air Force Geophysics Laboratory, Hanscom Air Force Base, Massachusetts 01731

(Received 18 March 1976)

Vector spherical harmonics are used in a simple proof of the angular-momentum Helmholtz theorem. The
decomposition of vectors defined on a sphere into two components which this theorem gives is carried out
explicitly. Furthermore, the potentials which occur in the theorem are given explicitly in terms of the
original vector. The decomposition of solenoidal vectors into poloidal and toroidal components is also
carried out explicitly. It is shown how these components are related to the components given by the

angular-momentum Helmholtz theorem.

1. THE ANGULAR-MOMENTUM HELMHOLTZ
THEOREM

Let the vector operator L={L,, L,,L,} be defined as
a differential operator on the surface of a sphere of
radius » by

LI:(sin qb%-kcot g cos ¢ —a),

a¢
LZ:(—cos ¢>% +cot65in¢>5%), (1)
3
Lazﬁa

where 8, ¢ are the usual angles in polar coordinates de-
fined by

x, =% sin 8 cos ¢, x,=v sin 8sin ¢, x,=» cos 6. (2)

Let £(8, ¢) be a vector defined on the surface of the
sphere. Then the angular-momentum Helmholtz theo-
rem says that f can be decomposed into two components

f(8, ¢):f1(91¢)+f2(9y d))’ (3)
such that
Lxf =-f, L.f,=0, (4)

Furthermore, “potentials” V(6, ¢), A(8, ¢) exist such
that

fl(ey ¢) = LV(G, (1))) (5)

The quantities £,f,,V,A are complex in general but may
also be real.

The decomposition given by Eqs. (3)—(5) is called the
angular-momentum Helmholtz theorem and was given,
in part, in Ref. 1 and entirely in Ref. 2. Another proof
was given in Ref. 3. Generalizations in several direc-
tions are discussed in Refs. 4-6,

The operators M= —{L are the components of the
orbital angular momentum in quantum mechanics, M
=—1XXV, This fact accounts for the name of the theo-
rem. It should be noted that the components of M are
also the infinitesimal generators of the rotation group
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in a scalar representation. This observation has been
used in the generalization of Refs. 4-6.

In the present section we shall show how f, and f, are
obtained from f. We shall also obtain explicitly the
potentials V and A from f. In carrying out this program
we shall provide another proof of the angular-momentum
Helmholtz theorem.

We make use of the vector spherical harmonics
Y,,,(6, ) which are introduced in Ref. 7. We shall,
however, use the notation and properties of the vector
spherical harmonics as given in Ref. 8.

Any vector £(6, ¢) defined on a sphere of arbitrary
radius can be expanded in terms of vector spherical
harmonics,

f(G: d)):;_;/;lf.llMYJzM(B; ¢)s (63)
where the coefficients of the expansion f;,, are given by

Fro= L LT ¥5,(0,0) 16, ¢) sin6d6 do.  (6b)

Let us define {, and f, by
f1(9, ¢) :JZ; fJ‘JMYJJM(e’ d))v

fz(g, ¢) :JE [f.r,hl,MYJ,J.L.M(Ga ‘b)

M
+fJ,J-1,MYJ,J-1,M(9> ‘1’)] (72)

Clearly,
t(93¢)=f1(95¢)+f2(9’ ¢) (7b)

We maintain that the decomposition (7b) with £, and f,
given by (7a) is the angular-momentum Helmholtz de-~
composition, and that f, and £, satisfy Eq. (4).

To prove this assertion we use the following proper-
ties of the vector spherical harmonics:

LXY,, =3JW+1)-10+1)-2]Y,,,,
(8)
L.y, =ilig+1)]%,,y,,,

where Y,,(6, ¢) are the usual surface harmonics in the
notation of Ref. 8, for example. We believe that Eq.
‘8), which can be proved in various ways from the de-
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finition of the vector spherical harmonics, represent
new results. That £, and f, as defined by Eq. (7a) sat-
isfies Eq. (4) now follows from Eq. (8). Also on using
Eq. (8) and

LY, (8, )=ild(T+D]/?Y,,,(6,¢), (9)

which is proved in Ref. 7, we obtain the potentials
o J

Vg, )=—i25
J

=1 M=

, W+, 70,06, 6) +C,

A, (15):’:/ [-@+ l)df.r,Ju,MYJ,hl.M(g’ o)

M

+J-lf.f,.]-l,MYJ,J-l,M(95 ¢)]+LW(9, ¢7); (o)

where W(8, ) is an arbitrary function of its arguments
and is a kind of “gauge” and C is an arbitrary constant.

Before we leave the subject of the angular-momentum
Helmholtz theorem we note the following orthogonality
theorem:

[ 8+ £, sin 6 466 =0, (1)

2. DECOMPOSITION OF SOLENOIDAL VECTORS
INTO ITS TOROIDAL AND POLOIDAL COMPONENTS

Let us now consider a spherical shell. Let f(r, ¢, ¢)
be a complex vector defined in this shell. (As special
cases, the shell may be the entire space, or the space
within a sphere or the space external to one.) Let us
assume that f is solenoidal, i.e.,

v.f=0. (12)

The following theorem is proved in Refs. 9 and 10.
The vector f can always be written as the sum of two
vectors

f(r,6,¢)=h,(r, 6, ¢) +h,(r,0,¢), (13)
such that
h(r,8,$)=LC,0,¢), h(r,6,¢)=vx[LD{r,8,¢)],
(14)

where C and D are scalar functions of their arguments.
The vector h; is called the toroidal part of h, while h,
is its poloidal part.

Since f{7, 8, ¢) is defined on a sphere for every value
of », we can apply the angular-momentum Helmholtz
theorem to the vector. We introduce the variable # into
£,0r,0,0), L,(r,0,0), f;,00), Vir,6,¢), and Alyr, 8, ¢).
We shall show that if £(r, 8, ¢) is solenoidal, then there
is a close connection between the angular-momentum
Helmholtz theorem and the decomposition into toroidal
and poloidal components. The relation is the following:

hir, 0, ¢)=1,(r,6,0), hlr, 8, ¢)=1,r,6,0),

15
Clr, 8, 8)=V(r, 0, 0) + K, (1)
where K(r») is an arbitrary function of #. In proving the
relations (15) we shall essentially be proving the sole~
noidal decomposition theorem, in which the scalar
potential D(», 8, ¢) will be contructed explicitly.

We first note that f, (r, 6, ¢) is solenoidal. This fact
follows from the expansion which is the first of Eq. (7a)
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and from Eq. (5.9.22) of Ref. 8. Thus a necessary and
sufficient condition that f be solenoidal is that f, be so.
From Eq. (7a) and from Egs. (5.9.21) and (5.9.23) of
Ref. 8, a necessary and sufficient condition for v+ f,=0
is

J+2

d J-1
7 ]fJ,.I+1,M :[J]I/Z[E -

v ]fJ,Jd.M'
(16)

Let us define k,,(r) as being a solution of the dif-
ferential equation

J 1/2 d J
l:m] [E, “7]k|m =fnaetue amn

The solutions are not unique. If k,, is one solution, the
general solution is

ke =k, () + Dy’ (18)

where D,, is an arbitrary constant,

d
1721 &
[J+1] [dr +

Let us write

g+yVrfa g+t
fJ.J-l,M(V)=[m] [g; +T] ko (r)
+Cryr). (19)

On using Egs. (17) and (19) in Eq. (16), we obtain a
simple differential equation for the function C,,(»),

-1
[ﬁ - J—;]c”,(r):o, (20)

for which the solution is
C,yry=C ™, @y
where the constants C,, are arbitrary.

Instead of using k,,(») in Eqs. (17) and (19), we may
use the function %) (») of Eq. (18). It is easily seen that
the constants D;, may be so chosen as to cancel the
constants C,, . We thus have the following theorem:

The vector f,(r, 8, ¢) is solenoidal if and only if func-
tions %,,(#) can be found such that

J vl g g
e o= R R I

J+1) 12| 4 J+1
fJ.J-1,M(T):[(2—EIj_‘W} [a‘; + " ]k”,(r),

Let us now use Eq. (22) in Eq. (7a) to obtain

(J+1)7/e i J
- OIr1 L _Zle
fz J:Z,%{[(ZJ‘FI] YJ'JH-'M dr 1’] IM

J+1)J1/2 d J+1
+[(;J11))] Y"’J'I'M[E; +’T]kJM . (23)

Hence, on using Egs. (5.9.19) of Ref. 8,

(22)

0 J
f,=-ivxB, B=Blr,6,¢)=2 MEJ Rry) Y, .06, 4).
o
(24)

The first of Eq. (24) is, of course, part of the usual
Helmholtz theorem which states that a solenoidal vector
can be expressed as the curl of a vector potential.
However, the particular form of the vector potential

-
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given by the second of Eq. (24) leads to

B(r:6, ¢) =iLD(r, 8, ¢),
(25)

. J
Dir,0,0)==-23 1 [J+D] 2y, (6, ¢)k,, ()

Jel M==d

-

when one uses Eq. (9).

The use of Eq. (25) in Eq. (24) leads to the identifica-
tion of f, with h,. The identification of f, with h, is
trivial.

Because of this identification when f is solenoidal,
it seems reasonable to call £, and f, of the angular-
momentum Helmholtz theorem the toroidal and poloidal
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components (in a more general sense) even when f is
not solenoidal.
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Tomimatsu-Sato solution of the Einstein equations
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The symmetry axis of the simplest Tomimatsu-Sato field is considered. Since this manifold is not
geodesically complete for every value of the parameters occurring in the metric, a complete extension is
given, and it is shown that its causal structure is very similar to that of the symmetry axis of the Kerr

field.

1. INTRODUCTION

Ten years after the discovery by Kerr! of the first
axisymmetric rotating solution of Einstein’s equations,
new rotating fields were found by Tomimatsu and
Sato.®? The main difference between these two classes
of solutions is that the quadrupole moment of the T—S
fiélds is larger than that of the Kerr field, and that the
former solutions exhibit a number of ring singularities
among which the outermost is unshielded by an event
horizon.

The structure of these manifolds has been investigated
by several authors, who have considered the geodesic
problem®* and, in the case of the simplest T—S metric,
the behavior of the metric near the poles (x=1, y==x1
in prolate spheroidal coordinates).?® In particular,
Ernst® introduced a new representation of this T—S
metric, showing that the full four-dimensional geodesic
problem can be completely solved in the neighborhood
of the poles.

In this paper the bidimensional metric on the axis of
the simplest T—S§ field is studied, using extensively the
method adopted by Carter’ in the case of the axis of the
Kerr solution. Although this problem is rather more
restricted than the maximal extension of the full four-
dimensional metric, it is nevertheless significant to
have found a complete extension of the bidimensional
metric which is exact and C; on its domain.

In spite of the differences between the Kerr and T—S
solutions, it is found that they have a very similar
causal structure when restricted to the axis,

2. T-S FIELD IN QUASISPHEROIDAL COORDINATES

The axisymmetric line element in canonical coordi-
nates reads

dst =f ¥ (dp® +d2?) + p* do?] - fldt - wdp)?, (1)

where f, w, ¥ are functions of p and z only. In prolate
spheroidal coordinates (x,y) defined by the mapping

p=k(d = DV(L- )2,
gz = kxy, @)
the line element (1) takes the form
dx* dy*
2 p2p=1 | L2v0,2 _ 42
ds —kf [e (x y)(;z—;—l+i—_—?
+-1)01- yz)dq){, - fldt - wd@)*. (3)
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For the T—S fields the metric functions £, y, w are
expressed in terms of three polynomials A, B, C of
x, v in the following way®:

S T e
where m is a parameter describing the mass of the
source of the field, p and ¢ are real constants sub-
jected to the condition p* +¢*=1, and 6 is an integer
parameter taking the values 2, 3, 4. The explicit ex-
pressions for A, B, C depend on the chosen value of 9.
The simplest T—S metric was obtained® for 6=2,
yielding

A :p4(x2 _ 1)4 +q4(1 _y2)4 - 2p2q2(x2 - 1)(1 - y2)
x[2(* = 1P +2(1 = 92 +3(x - 1)(1 ~ 3%)],
B=[p(* + 1) - 1) - ¢ (» + 1)(1 = y*) + 2px(x* - )]
+4¢* [ px(® -1) + (px + 1)1 = Y1),
C=p(x? = 1)[2(x* + 1)x? - 1) + (x* +3)(1 = y¥)]
=P = DAt (x - 1) + (3x% - 1)(1 = »)]
+qt (px +1)(1 - 1) (5)

For the explicit form of the polynomials A, B, C for
5=3 the work by T—S$ is cited.?

In the following it will be useful to work in quasi-
spheroidal coordinates (7, 8) defined by
"

1
— +1==
5 Px m’

y=cosf. (6)

The line element (3) becomes

t

dy’
2_ 2
ds'= (v = m)t = H cos?@ o> (1_'2 -2mr+ a2+d9 )

+ g (92 = 2my + o?) sin6 d?

s

A 2mg . :

-5 <dt— ,A_q sin®f -Cdgu) ) (7)
where the arbitrariness of the scale k is used in order
to put k=H =pm/8, and where

~ 2
a=m?-H*, B=(H"/p*°)B. (8)

On the symmetry axis sin =0 (i. e., y’=1) this metric
reduces to the form

pll A4
dsi =g drt - = dt, (9)
A p
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where
P! = (r = mP (P + m) + (n® — a?) (2 - a?), (10)
A= (12 = 2mr + a?)?, (11)

Note that for m#a, p*> 0 for all », while for m=a,
p*=0 for »=m. Since A* has no real zeros for m?< a?,
in this case the manifold — ® <y < +o, —0 I+ o,
with the metric (9) is complete.

3. GEODESIC COMPLETENESS

In order to see the necessity of an extension for
m* = a?, we introduce new coordinates ¢/, #’ defined by

at—pt
dt' =dt' + X dv!', dv=dr'. (12)
The metric becomes
dsi =(1+7)dr'? +27dv’ dt’ — (1 - 7)dt"?, (13)

where

_ 2mr(r = m) + (m? - a)(r - m)* - 2(mr - &?)]
- E+mB v =m)P + (m* = at)(2 - a?)

(13a)
Upon introducing a null coordinate # such that
V=u-v', r=7, (14)
as was done by Finkelstein for the Schwarzschild
manifold, the metric (13) becomes
dsi,=—(1-7)du? +2dudr. (15)

Geodesic trajectories can be derived from the
Lagrangian

L=3[2u7 - (1- 7], (16)

where the dot indicates the derivative with respect to
an affine parameter, A say. The Euler—Lagrange equa-
tion obtained varying the action with respect to u is
immediately integrated, giving

~(-7)i+F=—E,

where E is a constant. This equation together with the
normalization condition / =€ (€=0,+ 1 for null, space-
like and timelike geodesics, respectively) yields the
two equations

E+VE +e(1=7)

1.,{:———————

1-7 ,
P =+VE: +e(l = 7).
2 2

For m*< a?, the expression 1 - 7=p?/A? has no real
zeros and #, # are bounded functions of ». This implies
that each geodesic u(X), #(A) can be continued to arbi-
trary values of the affine parameter X. Therefore, the
manifold — o< yr<+o, —~0<f< 400, with the metric
(15) is geodesically complete in this case.

For m®> a?, u diverges at »=7,, and the manifold is

incomplete. This can be shown explicitly for null
geodesics (€=0). Redefining X so that E=1, one has

the following equations for “ingoing” and “outgoing”
goedesics:

u=Cy, r==X, u=Cy+F(r), r=2x,

where C,, C, are constants, and
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Flr)= —1-2—f—r_—r:27+D11n]7’—7’,|
v
- - -Dy— 17
Dyln|r-7.| =D, =)’ (17)
with
2mt — o?
Dlz ((mﬁ_a2)172 +m 3

2m? — a?
Dz.:z (W—z*;*ay)’{ﬁ—n’l) s

Dy =2(m* - a¥).

Since F(¥) diverges for »=7r,, outgoing geodesics cannot
penetrate the surface »=v,.

For m?*=a?, it has been shown® that all T—S spaces
are equivalent to extreme Kerr (m?=a?), so the com-
plete extension has been given already’ for this case.

4. COMPLETE EXTENSION
Introduce now a second null coordinate w, defined by
Fr)=u+w. (18)
Since F(¥) is monotonic in the regions,
Iir>7,
:v,>r>v_,
I r.> 7,

one must specify to which region one is referring, in
order that the mapping (18) be well defined. With the
coordinates u, w the metric assumes the canonical
double null form

dst, =1~ 7)dwdu, (19)
where again the factor 1 - 7 is degenerate at »=7,.

Following Carter, one can introduce the manifold
/M* spanned by coordinates ¢, £, ranging from — = to
+ . Let 7,, a, be the lines

%) Y==Et+0/2+nm,
a,) Y=t+u/2+mn (20)
(m,n=0,£1,+2,°+°),

and let @,,, be the intersections of the two strips bound-
ed by the lines a,, a,_; and 7,, 7,,, respectively. The
P, £ coordinates are defined by the relations

u=tans(y + &),
w=cotz( - £).

The squares @y, are images of the regionIl, @, ,, are
images of the region III if i is odd and are images of
the region I if & is even, and finally the squares @, ;
are images of the region I if j is odd and of the region
III if j is even.

(21)

The metric becomes

dsi, =@ dydt (22)
where
2 __ tean2[PTE 2 [P &
Q¢ =(1-1) ;sec (————2 ) csc <—2 ) .
C. Reina 1825
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The general formulation of gauge invariant field theories based upon space-time symmetries is developed

and given its geometrical interpretation. The consequences of gauge invaniance, in the form of identities and
conservation laws, are derived and the field equations are obtained from a class of gauge invariant
Lagrangians. This is the first paper of a series, the subsequent work treating specific cases, in particular,

conformal invariance.

1. INTRODUCTION

An upsurge of interest has occurred in recent years
with regard to gauge field theories; notably, in the
search for a unifying framework for the fundamental
interactions of elementary particles. The concept of
gauge transformations as related to matter fields
(classical or quantum) may be traced to the work of
Weyl.! The term was introduced in his formulation of
a unified field theory of electromagneti=m and gravita-
tion (1919) and the concept was carried into the domain
of quantum mechanics in his study of the electromag-
netic interactions of Dirac electrons (1929). The gravi-
tational interaction of the Dirac electron as a classical
field was itself treated by Weyl (1950) as a gauge field
theory for the Lorentz group acting upon locally
Lorentzian frames (vierbeins). Non-Abelian gauge theo-
ries associated with internal symmetry groups were
treated by Yang and Mills* (1954) whose work together
with that of Weyl was generalized by Utiyama® (1956) to
include arbitrary internal symmetries and the gravita-
tional interaction for matter fields of any spin. Sciama
{1961) provided further insight into the vierbein
formalism within the Palatini approach in which
vierbeins and gauge fields are subjected to independent
Euler—Lagrange variations in obtaining the field equa-
tions from a Lagrangian. When given a space—time
geometrical interpretation, the emerging structure is
seen to be a slight generalization of the Riemannian
geometry of general relativity to a geometry in which
the affine connection has an asymmetric part (torsion)
which is related in the dynamical scheme to the intrinsic
spin current of matter. This type of theory was original-
ly proposed by Cartan® (1924) and its ramifications have
been recently subjected to considerable study. ®" In
particular, the work of Trautman® has set the theory
within 4 clear geometrical setting, utilizing the coordi-
nate free notations of modern differential geometry.

4

A formulation of this gauge theory based upon the in-
homogeneous Lorentz group was obtained by Kibble®
(1961). His approach more closely resembles the theo-
ries of the Yang—Mills type in that no a priovi geome-
trical objects (like the vierbein fields) need to be intro-
duced. Instead, one begins in a flat space—time with
Lorentz invariant interaction of matter fields and intro-
duces gauge fields associated with the full inhomoge-
neous Lorentz group, giving them only an a posteriori
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interpretation in geometrical terms. The gauge fields
in this context can be understood as a Cartan connection
for the principal bundle with the inhomogeneous Lorentz
group as structure group with the canonical choice!® for
the part of the connection lying in the translation sub-
algebra, This choice implies that the vierbein fields
themselves {or rather their duals) become the gauge
fields associated with translations. The corresponding
“curvature” is the torsion. As emphasized by Sciama, !
any attempt to extend the geometrical structure of
space—time so as to include additional gauge fields
would necessarily involve an extension of the class of
infinitesimal holonomy groups. Within the context of
linear frames, this may only involve linear or affine
structure groups, possibly complex ones. In particular,
if scale transformations are included, the emerging
theory is of the Weyl (1919) type. !* Other alternatives
investigated by Sciama'® were the group of complex
unitary transformations and the symplectic group.
Numerous attempts to formulate a unified gauge theory
based upon combined space—time and internal sym-
metries have also been made. *15 Of particular interest
within the context of gauge theories of the Yang—Mills
type are the unified theories of weak and electromag-
netic (and possibly strong) interactions of Weinberg?®
and Salam.

One fault of all these approaches [as was pointed out
in particular by Sciama'® (1961) and Weinberg!? (1967)]
is that the underlying symmetry groups are not simple
and therefore independent invariants may be formed
from subclasses of gauge fields. This means that the
underlying gauge theory is not a genuinely unified one,
even if, being based upon space-—time symmetries, it
is a “geometrized” one. If one wishes to modify the
structure of the Weyl theory by imbedding the group of
Lorentz plus scale-transformations {(the “Weyl group”)
in one which is simple, the most natural choice is the
conformal group. This is a particularly reasonable ex-
tension since, as shown by Mack and Salam?° (1968),
any Lagrangian which is invariant under the Weyl group
(in Minkowski space) is automatically invariant under
the conformal group, provided no derivative couplings
are involved. However, such eXtensions involve new
complications since the transformations realized in a
four-dimensional manifold are no longer linear, and
therefore the methods of Weyl, Sciama, Utiyama, and
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Kibble may not be applied without suitable generaliza-
tions. In particular, if we wish the infinitesimal
holonomy group to include all possible conformal trans-
formations, we cannot utilize merely linear, orthonor-
mal frames (vierbeins) but must turn to second order
frames in order to define completely the notion of in-
finitesimal parallel transfer.

The present paper is the first of a series applying the
gauge method to a wide class of space—time (and/or
internal) symmetry transformations, including all
special cases previously treated in the literature. We
first establish the general formalism for gauge theories
based upon space—time transformation groups, the
identities and conservation laws following from the re-
quirements of invariance, and the field equations ob-

tained from a class of invariant gauge-field Lagrangians.

In Part A the development parallels and generalizes the
work of Sciama and Kibble, the notation being explicitly
coordinate dependent, and the geometrical interpretation
deliberately avoided. In Part B the notions of gauge
groups and fields are related to the differential geome-
tric concepts of connections in principal G-bundles. All
the fields and geometrical entities are expressed first
in the coordinate free notation of differential geometry
and are then related to the notations of the gauge ap-
proach. The gauge fields, vierbeins, and matter fields
together with their transformation properties are given
their respective geometrical interpretations. The field
equations and identities are then expressed in the more
compact notation of the calculus of exterior differential
forms.

In the subsequent paper we shall introduce the second
order frame structure, which is the suitable generaliza-
tion of vierbeins needed to study the gauge conformal
group. The physical interpretation of the geometrical
ideas involved will be examined in greater detail, as
will the identities and field equations associated with
conformally gauge invariant theories.

PART A

2. REPRESENTATIONS, SYMMETRIES AND
CONSERVATION LAWS

Consider a group G whose elements can be realized
(at least locally) as transformations acting on the
space—time manifold and characterized by a set of
parameters {e%},, ..., such that the infinitesimal co-
ordinate transformations may be written

(2.1)
(2.2)

KM Lx/u N
v 3
E* =€y,

Here {* are n linearly independent vector functions of
x. As usual, Eq. (2.1) may be viewed either as a pas-
sive (coordinate) transformation assigning new coordi-~
nate labels to the same point or as an active {point)
transformation mapping the point with coordinates x*
into the one with coordinates x’“. We shall, in what fol-
lows, generally adopt the passive view. Equation (2.1)
may also be taken to represent any arbitrary point or
coordinate transformation independently of the identi-
fication (2.2) as an action of the group G.

Let us furthermore consider a subgroup G,C G of
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dimension m <n. The group G, will be assumed to have
a representation acting upon the vector space V in which
all the fields {¥4}4.q,...,, take their values (the subscript
A distinguishing the fields will be suppressed with a
summation convention understood whenever bilinear
combinations occur). The group G, is interpreted as the
internal part of G which acts not only upon the space—
time coordinates, but also upon the field components
(e.g., internal spin). The representations of G, acting
on V will be denoted by {p(g) :g< G,, p(g): V—~V}

The group G, may be a proper subgroup of G (e.g.,
the homogeneous Lorentz subgroup of the Poincaré
group) or it may simply be G itself. In the event that
G can be decomposed into a semi-direct product of G,
with some other subgroup

G=2X, Gy, (2.3)

where Z N Gy={e} and GZG1=2Z, the representation
p(G,) may also be considered as a representation of G
itself, with the elements of the subgroup Z being simply
mapped into the identity. In this trivial sense, the
group G, may be replaced by the whole group G consid-
ered as acting upon the field components. Another de-
composition which can sometimes be made is the iden-
tification of G, as the group generated by all those
infinitesimal transformations %’;, for which

g (x =0)=0. (2.4)

This defines G4 as the isotropy subgroup at x=0. As
may be seen by making a Taylor expansion of £ about
this point, such a G, has dimension (n— 4) or greater,
since there can only be 4 independent vectors n* in the
expansion

(2.5)

and these may be identified with the parameters of a
four- (or fewer) dimensional Abelian subgroup of G {(co-
ordinate translations), the remaining parameters
labeling the infinitesimal transformations of G.

gu :7]“' +€“§Z

The field representations will be assumed to trans-
form under the combined actions of G upon coordinates
and G, upon the field components as follows for g< G:

¥(x) & plgo(g, %)) v(gix). (2.6)
where

&g %)< Gy (2.7
and

go(g'g, x)=go(g", %) go(g, g x). (2.8)

We should like to emphasize that the transformation
property (2.6), which defines a representation of G upon
fields given a representation p{G,) of the subgroup G,
within the vector space V, could have been obtained in
various ways. In particular, the method of induced
representations“ gives rise to a transformation property
of type (2.6), as does the method of nonlinear realiza-
tions, ** and, as we shall see in the sequel, such a rela-
tion arises in a very natural way within the formalism

of higher order frames.

In certain simple cases, the dependence upon x in
go(g,x) is absent, in which case Eq. (2.8) shows that
this defines a group homomorphism G —~G,. In particu-
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lar, this is obviously the case when G =G, where the
representation (2. 6) reduces simply to a direct product
of the representation p{G;) with the quasiregular rep-
resentation of G. If G has the semidirect product struc-
ture (2.3), this may also be done [extending the rep-
resentation p(G,) to p{G) in the trivial manner discussed
above]. If G happens to be a simple group (e.g., the
conformal group), no such homomorphism to a group of
smaller dimension can exist, and the x dependence in
2¢(g, x) must necessarily remain,

At the level of infinitesimal transformations, Eq.
(2. 6) reduces to

S =9’ (x) = P(x) = T, (2.9)

where the f‘a are the infinitesimal generators of the rep-
resentation (2.86) of G.

Thus the f‘u form a basis for the corresponding rep-
resentation of the algebra {, and we have

T, =R T,-ta, (2.10)
with Lie brackets
(T, To)=r5T., @.11)

where f§ are the structure constants of § within this
basis, (x) are functions of the coordinates x deter-
mined by the infinitesimal form of p(gy(g,#)), and

{T }ot,..., m designate the basis elements of the repre-
sentation p(G ), where G is the Lie algebra of G;. We
have chosen to define the basis for g by extending the
basis for go in order that corresponding components
may be labeled with the same indices, with the under-
standing that a degree sign ° over any summed quantity
indicates a restriction of the range of summation to the
subspace spanned by {f‘a} Thus we may write the com-
mutation relations within this subrepresentation as

[T, Ty]=f5T.. @.12)

The linear differential operators - £, 2, generate the
quasiregular representation of G and hence satisfy

[ero,, ro,l=-rhtte,. (2.13)

Combining Egs. (2.10)—(2.13) gives us the following
differential equation that must be satisfied by the Bﬁ’s
in order that T, really generate a representation:

B: Bgfcfi - gl[’a égl,v = ]Q(acb%g?
where the symbol | ] denotes antisymmetrization with
regard to the adjacent, included indices. This relation
is just the infinitesimal form of Eq. (2.8). [We note in
passing that the form of the Z’s is determined by the
group and does not depend on the representation p(G)
involved. Therefore a solution of (2.14) allows one to
immediately give the representation ofg induced by any
given representation of G . ]

(2.14)

Under the changes of coordinates {2, 1) induced by
g€ G, the infinitesimal change in the field ¢, considered
at the same point (with new coordinates x’ = gx) is given
by

5= (x") - d(x) ~x°T 0, (2.15)
where
Xt =ePBe(x). (2.16)
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The derivative of the field transforms as follows:
6(2,9) =2, (8¢) - 3,99, ¢

=3, XT3 + XT3, - 3,9, £*. (2.17)

We note that the first term in (2. 17) vanishes for the
case when B} and € are constants, independent of x. If
BE is x dependent, 4,% does not have a linear homoge-
neous transformation property like that of §, even under
the rigid action of the group (constant €), In this case,
it is not possible to form Lagrangians out of ¥ and 3,9
alone which are manifestly invariant under the actions
of the group. If we are considering nonrigid actions of
the group, that is, if the €? are allowed to vary from
point to point, then 2,% does not enjoy linear homo-
geneous transformation properties in any event, and

we are led to the construction of “covariant” derivatives
which do. This we defer until the next section, and
merely assert here that, even for x-dependent &, it is
possible to form Lagrangians which are invariant
{though not necessarily manifestly invariant) under the
rigid action of the group. %

Let us suppose, then, that there is a Lagrangian
density L (¥, 8,%) depending on the fields and their first
derivatives only, such that the corresponding action
integral gives rise, through the variational principle,
to field equations which are form invariant under trans-
formations of the fields and coordinates [Eqgs. (2.15),
(2.1)] generated by G. A sufficient condition for this to
hold is that the corresponding change in the Lagrangian
satisfy

5L +€%3,5"L=0. (2.18)

[The second term in (2. 18) is present due to the
Jacobian factor involved in the transformation of the
volume element. ] This gives rise, in the usual way, to
the identities

Liynbgd + 9, [—;;ib 6w+T:‘£”} =0, (2.19)
I
where
oL JL
Ly = 20 " a, [—-—aauw] (2. 20)

is the Eulerian derivative of L with respect to § and

aL

b _ §H
Ti=- 8L+ 5,

P (2.21)
is the canonical energy-—momentum tensor. Equation
(2.19) is valid for any variation 89 in the fields and £&*
in the coordinates under which L transforms as a scalar
density. Substituting (2.2) and (2.15) with arbitrary
constant €*’s and assuming the Euler—Lagrange equa-
tions to hold for all ¢’s,

Ly =0,
we obtain the conservation laws

9,Js =0, (2.22)
where

Jr=B 8+ ey, (2.23)

aL 2
=
Sy ET) T (2.24)
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Equation (2. 23) is interpreted as defining the conserved
current as a combination of an “intrinsic” part S§ and an
orbital part T4 ¢%. The fact that the resulting total cur-
rent is not simply the sum of §% plus the orbital part is
related, as we shall see in the sequel, to the nonlineari-
ty of the group action upon space—time coordinates.

A slight generalization of (2.18) which also implies
invariance of the field equations is

BL +€%9,L4 L =2, (€°F*), (2.25)

where Fi is some set of vector fields whose Eulerian
variation vanishes outside the same domain as that of
¥. In this case, the conservation laws hold for the
modified currents:

JE =gk - FE, 2. 26)

3. GAUGE INVARIANCE

We now wish to investigate the extension of the in-
variance properties considered above to include arbi-
trary, nonrigid group transformations and coordinate
changes. The procedure for forming invariant
Lagrangians for this wider class of “gauge” transforma-
tions is well known for the case of internal symmetries
and for linear space—time symmetries such as Lorentz
invariance.? One starts with a Lagrangian invariant
under the rigid transformations and replaces the terms
involving derivatives of the fields by suitably defined
“covariant derivatives” through the introduction of
minimally coupled gauge fields, If the Jacobian deter-
minant of the coordinate transformation is not unity,

a further slight modification must be made to ensure
that the resulting Lagrangian transforms as a scalar
density under the wider class of transformations, The
procedure used for the case of linear (e.g., Lorentz)
transformations may be extended to our more general
class of groups provided the following condition is met.
When identifying the group element gy(g, x) acting upon
the “internal” space V of field components, it is essen-
tial that the lénear part (if any) of this transformation
be simply given by the Jacobian matrix of the transfor-
mation (2.2). That is, we must have (for infinitesimal
transformations with constant %)

Xj :Eaﬁzzeagz’j’ (3.1)

where xj is the infinitesimal parameter corresponding
to a linear one-parameter subgroup of G, labelled by
the index b = (}). The corresponding identification of £
as the derivative of ¢ arises in a natural way within the
context of frames of higher order, as we shall see in
the sequel. Assuming (3.1) to hold, we then may re-
write the transformation property of a Lagrangian which
is an invariant density under the action of the group
upon the fields and coordinates as [cf. Eq. (2.18)]

6L+ xiL=0. (3.2)

It is now straightforward to apply the minimal coupling
procedure, provided the 8 of the previous section are
x independent. If not, as we have seen above, the ord’
nary derivatives do not themselves have linear homo-
geneous transformation properties even under the rigid
actions of the group. In a sense, as we may see from
Egs. (2.15)—(2.17), the rigid action of the group upon
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space~time coordinates gives rise to a nonrigid action
upon the fields., However, it is possible to apply a simi-
lar procedure starting with a Lagrangian that has al-
ready been defined in a manifestly invariant manner
with regard to rigid group transformations, The proce-
dure for forming such Lagrangians with or without the
introduction of subsidiary (Goldstone) fields has been
studied extensively?®* through the methods of nonlinear
group realizations, The essential result for our pur-
poses is that it is possible to modify the derivatives
0, ¥ suitably so as to define covariant derivatives d,¥
for »igid actions of the group, with the linear homo-
geneous transformation property

8(d, p) =€, Ty - €228, ,d ¥
=x*T 0 - X, d, .

We may then use an invariant Lagrangian L(,d, $)
satisfying condition (3.2) and substitute for d,# a new
covariant derivative ¥,; such that under any nonrigid
action of the group the same transformation property
is enjoyed by ¥,;:

69, =X°T - X9, ;.

(The use of Roman rather than Greek indices will be-
come clarified later on.) An invariant Lagrangian which
is a scalar under coordinate changes may then be
formed in a straightforward way.

(3.3)

(3.4)

We first note that since the €¢*'s are now to have arbi-
trary space—time dependence we may just as well
choose as our independent functions the set {x°, £} thus
freeing the action of the group G, upon the fields from
coordinate transformations, (We shall henceforth also
drop the ¢ indicating the limitation of the range of sum-
mation for group indices to the one parameter sub-
groups in G, and always take this to be the case.) Thus
Eqg. (2.186) is to represent an arbitrary, space-—time
dependent group action and (2.1) an arbitrary coordinate
change. Of course, we may choose the coordinate
change to be generated by the group G as in (2.2) and
the corresponding action upon the fields to be of the
form (2.15), but we need not do so.

Now, in view of the transformation property (2.17)
for 2,9, we are led to define a covariant derivative

v, 0=23,0+we T, (3.5)
which transforms as

O(V,,8) =X*T, Y, - V,90, & (3.6)
provided the gauge fields w transform as follows:

bW = — B, X+ WS - Wid,E. (3.7)

Thus the {wﬁ}m,,.,,n-m are components of coordinate
covariant vectors and have a homogeneous part trans-
forming under the adjoint representation of G, plus an
additional inhomogeneous term characteristic of gauge
fields. The next step is to proceed as in the linear case
and introduce a further set of four covariant vector
fields b% (i=0,1,2, 3) together with their inverses 7;:

(3.8)

We require these fields to satisfy the following trans-
formation properties:

Rib, =8, hybl=0;.
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bhY = 2,841 - xinY, (3.9)

The covariant derivative V,y is then referred to the
vectors kY as basis by defining
Zp;{Eh':‘Vud): (3. 10)

which satisfies the transformation property (3.4). If
d,¥ is then replaced in L(,d,¥) by ¢,;, the new
Lagrangian will transform as in (3. 2) even under non-
rigid actions of the group and coordinate changes.

b} =—0,£°b% + x'bl.

To obtain a Lagrangian which is a group invariant
and a coordinate scalar density, we now define

L=bL, (8.11)
where

b=det{p.}. (3.12)
1t follows from (3.9) that b transforms as

b =~ 9, £*b + Xib, (3.13)
and hence

6/ +a,£* /[ =0. (3.14)

Finally, we should like to emphasize that the minimal
coupling procedure outlined here is only applicable if the
relation (3.1) is valid. In general, however, we need
not necessarily start with a Lagrangian which satisfies
(2. 18) for rigid actions of the group. We may simply
use the fields ¥ and their covariant derivatives Zl’;: to
form invariant “densities” (under the action of Gg)
satisfying (3. 2) and then multiply by the quantity b as
in (3.11) to obtain a group invariant and coordinate
scalar density.

4. IDENTITIES AND CONSERVATION LAWS

We now consider a Lagrangian /($, 3,9, kY, w§, x) de-~
pending on the matter and gauge fields, the first deriva-
tives of the matter fields, and possibly the coordinates,
and investigate the consequences following from the in-
variance condition (3.14). The variation 8/ may be
written as

8L

L
30 Qun +

6l =25 ai - 20+ = (4.1)

where {Q A} denotes all the fields, matter and gauge,
upon which / depends. Here we have
‘SQA QA(x,) QA(x)
GQA,x = Q:a,u,'(x ) - Qa,u (x).

Equation (4.1) is equivalent to

4.2)
(4.3)

[ (%L gag; 204 ) € gy 00|+ Lo p0Ra=0,
(4.4)
where, as before,
Liga= azé -3, a:/_QA (4.5)
is the Eulerian derivative and
0iQ4=Q4(x) - Q4lx)
=08Q,—-0,Q." (4.6)
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is the substantial variation of @ ,. Since the Lagrangian
depends on derivatives only of the matter fields and the
Eulerian derivatives with respect to these vanish by
the variational principle, we have

2, [;;sz o ~ 7_“5"]4‘[{;;" Skt + Lp,2180wi =0.

(4.7)

Here 7" is the canonical energy—momentum tensor—
density, for the Lagrangian /. Now substituting the ex-
pressions (2.15), (2.17), (3.7), (3.8), and (4.6) into
(4.17) and noting that the terms x%, 3,%%,£%,9,£" are all
independent, we may equate each of their coefficients
separately to zero, so obtaining a number of identities.
From coordinate invariance (terms in £, 3, £’) we ob-
tain the following two relations:

7=t~ Siw;, (4.8)

3 TF+E fotSiwg,, =0, (4.9)
where

i-9L

t,= o (4.10)

tE=nit (4.11)
and

o/
B =
Sk= 3wt (4.12)

We note that because of the transformation properties
of / and w, the quantity §% defined in (4.12) is a co-
ordinate vector density transforming under the group
action according to the co-adjoint representation of
the group:

055 =3,8" 57 - 8,8"5¢ - fan XS5

The quantity #,, on the other hand, is a coordinate
tensor density and a group invariant:

(4.13)

6tl‘: = augutvu - avEutg - aogot‘v.' (4. 14)

Taking the divergence of 7,* in (4. 8) and subtracting
from (4.9), we obtain the relation

.ty — tLht,, =D, St + SRS, (4.15)
where
D, Sy =a,5 ~fHwh S (4.16)
and
=0, w0 - 0,w] +f WLw] (4.17)

In (4.17) we have introduced the “gauge curvature”

R}, associated with the gauge fields wf. It follows from
the transformation property (3.7) for the gauge fields
that R}, has a homogeneous linear transformation prop-
erty corresponding to the adjoint representation of the
group, while it is a covariant, antisymmetric tensor
under coordinate transformation:

6wa == auEQR:v - 3»E°‘Rﬁa +fre XbRﬁv

This result makes it possible to form manifestly invari-
ant Lagrangians for the gauge fields alone. Relation
(4.16), furthermore, may be understood as defining
the gauge-covariant divergence of the current §%, in

(4.18)
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view of its transformation property (4.13). Since & is
a coordinate vector density, this is a coordinate co-
variant relation, As we shall see shortly, relation

(4. 15) may also be cast in a manifestly covariant form.

We now turn to the identities following from the group
invariance of the Lagrangian [the terms in x% and 9, x°
in relation (4.7)]. These relations give us firstly an
identification of §* as the intrinsic current of matter
associated cwith the one-parameter subgroup with
generator T,:

w_ 8L
5= 3.7

T 0. (4.19)

Using this relation, the remaining identities may be ex-
pressed in the following simple form:

D,S#=0 (for T, not in the linear subalgebra),

D, S =tn.

(4.20)
(4.21)

Here, we have separated the results for the linear sub-
group of G; from the rest and defined

gz 0L 9L
Tooasyy dwl,’

O'jll) = (4.22)
which is the current associated with the one-parameter
linear subgroup of G, whose infinitesimal generator is
0! for the given representation of §. Relation (4.20) thus
tells us that the gauge covariant divergence of the cur-
rents associated with the nonlinear parts of the group
G, vanish. Substituting the remaining, nonvanishing
divergence given by (4.21), into (4.15), we obtain the
following, important relation:

duty + oty =Ry, Ses (4.23)
where
I3, = (if, - wi,h3) bl
= (b, , + wh, bL) i, (4.24)

Equation (4. 23) has very direct significance for the
underlying dynamics of gauge field theories, and also
for the geometrical interpretation of the results. First,
we note that, in view of the transformation properties
of the gauge fields wi,, b} [Eqs. (3.7), (3.9)], the quan-
tity defined by Eq. (4.24) is a group invariant which
transforms as follows under coordinate changes:

bI'%, =~ 8,£Tg, — 2, E8Th +3,8°T,, - 9,9,£%.  (4.25)

We recognize this as the transformation property of
an affine connection. Furthermore, if we define the
second order symmetric tensor

Fu,=bibing, (4.26)
(where 7;; is the Minkowski metric), together with its
inverse

#=rnnt, (4.27)
the group transformation property of this entity is given
by

8 7., = (Xiblb] + xibLbi) ny,. (4.28)
Now let us separate the infinitesimal parameters of the
group into an antisymmetric part, trace, and traceless
symmetric part: ‘
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o iy xS .20
where
X = 50 = X7 1,0, (4.30)
xikfé(x”+x“)mk-x5§, (4.31)

X=5xi (4.32)

(raising and lowering of Roman indices done here with
the Minkowski metric). Then (4. 28) may be written as

GquZZXqu+2Xsiijb3. (4.33)

Thus, the antisymmetric part of x}, corresponding to
orthogonal (Lorentz) transformations, does not alter
Z.» at all while the diagonal part, corresponding to scale
transformation, multiplies it by a factor (1 +2x). If
there is a traceless symmetric part in the infinitesimal
linear transformations of Gy, the change in the quantity
#., cannot be expressed in terms of its original value
alone. Within the geometrical interpretation of the
theory, we shall be led to regarding Fuv as a generaliza-
tion of the metric of Riemannian geometry. With this
identification, we may obtain an interpretation of the
tensor #,. Noting that if the Lagrangian / depends upon
the fields k} (or bf,) only through the tensor g,,, then
we have the following relation:

1 9/

tﬁ = 9 Wﬁvo'
The right-hand side of (4.34) is, within Riemannian
geometry, the symmetrical energy—momentum tensor.
If we retain this interpretation in the more general
case, the relation (4. 23) has a clear physical interpre-
tation. The left-hand side, when integrated over a
space~time tube traced out by a particle of infinitesi-
mal spatial extent gives the covariant derivative (with
connection I'y,) of the unit tangent vector along the
path. ¥ If the right-hand side of (4.23) vanished, this
would give rise to the equation for geodesic motion.
The nonvanishing term R%,§¥ must hence be interpreted
as the noninertial force density giving the deviation
from geodesic paths., With suitable interpretation of the
current and the gauge curvature Rj,, this may be
viewed as a generalization of the Lorentz force of elec-
trodynamics. A force of this sort has been shown to
arise for matter with intrinsic spin within the Cartan—
Sciama—XKibble theory, and also within the conventional
general-relativistic approach to spinning matter. 26

(4.34)

5. FIELD EQUATIONS IN A LAGRANGIAN MODEL

The next step in formulating a gauge field theory is
to choose a Lagrangian for the gauge fields alone which
has the necessary invariance property under gauge and
coordinate transformations. The sum of matter
Lagrangian with minimal coupling plus gauge fields
Lagrangian may then be subjected to the Euler—
Lagrange variational procedure to yield the field equa-
tions. To illustrate this method, let us consider gauge
Lagrangians of the following form:

[o=—(N/4)bRL, R, #"°2 " gu. (5.1)
Here g,, is the group metric defined by

Ea :faiifl;ic, (5'2)
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and N/4 is a normalization constant. Note that this
Lagrangian is an invariant only for groups whose linear
parts consist at most of orthogonal (Lorentz) and scale
transformations, in view of the transformation property
(4.33) for the metric g,,. The action integral which is
required to be stationary for arbitrary variation of
matter fields ¥, gauge fields w2, and frame fields Z¥
which vanish, together with their first derivatives, out-
side a finite space—time domain, is then

S=[1L+/[s]d*x. (5.3)
The resulting field equations are:

ND,[bR;¥] =S, (5.4)

Nb[R, Ry® ~ 180 RS, RYT] =11, (5.5)

Lry1=0. (5.6)

The raising and lowering of space—time and group
indices is accomplished with the respective coordinate
and group metric. For fields ¥ which remain unchanged
under actions of the translation subgroup (’f‘i =0), the
corresponding currents in (5.4) vanish, giving us the
four vector equations

Du{giabRauu} = 0,

where the subscript ¢ refers to the one-parameter
subgroup of translations in the x* direction, From Eq,
(5.4), we have the following conservation law:

2. S% +r5uRE]=0,

which leads us to making the identification of a current
J4 carried by the gauge fields:

Jh=fHWRE.
Equation (5. 8) is then a true conservation law for the

total current, but is not manifestly group covariant,
as compared with the covariant conservation law (4. 20).

(5.7)

(5.8)

(5.9)

PART B
6. FIBRE BUNDLES

In Part B we will first summarize certain basic
notions of differential geometry, introducing in particu-
lar the covariant derivative in terms of a connection
form in a principal fibre bundie?’; we then interpret
from this geometrical viewpoint the gauge fields defined
in Part A. Similar geometrical presentations of gauge
field theories have been given by other authors. 28

Consider a four-dimensional (smooth) manifold M.
The set of all (smooth) vector fields on M is denoted by
X(M). Consider also a principal bundle P=P(M, G)
over M with structure group G. The bundle P is a local
direct product of M with G; we have the projection
7 :P—M and for each g M the fibre 771(g) is a copy of
G attached to M at the point g. The group G thus acts
on the fibres, and R,(f)}=f'g denotes the right action of
g< G on fe P, For instance when P is the linear frame
bundle L (M), the fibre 7~1(g) consists of all sets of basis
vectors for the tangent space M, at ¢ and the structure
group G =GL(4) which permutes these bases among
themselves.

One is interested in physical fields on which the
structure group G acts; for this one needs vector
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bundles associated with P(M, G). Thus, consider a
vector space V and a representation p : G —~GL(V). On
the direct product PXV we call (f, v) and (f’,v")e PXV
equivalent if

(7, v") =(fg, p(g?) v) for some ge G, (6.1)

and for this equivalence relation we denote by [f, v] the
equivalence class containing (f, v). Then the set
E=E(M, G, p) of such equivalence classes endowed
with a differentiable manifold structure (naturally re-
lated to that on P) is called the vector bundle with fibre
V associated with P(#, G) via the representation p. A
p-field over M is a cross section p : M —E (i.e., a
mapping satisfying mge¥=id,, where nz:E—M is the
projection map of the bundle E onto M). Such a p-field
P can be identified with a V-valued function  : P~V
which is p-invariant in the sense that

reg)=p(gh(f) forallfec P, g G.

Conversely any such function gives rise to a p-field .
Explicitly # is characterized by ¢ through the following
relationship:

$lg)=[f, 9(A)] for all ge M, fe 71(q). (6.3)

Denote by G the Lie algebra of G. Then the action of
G on P induces a homomorphism 4 —A* from ¢ into
X(P); explicitly for Ac G and fe P, (A*), is the tangent
vector at =0 to the curve Rey,,4(f) obtained by right
action on f by the one-parameter subgroup exptA. We
call (A*), a vertical vector at f: It is tangent to the
fibre 77}(g) where g =7(f). These vertical vectors form
a (dimG)-dimensional subspace of the tangent space P,
to P(M, G) at the point f.

(6.2)

7. CONNECTIONS AND COVARIANT
DIFFERENTIATION

A connection in P(M, G) specifies in the tangent spaces
P; a smooth G-invariant distribution /4 of horizontal
subspaces /A, which are complementary to the space of
vertical vectors. Thus a tangent vector X;c P; can be

written as
)?f:)?f+vert()?f), (7.1)

where X; and vert()?,) are its horizontal and vertical
parts respectively. Now

vert()?f) =(A*), (7.2)
for a unique Ac g; the g-valued 1-form w defined by

w(X;)=A (1.3)
has the properties

w@A*)=A (7.4a)
and

RYw={(adg?!) w for gc G. (7. 4b)

[Here R}w is the pullback of w by the mapping Rg.] This
connection form w completely characterizes the connec-
tion. Relative to a basis {f,} for § we express
W = w%,, (7.5)
where the w® are 1-forms on P (a=1,2,...,dimG),

Consider a given connection, characterized by its
connection form w. Consider also a tangent vector field
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Xe X(M), i.e., afield X of directions on the manifold
M. Now every such X< X(M) has a unique horizontal
lift X ¢ X(P); i.e., there is a uniquely determined
tangent vector field X< X(P) such that, for all fe P,

1. (X)) =X,5, and X, €/, (7.6)
Now X is invariant by G; that is,
(R (Xy) =ng( P (1.7

tor all g€ G, fe P. Consequently for the p-invariant
V-valued function y corresponding to a given p-field ¢,
the new p-invariant V-valued function Xz]f (which we also
denote by V XJ) defines a corresponding p-field V3¥:

M — E which we call the covariant derivative of ¢ (along
the flow lines of the vector field X). Considering all

the various representations p, of G and the associated
vector bundles E,, one has many types of fields and

the operator Vy acts on these fields as a covariant
derivative: covariant in the sense that if ¢, is a p,-field
then V¥, is a p,-field also, and derivative in the sense
that Vy obeys a Leibniz rule when applied to tensor
products of fields.

For a representation p : G —GL{V), consider a V-
valued k-form ¢ on P for which

Rro=p(gh o (7.8)

for all ge G. The exterior covariant derivative D¢ is
the (k£ + 1)-form defined by

- !‘;’(k) :—'dqﬂ()_(o, :)—(1, e

where d¢ is the usual exterior derivative of ¢. It fol-
lows that D¢ projects naturally to define a (k+1)-form
on M. We note that

Do(X, Xy, .. ., %), (7.9)

Do=do+(pew)re
=dg +w*A(o(t,) ¢).

In particular for the connection 1-form w, the related
G-valued 2-form Q =Duw is the curvature form of the
connection, and we have

X, 7) =doX, 1) + 3w, o(D)],

where X and ¥< X(P), and the symbol [ , ] denotes the
Lie bracket operation in §. This 2-form @ defines a
G-valued 2-form R as a tensor field on M; relative to
a coordinate system {x*} on U,, we have

R=R,, dx* ndx’ with R,,=2Q,(,,7,),

(7.10)

(7.11)

(7.12)

where the vector fields {au} are the partial derivative
fields on U, (i.e., 3,=2/3x"). This 2-form R is re-

ferred to as the G-valued curvature tensor on M asso-
ciated with w,

Consider a local section 04 of M; i.e., a mapping
0,:U,—P of some open set U, in M into P such that
700, =idy. For example, when P is the bundle L(M)
of linear frames, then 04 is a smooth choice of frame
for all points in U ,; that is, such a section ¢, corre-
sponds to a local “moving frame” of Cartan. Returning
to the general case, we use 04 to refer the fields, con-
nection form and curvature to the manifold. Thus we
introduce the following objects defined on U, C M:

zl)AE ¢’°0Aa (7.13&)
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w,=0%w, (7.13b)

Q=050 =dw, + 3wy, w,]. (7.13c)

Similarly for the covariant derivative V,J we consider
(Vi) o= (Vx¥) 004, and we have in fact

(Vi) a= XU, +pw,00) 0,

For a second local section 05 : Uy — P we have the
relation on U, N Ug that

(7.14)

"B:"A'gABERgAB°°A, (7.15)

where g4p : U, N Up — G is an appropriate function from
the open set U, N Uy in M into the group G; g,5 is some-
times called a transition function for the bundle struc-
ture on P(M, G). We have the following relations showing
how the new choice of section affects the fields, connec-
tion form and curvature:

v =p(gds) Va (7.16a)
wp=ad(gls)w, + gip dgas (7.16b)
Qp=2ad(gis) Qa, (7. 16¢)

where gilpdg,ps is a commonly used shorthand for the
following. Consider a vector X< M, for some

ge U, N Ug; then (g45)4(X) is a vector tangent to the
group G at g, x(g) and applying the differential

(LgAs(q,-t)* of left translation by the inverse of g,5(q) € G,
we obtain the tangent vector (Lg, «)-1)4° (848)«(X) at

the group identity; such a vector may be identified with
an element of the Lie algebra § and that element of &

we denote by gy dg,p(X). Thus for each Xe M, with

qe U,NUg:

wg(X) = ad(g,w (q))-iwA(X) + {LgAB(q)"}* ° {gAB (‘1)}* (x),
(7.17)

which is clearly more neatly written as:
wp(X) =ad(gis) cwa(X) + gily e dgap(X).

We recognize (7.18) as the transformation property of
gauge fields of the type introduced in Part A. In the next
section we develop in more detail the geometrical inter-
pretation of the gauge theory.

(7.18)

8. GEOMETRY OF GAUGE THEORIES

In Part A we introduced on a four-dimensional mani-
fold M certain gauge fields related to invariance of a
Lagrangian defined on M under transformations asso-
ciated with a symmetry group G. We will show here
that one can think of these gauge fields wj as the compo-
nents of a connection form w on a principal bundle
P(M, G), and that the covariant derivative ¥,; of (3.4)
agrees with that given by (7. 14) from the bundle
viewpoint,

A. Gauge fields and the curvature

The nonrigid gauge variations treated in Sec. 3 of
Part A correspond to considering a 1-parameter family
of sections Og,, for values of ¢ say in an open interval
I,=(~¢,¢€) about 0 and with oy (¢) related to the given
section 04 by the transition functions g,z (@)
= exp(~ fx,), where X is G-valued function on U,. The
function $, and the forms w, and @, are defined on
U XI, by
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P la, ) =¥nn (@), (8.1a)
wy (g, ) = wg(n(q), (8.1b)
(g, 1) =Rp (1 {q)- (8.1c)

By using Egs. (7.16), one computes the substantial
variation induced by X:

O, (b ) =p(X) Pa, (8.2a)
5)( (wx(X)):[Xy wA(X)]_XX) (8- Zb)
6X (Qx ) = [Xy QA]- (8. 20)

In terms of the basis {f.} for § we can express X, w,,
and Q4 as follows:

X=X, (8.3a)
W 4= wit,, (8.3b)
Q,=05%,. (8.3c)

Moreover, the structure constants of § are defined by
[t,, ti]=r5t, and we define the operators T, =p(¢,) for
a=1,2,...,dimG. Then Egs. (8.2) read thus:

5X ll))( = xaTawAy (8. 4a)
By w(X) =frex’wi (X) - Xx°, (8. 4b)
Oy 2y =f1X" G- (8.4c)

In this form we can compare with equations of Part A.
Equation (8.4a) corresponds to (2.15). Relative toa
given coordinate system {x“} on U,, we define

(8.5)

Then, for X=3,, Eq. (8.4b) corresponds to the condi-
tion (3.7) imposed on the gauge fields, and (8. 4c) cor-
responds to (4.18); the additional terms in (3.7) and
(4.18) arise from including coordinate transformations
as well as group transformations. [In connection with
(4.18), note that the curvature 2-form R =R%,

=R? t,dx" ndx” is determined relative to a coordinate
system on U, by the components R, =2Q%(3,, 3,) which
by (7.13c) agrees with the gauge curvature introduced
in (4.17).]

W5 = 0%(2,.).

The gauge fields z% [cf. (3.8)] define a set of four
local vector fields {h, =h‘,-‘au}1-=0,m'3, which are linearly
independent and which may be equivalently thought of
as a local section over U, of a bundle of linear frames
whose structure group is the linear part of the group G
under consideration.

B. Covariant differentiation of matter fields

Let us now relate the covariant derivative of a p-field
given in Eq. (7.14) with the covariant derivative of
Part A, Considering U, as a coordinate neighborhood
with coordinate system {x“} and related tangent vectors
{2,} we obtain from (7.14) with X =3,

(Vaua)A =0, (d)A) + p(wA(au. ) Pa
=0, (Y4) + w5, (T ,),

which corresponds precisely to the covariant derivative
of a field introduced from the gauge point of view in
(3.4) of Part A,

(8.6)
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C. Currents, conservation laws, and field equations

Before treating the currents and the field equations of
Secs. 4 and 5 we introduce some further notions con-
cerned with various p-fields on M,

The defining representation of GL(4) on V=R* gives
the usual tensor representations p(r, s) on V'@ (V*)*,
where V7 (resp. (V*)°) denotes the »-fold (resp. s-fold)
tensor product of V (resp. its dual V*). A p(r, s)-field
on M is a tensor field of type (v, s); the antisymmetric
tensors of type (0, s) are the differential forms on M,
for which the wedge product A is defined. We also have
locally defined densities of weight &, i.e., local sec-
tions of a real line bundle over M constructed via the
kth power of the determinant representation det of
GL({4). The tensor product of such a local density with
a tensor field, say of type (#,s), gives a tensor density
of weight %; in other words, a local section of the
bundle E(M,GL(4), p) where p is the representation
det*® p(r, s) on R*® V7® (V*)S, Thus Eq. (4.26) gives
the components of a tensor density # of weight 2 corre-
sponding to a local section of the bundle with
p=det’® p(0, 2).

Consider a Lorentz metric g on M. We extend g to
a metric g on the Grassmann algebra of differential
forms by defining for each g M:

gq(a ’ B) = det(gq(aiy Bi )),

where @ and g are decomposable k-forms at ¢ given by
a=aqA ayAcc Aa, and B=pF;A By A e AR, [and by ex-
tending (8.7) bilinearly for indecomposable forms];
moreover, k-forms and k’-forms are orthogonal if
k#E'. Interms of g we define a metric duality between
k-forms [tensors of type (0, k)] and antisymmetric
tensor fields of type (&, 0); the dual ¥* of a k-form ¢ is
characterized by

8.7)

g(e, ¥)=v*(¢p) for all k-forms ¢ (8.8)

[where the term ¥*(¢) denotes the complete contraction
of ¥* with ¢].

We assume now that M is an oriented manifold. Then
M admits globally defined densities. Moreover, for any
given metric g we have the related global volume form
Ty [a tensor of type (0, 4)]. Relative to g and 7, one can
introduce?®® the Hodge star operator * which maps a

k-form ¢ to a (4-k)-form *¢ characterized by
2o, )1, =@A X for each (4-k)-form A, (8.9)

Explicitly for a k-form expressed in terms of a moving
coframe {e*}; 4,1,5,5 bY

(p:%) qonuvkeri/\'”/\erk, (8.10)
where the sum is over all sets of ordered indices
R={ri<7,<*+°<7,}, we have

*(p:; ¢r1,,,rke(r1, N T 2 TR 7

(= 1)HEY oM p e vep oThor (8.11)

where R’ ={y{ <74 --<{_,} is the ordered set of
indices complementary to R (i.e., RUR’={0,1, 2, 3}),

e(a, B, Y b) = Sgn(o? A 27 g), and
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0 if R’ does not contain the index 0
#(R') =
(&) 1 if R’ does contain the index 0
(8.12)
In Sec. 4 we showed how variations of the invariant
Lagrangian give rise to certain currents related to the
gauge fields. Consider the (locally defined) gauge fields
{n;} and {w}. The fields {#;} yield a density of weight 1:

b =det1(n¥), (8.13)

and, as mentioned above, determine locally a
det?*® p(0, 2) tensor density # of weight 2; this local

metric 4 defines locally a Hodge star and metric duality.

The vectors k; and the 1-forms b* =b% dx* of (3.8) are
related by the duality thus:

(bi)* :T)ikhk,
and we have the local volume form B=b"Ab1ABEADS,
The Lagrangian / =bL is a density of weight 1 and the
integral of the associated 4-form LS gives the action.

To each gauge field w®, we have the coupled current
3-form

(8.14)

117

A= ol (8.15)

which corresponds to a current vector density (*S,)*
via the Hodge stars and metric duals. More explicitly
if

Sy =(Sy)apy dx® A dx® A dx” (8.16)
a

expresses the 3-form relative to coordinates then

(*S,) = (S )up €**™0,, (8.17)

whence we see that the currents S¥ of (4.12) are the
components of the vector density (*S,)*. For the gauge
fields {h,} a variation d%; induces a change S(LB) in the
action integrand LB given by

8(LB) =~ *(£(dh;)),

where #! is a 1-form whose coordinate components are
given by (4.10).

(8.18)

To treat an invariant Lagrangian for the gauge fields
as in Sec. 5, we suppose now that the Lie algebra
( is semisimple. Then the Killing—Cartan form g of
(5.2) is a nondegenerate quadratic form on G, and de-
fines an isomorphism ¢ —G* of  with its dual space
9*. Moreover, if the group G has conformal linear part
relative to the Minkowski metric on R*, we introduce
as in {5.1) an invariant Lagrangian density [, =bLg,
where the associated action integrand L * 8 is the
4-form

Lg* 8= (N/2){R* A (*R)}, (8.19)

where R* is the (*-valued form dual to the -valued
curvature form R and *R is the Hodge star of R (with
respect to the chosen orientation on M and the local
metric g). Using

R =R%, = (dws + 3w, A w,]%) 1y, (8.20)

we obtain in invariant form the field equation (5.4) ob-
tained by variation of the gauge fields w*:

S=(2N){D(*R*)}. (8.21)
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Similarly the field equation (5.5) obtained by variation
of the vierbein field, %;, can be expressed as:

F(X)= /s b (X) + (Nb/4) ~g(X IR*, (b')* IR),

where for fixed X< X(M) we define the interior product®®
X JR* as the 1-form satisfying:

(XIR*)(Y)=2+R*(X,Y) for all Ye X(M).

(8.22)

(8. 23)

Also, in this context the divergence relation (4.20)
may be written as
D(S,)=0 (8.24)
for ¢, in the nonlinear part of the algebra (;, and for the
linear part (4.21) may be written as

DSy =*(t'(n,)). (8.25)

Finally, defining a tensor density ¢ of type (1, 1) and
weight 1 by t=h; of* and by considering, for each

Xe X(M), V(¢) X as a linear transformation mapping
Z e X(M) into V ,(t) Xe X(M), we can express the rela-
tion (4. 23) (connected with geodesic deviation) as
follows:

tr[v (1) X]=R*((*S)*, X). (8. 26)
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Diffraction by a half-plane perpendicular to the
distinguished axis of a gyrotropic medium
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The Wiener-Hopf-Hilbert method is used to obtain an exact solution to the problem of diffraction by a

perfectly conducting half-plane in a gyrotropic medium, when the distinguished axis of the medium is
perpendicular to the half-plane. The incident field is a plane wave whose direction of propagation is
perpendicular to the edge of the half-plane. The problem has not previously been solved exactly. The
answer is given in terms of Fourier transforms of the field components; these turn out to be simple
algebraic functions. But the field quantities themselves are not, in general, expressible in terms of known
functions. A few special cases are investigated and possible generalizations of the problem are mentioned.

1. INTRODUCTION

In this paper we give an exact, closed-form solution
to a previously unsolved diffraction problem—that of a
plane wave falling on a perfectly conducting half-plane
embedded in an unbounded gyrotropic medium, whose
distinguished axis is perpendicular to the half-plane,
The direction of incidence is assumed to be perpendicu-
lar to the edge of the half-plane. The problem is a two-
mode one; that is, both ordinary and extraordinary
waves can propagate, and coupling between them occurs
at the edge. This “diffraction” coupling manifests it-
self as a pair of simultaneous Wiener—Hopf equations,
whose unknowns are closely related to the Fourier
transforms of the field quantities. The difficulty of
treating such equations is well-known, and this particu-
lar set had previously been thought insoluble. "2 Re-
cently, however, a new method of treatment was de-
vised, * in which Wiener—Hopf problems are converted
to Hilbert problems. The latter always seem simpler
than the former, and are exactly solvable in the present
case. The solution, moreover, is elementary, in that
the transforms comprise just algebraic functions.

Before proceeding, it is worthwhile to give a short
survey of existing exact solutions for half-planes in
anisotropic media, When the distinguished axis of a
gyrotropic medium is parallel to the edge of the half-
plane, there are solutions by Seshadri and Rajagopal, ?
Jull, ® and De Santis. ® This seems to be the only gy-
rotropic problem yet solved. For a uniaxial medium,
Felsen' and Rulf® obtained solutions when the dis-
tinguished axis was perpendicular to the edge. PrzeZd-
ziecki® took the axis perpendicular to the plate, but
allowed both magnetic and electric anisotropy and gen-
eral skew incidence. When the axis is in the plane of
the plate but otherwise arbitrarily directed, there is a
solution by Williams. '* Rosenbaum!! considered the
case of the axis arbitrarily directed in a plane per-
pendicular to the plate, Finally, a catalog of problems
solvable by simple transformations of the Wiener— Hopf
equations was prepared by Hurd.

2. PROPERTIES OF THE GYROTROPIC MEDIUM

This section describes the gyrotropic medium, ex-
amines the propagation of plane waves in it, and lists
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relevant analytic properties of the propagation con-
stants and other quantities.

A. Tensor permittivity

We introduce a rectangular coordinate system
{x,y,z} and suppose that the distinguished axis of the
(lossless) gyrotropic medium lies in the z direction.
The permittivity is then given by

e —ig, O
e=|ik, € 0], (2.1)
0 0 ¢

withe, ¢, and ¢, real,

It is known that wave phenomena in such a medium
depend critically on the relative sizes and on the
algebraic signs of the elements of ¢. *»!* In this paper
we suppose that

€z¢; >0,

(2. 2a)

e—ea>leg[. (2. 2Db)

These assumptions14 ensure that propagation is of a
fairly normal type, that is, no backward wave can oc-
cur; they also make the relative positions of some
poles and branch points definite, It is not anticipated
that relaxing (2. 2) will invalidate the method of
analysis.

B. Plane wave propagation

In the ensuing analysis we shall use the method of
plane wave spectra. Accordingly, we first study the
propagation of plane waves in the medium. Consider a
plane wave whose components are

(2.3a)
(2.3b)

E=E,; exp[i(ax +yz) - iwt],
H=H,expli(ax +yz) - iwt],

With the time dependence exp(~ iw!) suppressed hence-
forth, Maxwell’s curl equations

VXE=iwuH, (2. 4a)
VxH=-iweE, (2. 4b)
become
KE, = wuoHy, (2. 5a)
KH, =~ weEy, (2. 5b)
Copyright © 1976 American Institute of Physics 1838



where
0 -y 0
K=ty 0 -af.
0 a O
We can eliminate Hy from (2. 5) and obtain
KK+ wlug)Ey=0. (2.6)
Written out in full, (2.6) is
BE- - ik; oy Eyy
L R A Eq, |=0, (2.7
ay 0 R~ o? Ey,

where k2= w?uge, Bi=w’pe,, and k2 =w’ne,. For non-
zero solutions, the determinant of (2. 7) must vanish,
That is,

Rl + [a? (2% + k2) - 20%2],

+ (B - o?) [kt - ki - R2a?) =0, (2.8)

Equation (2. 8) determines four values of y as functions
of a. We denote them by v, and + y,. By virtue of the
branches to be chosen, v, and ¥ give waves which
propagate or are attenuated in the positive z direction.
These are the extraordinary and ordinary waves men-
tioned before. The solution of a general diffraction
problem must normally contain superpositions of waves
of both types.

Some relations involving y; and y, are

vi=[2D(a) + z(=) a(@)]'?, j=1,2, (2.9)
with

D(a) = (1 + KR 262K (k2 + BY) - of], (2.10a)

ala) = (£, - D) (0] - ¥ a3 ~ oB)}/2, (2.10b)
The constants oy and @, in (2, 10b) are given by

of = 2RZRE(R? - B2 K2 - i(=)[ (k7 - B2 - RE /2D,

i=12. (2.11)
The following relations are easily proved:

Yi+vi=Dla), (2.12a)

74— = a(a), (2. 12b)

Y=k (k] ~ P (RS - o), (2.12¢)
where

R =kt - kiR, (2.13a)

kE=k2, (2.13b)

C. Analytic properties

In this section we set down various properties of the
quantities defined in Sec. 2, Part B, These results
will be used in succeeding sections, and are derived or
justified in Appendix A,

{a) ky and k, are real and satisfy ;> %,> 0, For a
slightly lossy medium they are displaced into the first
quadrant,

{b) o, lies in the jth quadrant of the complex « plane
and approaches the real axis only when &, — 0. Also, it
is assumed that Re(a,) <k, !
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{¢) ¥4 has branch points at + Ry, + a4, and + oy, while
¥, has branch points at + 2y, = a;, and £ oy, The posi-
tions of these points and the associated branch cuts are
shown in Fig, 1,

(d) v, behaves as (k% - a®)'/*F,(a), where F(a) is
analytic on and near the branch cut contours from +#;,
In particular, v, changes sign as its branch cut is
crossed. y; has a positive imaginary part if medium
losses are present, when a is real.

(e) v1 + v, and 7,7y, do not have branch points at + a,
and £ oy while y; + 93 has no zeros in the finite complex
o plane,

(f) k- a® - 4} has simple zeros at a=xk,; k>~ o’ ~ 43
has no zeros,

3. FORMULATION OF THE WIENER-HOPF PROBLEM

A perfectly conducting half-plane occupies the region
xz 0, 2=0, and a plane wave is incident upon it. The
E, component of this wave is given by

E® = Ay expli(agr +yp2)], (3.1)

where vy, is of either y, or v, type. The surrounding
medium is gyrotropic, with characteristics given by
(2.1) and (2. 2). The problem is to find a scattered
electromagnetic field E, H which

(i) obeys Maxwell’s equations;

(i) satisfies E,+ E;V’=0, E,+E’=0for x> 0,
z2=0;

(iii) satisfies an edge condition of the form E_=O(r*1)
and E,+ E{" =0(*2) as 7, the distance from the edge,
tends to zero. Here v, and y, satisfy 0<y, ,<1;

(iv) decays as exp{~ar), a>0, as » — < when the
medium is lossy.

1t is a consequence of the symmetry of the problem
that E,, H,, H, are odd functions of z, whilst H,, E,, E,
are even. It suffices, then, to consider only the region
2= 0. To complete the boundary conditions for this
region we add:

(V) H,=H,=0forx <0, z=0,

which follow from the continuity and asymmetry of H,
and H, across z=0 for x <0,

a; a,
- -kz2 Qg
-_f\_f;c_)._d-—\.,——w—
k2 Ky
-a, -Qz

FIG. 1. Positions of the branch points  ky, + ky, + &y, + ay
and the pole @, in the complex o plane. Also shown are the in-
tegration contour C and the branch cuts.
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Let us assume the following plane wave representa-
tion for E,:

E,= [ [A(a) exp(iys2) + B(a) explis2)] expliox) da,
(3.2)

where A(a) and B(a) are undetermined functions. The
contour C follows the real axis except for indentations
above — & and - &, and below «,, k2, and k;. See Fig, 1.

Using (2. 7) and setting

f(a’ 7’) = (a2 - k%) (‘1’7)_1; (3- 33)
glo,y)=~iklf(a, y)(£" - o® - 9, (3.3b)
we derive
E,= [ [fla, y)A(e) exp(ivi2)
+fla, vo)B(a) expliyez)] expliox) da, (3.4a)
E,= [ [g(a, 7))A(0) explivz)
+g(a, v2)B(a) exp(ivyz)] expliax) da, (3. 4b)
and from (2, 53),
n=Tr [tnatewae expine)
+ ya8(0, yo)B{a) exp(ivez)] expliox) da, (3. 5a)
H,= 51;;0 fc{[nf(a,n)— a]A(a) exp(iys2)
+ [y fla, vy) ~ a}B(a) explivez)} expliox) da,
(3. 5b)
H‘:Z)l—u—‘; L[ag(a,yﬂA(a)exp(inz)
+ ag(a, y;)B(a) exp@y,z)] expliox) da. (3. 5¢)

Clearly, condition (i) is satisfied if the integrals con-
verge; this will be verified a posteriovi. Further, from
property (d), y; and y, always have at least a limiting
positive imaginary part, so that (iv) is also satisfied.

We denote the region of the complex a plane lying
above the contour C by «, and the part below by {, To
satisfy condition (ii) it is sufficient to take

(?(i’,?f) g&’,?ﬁ))@ﬁ?)

=(urie)~ 370 et )
~(via) =

where U (a) and U;(a) are analytic functions of « in
u+ C, Inlike manner, condition (v) can be satisfied if

st YN =) @

(3.8)

(-‘ y1&(a, v4)
rfla,v) - @

with L{a) and Ly(a) analytic inZ +C.

A pair of simultaneous Wiener—Hopf equations may
now be obtained by eliminating A(a) and B(a) from (3. 6)
and (3.7),
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2 ( ~ ik? a? - R = y2>(V1(a)>

v+ vg \B: +yyakd (k] - o) ik} Vy(a)

_ L1(a)>

~(L2(a) , (3.8)
or in compact form

G(a)V(e)=L{a), on C, 3.9)
Equation (3. 9) is to be solved subject to the conditions

Vi(a)=0(a"1™), (3. 10a)

V(o) = O(a 27, (3. 10Db)

as lal —~ inu+ C, This is a consequence of condition
(iii).

It does not seem possible to solve (3. 9) using ordinary
Wiener—Hopf techniques,

4. THE WIENER-HOPF-HILBERT METHOD

The Wiener— Hopf~Hilbert (or WHH) method was re-
cently introduced as a means of simplifying (and some-
times solving) equations such as (3.9). In Ref. 3, the
method is treated rather cursorily. In the present work
we try to establish it more rigorously; also the method
of attack is altered somewhat. We begin with a short
introduction,

A. Brief outline

Consider the homogeneous version of (3, 9), which we
write as G¥ =&, with ¥ and & analytic in « + C and
1+ C, respectively. (Occasionally we drop the notation-
al dependence on « of various quantities. No confusion
should arise.) This equation is first converted to a sys-
tem of Hilbert problems ¥, =H¥_on the branch cuts Iy
and I'y in ! (Fig. 2). These Hilbert problems can be
solved exactly and yield an infinite set of functions
{¥} which are analytic in « + C, We calculate the
function G¥'” and require it to be analytic in{+ C, On-
ly a subset of {¥'"’} will have this property, This sub-
set is further reduced by imposing the conditions at
infinity (3.10). Finally the remaining {¥'"’} are as-
sembled in a standard way to solve the inhomogeneous
equation (3. 9) and hence, the entire problem.

~k‘ —ka k2 kl
L
N

FIG. 2. The branch cuts T’y and I, in the lower balf « plane.
The (+) and (-} signs identify the sides of the contours and
the arvows identify directions of integration.
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B. Derivation of the Hilbert equations
We write the homogeneous version of (3.9) as
G(a)¥(a)=%(a) onC, (4.1)

with ¥(a) analytic in % + C and &(a) analytic in [+ C,
As indicated, our aim is to convert (4.1) to a set of
Hilbert equations on the contours I’y and Iy, To do this,
the functions of (4. 1) must be capable of analytic ex~
tension into ! - T'; - I, This is evidently true of &(a),
since ®(a) is analytic in [; it is equally true of G(a)
since its only singularities in ! are the braneh points
—k; and - k,, (Note that by Appendix A, Part 5, y;+ ¥
and y;y; do not have branch points at + oy and + @y, and
v1 + 72 has no zeros anywhere, ) It is not quite obvious
that ¥(a) can also be continued, but this can be seen
as follows. We calculate G™*(a),
o Kks-df
G )= 2R3y yalyL +7v2)
9 ~ ik} K- ot + ym)
- B+ kdyira(a® - B)! )

- ik}
“4.2)
Now the only singularities of G-}(a) in ? are branch
points at —k; and - k,. From (4, 1) we obtain
¥(a) =G(a)L(a) on C, 4. 3)

The right-hand side of (4.3) is analytic in-TI'j- I},
hence ¥(o) can be analytically extended into this region
and Eq. (4.1) must hold there,

Let us denote the two sides of I'; by (+) and (-), and
assign senses of direction, as shown in Fig. 2, Let the
limiting values of the functions on the (+) and (~) sides
be identified by (+) and (-) subscripts. Then, from
Appendix A, Part 4,

Y.=—n, onTy, (4.4a)

Y2 ==Yz, On Ty, (4. 4b)
and since ®(a) is analytic inl +C,

®_(a)=&,(a) on Ty and Iy, 4, 5)
From (4.1) and (4. 5) it follows that

G.(0)¥_(a) =G, (2)¥.(a) (4.6)
or

¥, (a) =H(a)¥.(a), 4.7)

where with the (+) subscript on y,, omitted, we have

1 (P -REY) - 2ikiEi- o?)/K
H(d)—iﬂ( 2ik? ‘ —a‘z(l-kz/k%)z)'

(4.8)
The (+) sign applies to I'y, the (-) sign to I';. Equation
(4.7) is the desired Hilbert problem,
C. Solution of the Hilbert problem

We introduce a new unknown vector ¥’(a) via the
transformation

¥(a)=T¥ (a)
with

4.9)
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Tz("z(k%‘kz) 1). . 10)

2k%E 0
Since det(T)#0, ¥’(a) will have the same region of
analyticity as ¥(a), except at infinity. (We assume %,
#0; this restriction can be relaxed later, ) In terms of
¥'(a), (4.7) becomes

¥/(a) =T 'H(a)T¥(a). @4.11)
The matrix of this system is

TlH(a)Tzi(kﬁ(yﬁo— %) [kg(yg(; me) ) (4.12)
In component form, (4.11) becomes )

¥ () =+ ¥ (a)ky” (3 - )Y, (4.13a)

¥ () =2 k504 - ¥)¥] (o), (4. 13b)
with the sign convention as before.

Multiplication in (4, 13) gives
¥, ()¥ (a)=¥] (a)¥} (@) 4.14)

which is satisfied by any rational fraction with poles
only at — k; and — ky. It suffices to take

Yi(a)¥i(a) = (kg + a)"(k; + )", (4.15)
where m and n are unspecified integers,
Division in (4. 13) yields
[¥{(a)/ ¥ ()]s~ [¥](@)/Fh(a)]. =54 (3 - ¥ (4.16)
On taking logs,
(log¥i(a)/¥}(a)], + [log¥](a)/¥}(a)].
= - loglk3 (v - V1. .17

This is a standard Hilbert problem, and as shown in
Appendix B, Part 1, has the solution

¥{(0)/ ¥ (a) =p~(a), (4.18)
where
pla) =[(k* - B} (ky ~ ky)?s(a, ap)s(a, - @)
xs(a, a)s(a, - a)]'/?, (4.19)
and in which
s{a, O =ny(a)ny (&) +nala)ny (2), (4.20)
with n,{a)=({k,+ a)l’?,
The combination of (4.15) and (4. 18) yields
{(@)=x[n ()] [z ()]0 (@), (4. 21a)
() == [n(a)1"[na(a)}"p(e). (4. 21b)

The signs in (4. 21) and m, % are not entirely arbitrary;
restrictions are found if (4. 21) is substituted in (4, 13).
We obtain

{(@) =[n ()" [m ()]0 ), (4. 22a)
¥ (a)= (=) ()™ m(a)]"p(a), m+n=odd. (4.22b)

Then, using (4. 10), the solutions to the basic Hilbert
problem (4.7) are

¥y (@) =[ng(a)]"[ne ()] o (] - 1o~ (a) +(-)p(@)],

(4. 23a)
¥y (a) = 2ik2kny (@)1 [ny ()]0 (@), m+n=o0dd. (4.23b)
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D. Lower bounds on m and

Thus far, the only restrictions on m and n are that
they be integers with m +x odd. We now find lower
bounds for them, As forecast in Sec. 4, Part A, this
is done by requiring analyticity of the functions
G{a)T¥ {a) inl +C.

Theovem: The function ®(a)=G{(a)T¥’(e) has no
branch points in 7+ C.

Proof: Clearly the only possible branch points of
®(a) lie at — 2y and - k,. Now on either I'; or T'; we have

®,=G.TY¥=GTITT HT¥ =GHTY¥ =G,G!G.T¥ =¢

-t

Since there is no change in ®{«) across Ty, the theorem
is proved. An immediate corollary is that &(o) possess-
es a power series expansion containing only even powers
of 1;(a) in the neighborhood of o =-k,,

Note that the theorem does not say that &(a) is
analytic in I+ C, In particular, (&) can have poles at
a=-k;, The exclusion of these poles sets lower bounds
on w and n. An inspection of G(«) in (3. 8) shows that
the leading term of &,(a) is O{[n,(a)]¥}(a)} near a
=~ R, unless cancellation occurs. If » is even, this
cancellation must occur; a direct calculation shows that
the leading term is O{[n,(a)]"}, from which we deduce
that n> - 2. When n is odd, the leading term is
O\[ny(a)I™'}. Thus n>-1. Near a=-k,, the leading
term is O[¥}(a)] and we obtain m > ~ 2 for m even,
and m > -3 for m odd. Similar but less restrictive re-
sults are obtained if ®;(«) is considered, In summary,
the constraints

mz-1, n=0 with m +n= odd
must be satisfied if ®(a) is to be analytic inl + C,
Therefore, every ¥(a) which satisfies (4.23) and (4.24)
is a solution of the homogeneous Wienev— Hopf equation
4.1).

Before we can obtain upper bounds on w and n we
need the form of the solution to the inhomogeneous
equation (3. 8).

(4. 24)

E. Synthesis of the solution

Suppose there are p solution vectors ¥, j=1,2,...,
p to (4.1), of which at least two, say ¥ and ¥@,
have components satisfying ¥{D¥{? - ¥D% 2 20, Then
a solution of the inhomogeneous equation (3, 9) is

U(a):AO I_‘M( f(ao, Yo))+ ;5 M,I,u)’

2mi{a — o) glag, vq) j=1
(4, 25)1

G. The complete solution

where I is the unit matrix, A; are arbitrary constants
and

\1,1(1) q,l(2>)
‘1’2(1) \1152) .

X(a) :( 4. 286)
The proof of the statement is immediate, Since
det[X(a)]#0, X*!(x) exists and so does U(a). The re-

sult then follows by substitution of (4. 25) in (3. 9).

F. Upper bounds on m and n

These are obtained through the order relations
(3.10),

Vi ((1) = O(avi-l)’ VZ(OZ) = O(Q-Vri)’

as lal =< inu+C, 0<v;<1l. From Appendix B, Part
2, we have p(a)=0(a); thus from (4. 23),

T, (a) = O imm 241], (4.27a)

¥, () = O ™™ /21, (4. 27b)

Since only powers of a!/? can occur in the asymptotic
expression for V(¢), we must have v, =v, = . Hence

Vi(a)=0(a™'’?),
(4. 28a)
Vyla)=0(a"?7?),

We have reached a possibly new result: For a half-
plane which is perpendiular fo the axis of a gyvotropic
medium, the field singularity at the edge is the same
as for an edge in free space.

According to (4. 27), ¥,(a)/¥,(a) =0(a?), so if no
cancellation of leading terms takes place, (4.25) would
give Vl(a)/Vz(oz)=O(a2), contradicting (4. 28). Hence
cancellation occurs; moreover it must occur in the com-
ponent Vy(c). Since the ultimate behavior of V((a) is
O(a™1/%, Eg. (4.25) indicates that the maximum ex-

ponent of & permitted in (4.27a) is 3. Therefore
mn<l, (4. 29)

establishing the upper bound and showing that only three
vectors are possible. They are denoted as follows:

¥ om=a1,

¥V m=0, =n

n

’

0
L
0

v om=1, n

I

b

of which ¥®(a) is just (¢, + &)¥ V().

We now complete the solution to (3.9). Since ¥ and ¥® are independent we can form X(a) from them [Eq,
(4. 26)]. (\Il“” and ¥® could also have been used, with no change in the final result.) We next construct a new vector

Ay - flag, vy)
= =L x-t 0> Fo 4.30
z 2wt (ao)(g(ao, Yo) ( )
which can also be expressed as
@
Aglak - K} Zk%m(ao) + k_zl_u(jo—_)_—g [01(2)("% -k - 02(00)]
Z=- 0= (2) % (4.31)
8rikiayyenla,) 9 202 _ 12y 4 2 ’
- 2k ay) — oy (ks = k%) + p*(a
3/ (o) PRSI "_‘YTO)[ 3 (k5 = &) + p*(ao)]
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Now [X(a)Z]i(a - a)
@. 25),

Via)=X(a)Z(a - ag)t + 2D,

with the constant A to be found. With the help of (4. 23), Eq.
)]+ mla)p™ (@) Z,]a

Vila)=(a - ap) Y[ny(e@)) o) Z,[a? %] - k) + p(a
+alng(@)]o (@) o (k] - &) + p2(a)],

Va(a) = 2iklk}(a - ao)'ip'l(a){z1[771 )] + Zymy (@)} + 233Ny (@)] 0™ ().

)
Now p(a) ~p.a as |al — = (Appendix II, Part 2). Then
Via) =~ o' /2p [k} - k* - 0212, +

Vy(a) = 2ik23a~3/2pt (Z, + 1) + O(a™®/?).

The leading term of V| («) must vanish. This determines A,

x=(pk - kg + k) (0% +KE — £%)1 2,

1=0(a!/?) as |al ~=, so that only ¥V

[+~ + pE I} + O,

can be used as the complementary function, From

(4.32)
(4, 32) becomes
et~k - 02 (o))}
(4. 33a)
(4. 33b)

(4. 34a)
(4. 34b)

(4. 35)

It can be shown that X + Z, # 0; hence Vy(a)=0(a"’?), as required.

Summarizing, the (unique) solution to the inhomogeneous Wiener—Hopf equation (3. 9) is given by (4. 33), in which

Z is given by (4.31), and x by (4. 35).

5. THE FIELD QUANTITIES

The amplitudes A(a) and B(a) can be found from

(3. 6), once V(a) is known,
3 - ikiyia
A= D e - o= 7))
x[ik2V () + (B2 = o = ¥3) V,(a)], (5. 1a)
Zk:)‘za
Ble)= o 6T = )
x[iR2V (a) + (B2 = a* = y}) Va(a)]. (5.1b)

Of the eight possible branch points, +#, is missing
from A(a) while + k& is missing from B(a). The only
pole is at o= q,.

The field quantities may now be found by substituting
(5.1) in (3.2), (3.4), and (3. 5). However, it seems im-
possible to evaluate the integrals in terms of tabulated
functions in the general case. Even a steepest descents
approximation, although possible, ! is very difficult and
would be beyond the scope of the present paper. Instead
we discuss some general properties and special cases.

A. General properties

We first show that the integrals (3. 2), (3.4), and
(3. 5) converge. For z> 0 the terms exp(iy;z) ensure
this, since Im(y,)> 0 as a =~ « (Appendix A, Part 4).
When z =0, a more delicate investigation is needed.
We already have V,(a)=0(a"’?) and Vy(a)=0(a"3/%),
It is easy to check that vy, —¢lal and y, —ikk;!la| as
a—z+=, Hence ¥5— i =0(a?), k' - a®-+E=0(1), and
k'~ o? = 13=0(a%). Thus A(a)=0(e"*/?) and B(a)
=0(a"1’?), so all the integrals converge, Incidentally,
(3.7) shows that L;(a)=0(a™’?) and Ly(a)=0(a"*/?),

It is interesting that the points + ¢ and + &y are not
branch points of the integrands (3.2), (3.4), and (3. 5).
This can be seen from the following argument. Clearly,
V(o) does not have branch points at + a;. Also, »; ~ 1y
when the point ¢; is circled. Hence A(a)~— B{a), by
(5.1); and fla, ;) — fla, v2), gla, 1) —g(a, ;). Thus
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If the function L(w) is required, it can be found from (4. 33) and (3. 8).

the total integrands are unchanged and, as mentioned in
Sec. 2, the position of the o; relative to the 2; is im-
material. Note that these results are not true of the
individual ordinary and and extraordinary components,

Lastly, the point o= q, is easily seen to be a pole
only of A(e) for ¥, type incidence and only of B(«x) for
¥, type incidence,

B. Field components in the plane z=0

In this case, it is fairly easy to obtain far field ex-
pressions, Consider the E, component

E,=[ Vil (. 2)

For x > 0, the contour C can be closed by a large semi-
circle in #, The only contribution is from the pole
a=a,, and yields E,=- E{’, When x <0, the contour
is closed by a large semicircle in /, indented around
the branch cuts I'y and I'y, The semicircle contribution
vanishes and we are left with

E,= , [Vo,(a) - Vy_(a)]exp(iax)da,

Ty+0

a)exp(iax)da.

(5.3)

-

p(a) } 1
x[”kﬂ( ~ ) mi@)

Zyng (@)
+ [1 ygi)]}, (5.4)

o= @
with the top signs for I';. For large x|, the dominant
contributions come from near the points ~ %2, and - &
and yield

Vy (@) = Vy_(a)=2ikikip™ (a){ [_21__ " )J

p*(a)
R3 (75~

E =K |x |1/ exp(-ikx) + Kq| x| "3/% exp (= ikyx),
(5. 5)

This result tacitly assumes that only n;(a) in (5. 4) is
rapldly varying near o =-%;, This is true of the terms
[1+p* ()i (% - ¥8)™!) but not easily decided for

A+ Z(a— ap)t. It is tempting to conjecture that the
latter is zero at a =- &, when the incident field is of

K;=const.
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FIG, 3. Steepest descents contour Cs showing capture of the
pole o =q,.

the y, type; otherwise we deduce that the scattered v,
type field is always dominated by the y, type regardless
of the kind of incident wave. Similar results are ob-
tained for the £, component,

For E, we have

E,=- k3 fc aLy(a)expiiax)da; (5. 6)

hence E,=0 for x <0, z2=0, as we had assumed earlier,

C. Field components in the plane x =0

In this case, a steepest descents evaluation for large
z can be carried out without too much trouble, Saddle
points are given by the zeros of

=du g,

YiT 74 (5.7)

The only relevant solution is « =0; all others give ex-
ponentially small contributions as z —<«, We find

_9-\1/2
E.= <_z~27_r> exp(in/4)

R - explinea)|,

(5. 8a)
o \1/2
Eyz(—zz—ﬂ> explin/4)

[EO D i) + L0 ).
1 Y2
(5. 8b)

The quantities y; and y; are evaluated at « =0. The
steepest descents contour is shown in Fig, 3. Note that
if @ <0, this pole will be crossed when deforming the
contour, This is proper since the field point lies in the
geometrical shadow, No significant simplifications of
the expressions (5. 8) seem possible.

D. Reduction to uniaxial medium

In the limit ¢, =0, the medium is uniaxial and the
Wiener— Hopf system (3. 8) splits into two distinct equa~
tions which are solvable by standard techniques. Al-
though there are solutions in the literature, ? it is
easier, for purposes of comparison, to solve the re-
duced set (3. 8) directly.

Ase — 0 we see that oy, 4y~ 0, &y —~k, 1] =k = a?,

and ¥ ~ (k%/k%) (k% ~ a®). Then (3. 8) reduces to
-2k - o} 2V (a) = Ly(a), (5.9a)
ek, Vi) (B3 — o)1/t =L,y(a). (5. 9b)
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These have the solutions

Vylo) == Agglay, vio)ny(ag)/2mi(a - ag)n(a) (5.10)
when the incident wave is a y type; and
Vila) == Agflay, vao)ne(a)/2mi(a— ag)ny(ay) {5.11)

for y, type incidence, [We have introduced the notation
Yo = 71(04())- ]

Turning to our solution, as given in (4. 33), we first
note the following limiting values as ¢,—~ 0.
pla)= (ke + k) /2 (k- k)2 /2
x[2kky + a(k +ky) + 2VEE ny (@)my(a)],  (5.12a)
o7 () (k3 - #*) + p(a)
== 4Rk [(k + ko)/(k = R2)]' Py (@) ), (5.12b)

o’ (a) (k] - %) = p(a)

=2((k +ky)/(k = ky) 1 /*(2kky + ko + kyar),  (5.12¢)
A= 3(R + k) Zy(kEy)12, (5. 12d)
Thus
R+ ko \/? [ = 4VERy Z1 + 2(2kRy + ak + aky)Z
V1(C¥)"772(0t)< 2> [ 2 Z1 +2(2Rky + ak + aky)Zy
k -k, a-a
- 2(k +k2)22], (5. 133,)
Vy(a) — 2ik2k5p™ ()
Zﬂ'h(()l)"1 + Zomala) (k +k9)Z2
x + 5.13b
{ -~ o 2vkEyny (@) ( )

The quantities Z, and Z, take rather different forms
depending on the type of incident wave. Suppose it is of
v, type. Then ¥* - o2 -9%,—~ 0 and

2C B+ Ry \1/2
Z = kz_";‘z(“‘;)m(k kj) [2kky + ook +Ry)],  (5.14a)
. 4Coma(ag)Vkky (M 172
2 R \k ok (5. 14b)
where
__ Ao (e Q)(ag—kzz)
’ 8 1y (avg) kzaoY1o :
Upon substitution in (5. 13) we obtain
Vi(a)=0, (5.152)
2
V(a):éﬁo 7)1(‘10)_ . klz . ob-ki 1
21 mla) R-af-vyly ogvie -’
(5. 15b)

which agrees with (5, 10), [Note that (5. 15b) involves
taking the limit £2(k? — o} — »4,)™!, which turns out to be
infinite., This is an expression of the fact that £,=0
for the y, mode in the uniaxial case. ]

When the incidence is of the y, type, we find

7, — Al + 0 1o f——(k”ez) mlay), (5.16a)

(B2~ 010 720)')’20 k-k
2Co[2kks + ag(k + kmm(k + 52)1/2
Zy—~ 5.16b
2T S ah s mlan, \e-ky) 0 16D
which yields
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Ay of-k ml@), 1

- , 5.17a
i apyyy  Telag) a-a ( )

Vi(a)=-

Vy(a)=0, (5. 17b)

in agreement with (5, 11).

6. CONCLUSION

We have solved a new diffraction problem—that of a
plane wave incident upon a half-plane embedded in a
gyrotropic medium whose distinguished axis is per~
pendicular to the plate., The method used is the newly
invented Wiener— Hopf—Hilbert technique, * in which a
pair of homogeneous simultaneous Wiener—Hopf equa-
tions is reduced to a much simpler pair of Hilbert prob-
lems on the branch cuts, A set of characteristic solu-
tions to the latter is obtained, and from this set the
entire solution to the problem is obtained, The solution
satisfies all the conditions of the problem, and must,
by the usual uniqueness condition, be correct,

The solution requires certain inequalities to hold for
the components of the permittivity tensor. However, we
believe that the problem can also be solved when the
inequalities are relaxed, but a complete investigation
would involve much more work (e. g., see Refs. 12 and
13) and is beyond the scope of the present paper.

Other generalizations are possible. We can also
solve the problem of a similarly oriented half-plane,
but with magnetic and electric anisotropy and arbitrary
skew incidence, This problem will be treated in a sub-
sequent paper,
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APPENDIX A: DERIVATION OF SOME USEFUL
RELATIONS

1. Relative positions of k, and &,
Equation (2, 2a) shows that k,(=#,) is real and posi-
tive, We have from (2. 13a),
R} — by =k* - k3 k2 KL
— 7 - ) - 1)
> R2(k? - k2 - kY] by (2.2a)
>0 by (2.2b).

This establishes the relative positions of k; and %, on
the real axis; if a small loss is added to the medium it
can be shown that they are displaced into the first
quadrant. This consideration determines the placement
of the contour C,

2. Relative positions of o, and o,

According to (2.11), the real part of a? (j=1,2) is
always positive; and by (2, 2b), (k- k%)? - k! is also
positive. Hence, of lies in the first quadrant and of in
the fourth, After taking the square root in a consistent
way, we deduce that o, lies in the jth quadrant. It is
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seen that only in the limit 2, =0 does «; approach the
real axis; this limiting value is a;=0. No precise
statement can be made about Re(ay); it can be greater
than 2, or less than k,;. To make the problem definite,
we assume Re(a,) <k, and eventually demonstrate that
the relative position is immaterial.

3. The branch points and cuts of v, and vy,

Ag is evident from (2. 9), (2.10b), and (2. 12¢), the
possible branch points of y; lie at the eight points
tky, +ky, £ 0y, and + ay, Consider D(a), defined in
(2.10a). For a=0 it is positive and changes sign at
a?=2k°RE(R: + kE)! (=K%, say). Now

k3> 2k%R2 (R + kY =R =k3. (A1)
Also,
T
> k%= k(R - E2) by (2. 2b)
=ky(@2 - kiR
=R (k% + kD) 28% + K2 (1 - kZRE)]
> 2R (7 + kY)Y = kY. (A2)

Hence, D(xk;)> 0 and D(x k) <0, It will be shown sub-
sequently that A(a) is real and negative for all real o,
Since the zeros of D(a)z A(a) lie at + k&, and + &, by
(2.12¢) and are simple, we must have

D(:t kz) + A(:t kz) = 0,

D(ﬂ: kl) - A(i kl) = 0.

(A3a)
(A3Db)

Therefore, v;(tk;)=0. Quite clearly + a; (j=1,2) are
branch points of both y; and y,; thus we have the result
that y, has six branch points: + k;, + a;, * a,.

Figure 1 shows the placement of the branch points
and cuts. We have to choose branches such that A(a)
is negative for all real « and such that v, and y, are
either positive real or positive imaginary for real a.
Consider a typical square root o(a)=(*~ o®)!/% and
choose the branch for which 0(0)=¢. If the real part of
¢ is positive, the signs of o(a) as a function of « are
as shown in Fig. 4; while if negative, Fig. 5 applies.
Since A(q) contains the product of a similar pair of

W%% Re (o) <O

Im{o)= 00—t branch cut

NS

Re(cr)=0fj5 o

/%/éjﬁm ()0

FIG. 4, Branch cuts of a typical square root o= ¢? —a?)¥? for
¢ in the first quadrant. The signs of Re(r) are shown, In the
shaded area Im(o) <0, elsewhere Im(o) =0,

branch cut

Re{s) <0
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R =0
elo) >—~§ o
———————— L
B a0
<2SI\ g Re{c}=0
N branch cut
Im(o) =0 \
&\ Re (o)>0

FIG. 5. Branch cuts of a typical square root g= (¢% — %2
when ¢ lies in the second quadrant. The signs of Re(s) are
shown. In the shaded area Im(o) <0, elsewhere Imi{s) = 0.

roots, we deduce that Re[A(a)] <0 for all real a, There
remains the choice of the sign of the root in (2. 9); we
choose it so that »,{0)>0, j=1,2. With this branch,
Im(y;) > 0 for | al >k,, if the branch points are circled
ag shown in Fig, 1. We do not show it, but if the medi-
um is slightly lossy, Im(y;)> 0 for all real a.

4. Behavior of v, near the branch points &,

This follows immediately from (2.12¢) and the result
in Appendix A, Part 3, that the points +2; are not
branch points of y,, nor =&, of y;. Thus y; behaves as
(k2 ~ a®)Y/?F;(a), where F;(a) is analytic on and near the
branch cut contours from +%;, It is then clear that v;
changes sign as the branch cut is crossed.

5. Combinations of vy, and v,

It is quite obvious from their definitions that y; + v
and yy; do not have branch points at + o and = ay.
Furthermore, y;+v, is never zero in the finite o plane,
for if it were, we would have 1% =+2, giving A(a)=0,
and o =+ &, j=1,2. Then y;=2[3D(a))]'?,
=1 [2D(a;)]"/?; but ¥, and y, are both positive at @ =0,
so the same signs must be chosen. Therefore y, =1y,
and ¥+ #0.

6. The zeros of k2 ~a? -+% and k? - a? -3
Consider the product (¢° = o= 13) (k% = &% - 73). On
multiplying and using (2. 12) we obtain
(= o’ - (R - oF = 1) = ki Rz’ =~ k). (A4)

Now y, (& k,) =0, hence #° - a®—+4 is not zero at a =zxk,;
so k* - o= 1% has simple zeros at a == k,, while
k% - &% - 3% has none,

APPENDIX B: DERIVATION AND PROPERTIES
OF pla)

1. Derivation
The Hilbert problem (4. 17) can be written in the form
(@) + o _(a)=gla), (B1)
where ¢ (o) = log[¥](a)/¥4(c)] and g(a) =~ log[kd (4 ~ )’1.

Introduce

Pa) =[ng(a)n(a)] ¢ (@), (B2)
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and substitute in (B1),

Pa(a) = ¥(@) =[ny(a)ny ()] g (a). (B3)
This is a standard Hilbert problem with solution
1 (B)dt
Pla)= T f . B4
SRR M) T T (B4)
To evaluate (B4), we first convert it to an integral
avound the branch cuts,
1 (£)dt
-1 ndl___ B5
o) =2 = (B5)

For |t| --, the integrand is O(logt/#) and the integral
on a large circle vanishes. Hence the integral (B5) can
be replaced by minus the contributions from the pole

! =« and the four branch cut integrals from = ¢; and

£ @3, On these contours, g(f) becomes very simple and
the integrations elementary. Omitting the details, we
find that

$(@) = [ny(a)ny ()] 1og[1/p*(a)], (B6)
where

pH(a) = (& - B}) (ky = k) Ps(a, ay)

xs(a, - ay)s(a, az)s(a, - ay) (B7)

and

s(a, &) =ny(a)ny (&) + np(a)ny (2). (B8)
Finally using (B2), we get

¥ (a)/ 9 (@) =p?(a) (B9)

and we can verify by direct substitution that (4. 16) is
satisfied.

2. Analytic properties of p{o)

The only possible singularities of p(a) or p~'(a) are
at zeros of s(a, ;). Suppose s{a, - ¢;)=0. On squaring,
we have

(kg + o)y - &1):(/62'4'01)(}?1—&1), (B10)

whose only solution is o =- a,. But s(- oy, ~ oy)
=92V{k, - ay)(k; + ), and this is nonzero, since a;+#%,
or — ky by the results of Appendix A, Parts 1 and 2.
Therefore, p(a) and p~'(a) are analytic inu +1+C~ T
- T,

As lal —© in u + C we derive directly that

pla) ~ pea, (B11)
where
p% = (k% = k3) (kg = k3) (o) (= ap)h(ap)h(- a3)  (Bl2)

and
h(a) =n(a) +n(a).

Lastly, we record the barrier equation satisfied by
pla) on I'y and Ty,

p.(@)p,(a)=~-k5a(a). (B13)

This can be verified directly from (B7) and shows that
(4.18) is a solution to (4. 16).
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We provide the mathematical arguments which are needed to obtain a rigorous proof of the absence of
condensation in a one- and two-dimensional Bose gas of particles having superstable interactions.

. INTRODUCTION

The demonstration of the absence of condensation in
a one- or two-dimensional interacting Bose gas relies
on a well known argument! which makes use of inequali-
ties originally due to Bogoliubov.? The Bogoliubov in-
equality is

3B8(AA* + A*AX([[C,H],Cc* ] = |([C,AD |2, (»

where H is the Hamiltonian of the system in question,
{°) denotes the thermal average with respect to the
temperature T=(28)™" and the Hamiltonian H. 4 and C
are observables of the system which have to be con-
veniently chosen in view of specific applications.

A mathematically correct use of the Bogoliubov in-
equalities in statistical mechanics requires two steps.
In the first step one establishes the existence of the
averages and inequality (1) for a finite volume system,
whereas the second one consists in a proper handling
of the thermodynamic limit. This has been done for
quantum systems whose finite volume description in-
volves only a finite-dimensional Hilbert space (for
instance, the proof of absence of long-range order in the
one- and two-dimensional isotropic Heisenberg ferro-
magnet®*), and also for a certain class of classical
lattice systems, %:® Elegant proofs of the Bogoliubov in-
equalities have also been obtained in the framework of
statistical mechanics of infinite systems for states
satisfying the Kubo—Martin—Schwinger condition’ (see
also in Ref. 8). However, none of these existing proofs
cover the case of the Bose gas,

The reason for this is that already at finite volume
states of the Bose gas are described in an infinite-
dimensional Hilbert space, and the operators A, C, H
which are used in (1) are of an unbounded nature. In
such a situation operator relations like (1) need to be
treated with care, for it is well known that formal
manipulations of unbounded operators may lead to
paradoxes. {Set for instance H=p?/2m, C=p, A=gq
with {¢, p]=i%, then (1) gives formally #*< 0!}

As far as an infinite volume description of the inter-
acting Bose gas is concerned, the question of the exis-
tence of KMS states has not yet been settled and the
validity of the formulation of Ref. 7 is far from obvious.

Since there are very few exact results on the inter-
acting Bose gas, it seems to be desirable to put on a
firm basis the available pieces of information. Thus the
purpose of this note is to provide the mathematical
arguments which are needed to make completely
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rigorous the proof of absence of condensation in a one-
or two-dimensional Bose gas with superstable inter-
actions. The superstability condition will be seen to
play an essential role.

Technically, we extend slightly the study of some
operator relations done by Ginibre in Ref. 9. For the
application considered in Ref. 9 it was sufficient to as-
sume that the operators occurring in the Bogoliubov
inequalities were bounded by the number of particles
operator N. The point is that this will not be the case
here and questions of domain have to be examined care-
fully. However, uniform bounds which are needed to
control the thermodyanic limit may be taken from
Ref. 9.

In paragraph 2, we indicate in which sense the
Bogoliubov inequalities have to be understood for a
general class of unbounded operators, and the specific
application to the Bose gas in given in paragraph 3.

il. BOGOLIUBOV INEQUALITY FOR UNBOUNDED
OPERATORS

Let / be a separable Hilbert space and H be a self-
adjoint operator on /4 with discrete spectrum. We shall
assume throughout the following that exp(— gH) belongs
to the trace class of operators / (/) for all 3> 0. We
consider the set C, of linear operators A on #/ with
domain /) (A) having the property

Cy={A|D(A)ND(4%) 5D (exp(8H)) for all 8> 0}

C, is a linear manifold. Moreover, if Ac(,, its ad-
joint A* belongs also to C,,. D (exp(8H)) being dense

in //, A and A* are densely defined and hence closable.
(For the relevant mathematical concepts see Ref. 10).

On CH we introduce the two following sesquilinear
forms for fixed positive 8:

N
23 (A, Bo ) exp(—Br), ()

n=1

1
<A,B>N:2

N N
(4,Bly=5 2 2 (49,,0,)(,,B0,)

n=1 m=1

. SXP(= BAn) — exp(~ 1)
)\n - A'WI ’

where {¢,,n=1,2, . . .} is an orthonormal basis of
eigenvectors of H with corresponding eigenvalue A , and
Z ="Tr exp(— 8H). The operators A and B are obviously
well defined on the eigenvectors ¢, and the positive
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factor [exp(- Br,) —exp(- B2}/ (A, - 1,) set equal to
Bexp(-B),) when A =1,_.

Lemma 1:
If A and B belong to (,, then
(A,By=1lim (4, B), and (4, B)=1lim (4, B),,

New Newo

exist and defined sesquilinear forms on C,,. (A4,B)isa

positive definite scalar product on (.

The proof of the convergence relies on the fact that
the sums 3~ (¢,, x®,) are absolutely convergent when
X is a trace class operator. We remark first that
Aexp(~ BH) is bounded. Indeed if Ac(,, Aexp(-BH) is
defined everywhere and closed since A* is densely
defined. Therefore by the closed graph theorem,
Aexp(~ BH) is bounded and has a bounded adjoint. More-
over, since we can decompose A exp(~ 8H)
= Aexp(— 8H/2) exp(- BH/2), we conclude that A exp(- 8H)
belongs to /[, (#) for all 3>0. Hence, (A4, B), which can
also be written as

(A,B)Nz-} ZN) (Aexp (— %) ¢,, Bexp (—%?—)%)

n=1

-1 o () e (22

converges as N « when A and B belong to C,,.

Using the inequality [exp(- Bx) — exp(-By))/(y — x)
< 38(exp(- Bx) + exp(- By)) and the fact that all terms are
positive, we majorize
(A,A),

g &~
Sz 2 1 (49,,0,)(0,,A0,)exp(- ,) + exp(- 51,)

< lim 38((A* , A%y, + (A, A) ) = 38({4% , A%) + (4, 4)).

Now

(3)

(4, A)y is a bounded and monotonously increasing
sequence and therefore it has a limit (4,A)=1im,_ (4,
A)y. Since C, is a linear manifold, (A+ B, Az B), and
(A+iB, A+{B), converge also, from which we conclude
by the polarization formula that (4, B), converges to

a limit (4, B) as N— =, From its definition (4, B) is
clearly a scalar product. It is positive definite because
{(A,A) =0 implies (¢ ,A@ )=0 for all  and m and hence
A=0.

The functional (A4, B) is an extension of the usual trace
(1/Z) TrA* B exp(~ 8H) and reduces to it when 4 and B
are bounded. We get the Bogoliubov inequality if we
choose B of the form [C, H] for some C, Precisely, we
have the following lemma.

Lemma 2: Assume that
((i) A and C belong to C,,,
(ii) C and C* map D(exp(8H)) into D(H) for all 3> 0.
Then
[{4,C) —(C*:4%)|?
< $8(([H,C],C) +(C*,[H,C* DA, A) + (4*, 4%)), (4)
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If ¢ <{exp(8H)), then ¢ =exp(- BH)Y for some pc A
and CHo = C exp(- BH/2)H exp(— 8H/2)} is defined,
Cexp(- BH/2) and H exp(~ 8H/2) being both bounded.

By assumption HC is also defined on J(exp(8H)). Hence
[Cc,H) and [C*, H] belong to C,,. Setting B=[C,H] in the
definition of (4, B} we get immediately (4,[C,H])
={C*,A*) —(A,C). Equation (4) results from the
Schwartz inequality |{4,B)!2<(4,A)(B, B) and of the
bound (3).

We shall now proceed to the verification of the con-
ditions of lemma 2 in the case of interest for the Bose
gas.

i1l. APPLICATION TO THE BOSE GAS

A. The Hamiltonian of the Bose gas

Let us recall the construction of the Hamiltonian of
a Bose gas submitted to an external gauge symmetry
breaking field.'**> We consider first a n-particles sys-
tem of mass m enclosed in a cubic box A of side L in
R?, d=1,2,3, described in A/"(A)= (L2(APP7),,,, . Its
kinetic energy is the drn-dimensional Laplacian

1”
Hy=5-2 P

=1

-

with periodic boundary conditions. Hj is self-adjoint on
its natural domain /) (H7):

D(Hg):{(p(ku c ek

1 n
x| 2 <~Ek) olky, ,k)2<°o}
Bprenen 2m i1 j | 1 2 |

with

3 d
Pj:{17§ —iﬁﬂ’:l“’d}, P?ZE(P})Z,

T
jz{kjf:-z%y—, ry=L1eceed, vr integers}.

The interaction U™(x, = >+ x ), x; H{xr r=1e°24},
satisfies the superstability condltlon

Uryseox)2 - bn+aV'n? (5)

with >0, >0, V=L¢, and/) (H7) Ny (U") is assumed to
be dense in #/"(A). Let Qgn + Qyn be the sum of the
quadratic forms associateod with H7 and U™ on D{H?)
NJ(U"). This form is densely defined, bounded below,
and hence closable. Its closure Q,n determines uniquely
a self-adjoint operator H" together with its domain [ (H"),
One has the following relations between the domains of
the involed operators and forms:

OHM D GH) =D HD N D (U DDHH ND(UM,
H" is the total energy of the n-particle system.

In order to treat the Bose gas in the grand canonical
formalism, we introduce the Fock space 7(A) En_o@

XH"(A) and on 7(A) the direct sum Hamiltonian H
=Z;‘,’=OGB H", H is self-adjoint on its natural domain:

D) ={p={¢", n=0,1, -+ -} F(A)| p"c D(H")
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and 20 | H"g" |2 < }.
n=0
In the same way we define

H, :Z”) 69(H" ~ unln)

n=0

for every real chemical potential u on J(H,):

DHY={p={p",n=0,1, -} F(A)| prc D(H"
and 27 || (H" - un)pn||? < =},

We note that

(a) D(H,)cD(N?)cD(N) for all u where N is the num-
ber of particles operator and

(b) D(H,)=0(H) is independent of p.
(a)follows from the superstability condition (5):

(@, (H" ~ un)dp™) = (- (b + dIn+ aV-'n?) || 97| 2, pne D (H™.
(6)

For fixed u and V, and for n large enough, the right-
hand side of (6) is positive. One can find a number C >0
(depending on g and V) such that (¢", (H" -~ pn)¢™)

2 Crll 97| * and also ||(H" - un)¢"|| 2= C?n*||¢"|%. There-
fore if ¢ belongs to J(H,), we see that »%||¢"[* is sum-
mable, which shows that ¢ belongs also to D(N?) cD(N).
(b) is deduced of the identity

[t~ = ] 2snton, o)+ o ],
the summability of one of the series §  [|[H"¢"|* or

3 HY = un)é™||®> implying (a) and the summability of the
other.

In order to get a nonvanishing order parameter at
finite volume, it is necessary to add to H, a gauge
symmetry breaking term (Bogoliubov’s method of quasi-
averages). We choose it of the form AVV(a,+ a}),
where a, is the annihilation operator on 7(A) of a parti-
cle in the £=0 momentum state. The vV factor is
needed for reasons of extensivity., We show that for
every V, Aﬁ(a(ﬁ a¥) is relatively bounded with respect
to H, with relative bound less that one.

We remark first that by (a), a, and e} are defined on
D(H). We have to establish that

IrVia,+at)e| <ol|H, 0| +alo],ocD®@) (M

with <1 for each V. If ¢ €/J(H) and z is an arbitrary
complex number with Imz# 0, we can write ¢
=(H, - 2)"'p for some y€ f(A). Then

|3V ] = [T+ 1200+ 12, - 21y
< IN[VF a4 107172 v+ 1000200, — 21
<800 + |2 | ol). ®

The norm {[(N+1)'/2(H, - 2)"|| is readily evaluated in

the spectral representation of H:
(n+1)+/2

E—Un-—2z

¥+ 1)1 2(H,, - 2| = sup sup

_ (n+1)172 ) 9)
_sgp sgp<[(€ _ un—Rez)2+ (Imz)z]”z ,
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where ¢ runs for each n on the spectrum of H". One
deduces of (6) that for large n the spectrum of H" - un
is bounded below by ¢ - un = C»*, C depending only on u
and V. Consequently, for fixed p and V, the quantity
[n+1)"/%/(e - un - z)| can be made as small as we wish
uniformly in ¢ and » by choosing Imz large enough. In
view of (8), (9) and of a similar estimate for \WVa} we
see that (7) holds. Therefore, H, , =H - uN+ AV V(a,
+af) is self-adjoint on J(H,,)=/(H) for all &, A, and
V. This concludes the description of the full Hamiltonian
H,, and of its domain.

We do not repeat here the proof that exp(- gH,) be-
longs to /,(#(A) for all . ''+'* The fact that exp(- 8H,,)
is also of trace class for all ¢ and X follows from the
inequality

Hyni - |MVSH,<H, 5+ x| V. (10)

B. Absence of condensation

The absence of condensation in a one- or two-dimen-
sional Bose gas is then understood in the following
sense. The average value of the order parameter
V-1/2q, is caleulated with the gauge symmetry breaking
field in the thermodynamic limit which is taken first.
Then the field is removed and the order parameter is
shown to vanish. This procedure motivates the follow-
ing choice of the operators A and C on 7(A) which will
enter the Bogoliubov inequality: A= V~'/?q, is the an-
nihilation operator of a particle in momentum state %
and C=37_,P C" with

X, = (i exp(ikx, )@ (xy, . .

j=1

cx)EHMA) and k={2mv7/L, ¥=1...d,v,

(C"(ﬂ)(xl, .. . 5xn)’

‘p(xu .

integers},

Clearly when k=0, A is precisely the order parameter
and € reduces to the generator N of the gauge group.

Let us verify that A and C fulfill the conditions (i)
and (ii) of Lemma 2 with respect to the Hamiltonian H,,.
Since A, A*, C and C* are defined on J(N)>/)(H ,)
>/ (exp(8H,,)), (i) holds true. For (ii) we proceed with
the following steps. (&) C" maps the form domain
DQ(H") into itself. Since by construction DQ(H"):DQ(H{;)
ND4(U), it is sufficient to show that C” leaves [, (HY)
and ) 4(U™) invariant. For /(U7 it is an obvious fact:
C" is defined by the multiplication by a bounded function
of the coordinates. Now ¢ €/),(H?p) if and only if ¢
ey forallj=1...n, r=1...d, and C" leaves the
D(p}) invariant with

(p7Cm" @)y @ o x,) =k explikex )o(xy o o x,) + (CTpT @) (x; * o x,)

[remember that exp(ikx,), k={2rv7/L}, is periodic].
(8) [Cr,HZ] is defined on /) (H™. We have indeed on
Do(H) DD 4 (H™)

d n
([(Cm HE @)y o = o x,) =20 20 k" explikx, ) py @), 2 oo x,)

r=l j=1

+ RAHC @) (xy oo x,). (11)

Using the inequality 3%, M,,, <q 23 M,, valid for and g-
dimensional positive matrix M and the superstability

M. Bouziane and Ph.A. Martin 1850



condition (6), we can majorize the square of the norm
of the first term in the right-hand side of (11} by

d n
22 Rk (exp(ika, )pT @, explikx,)p; )

¥ Jai

d n
< dn; 2 & V(5 9,0,0) < 2mk*ndQy (¢, 9)

< 2m dR*(nQyn(@, @) + (¢, ©)), ¢« Dy (H™). (12)

(¥)C" maps J{(H into itself. If y<D(HD)NO(U™ and
@< J(H"), we are allowed to write in view of (@) and (8)

Qur(Cro, ) = (C"o, HY) = (¢, (C** H™Y)
= (o, (H"C* +[(C"*, H}]) )

= ((C"H" + [Hg, Cn])(p’ ZL)

Since D(H7) N (UM is a core of Q,n and by the very
definition of J(H"), (13) implies that C*¢ ) (H") and

H'C ¢ = C"H*@ + [H3, C*lo.

(13)

(14}

(6) (ii) of lemma 2 is true. We remark first that
C(N+1)" maps J(H) into itself, If p={¢p" n=1,2c0-}
e D(H), then by (14)

(HC(N+ 1) ¢) = (n+ 1)'C"H " + (n+ 1) HE, C™] 9",

- 1\ y ) n
5 (1) lewel =2 larory <=,
and in virtue of (11) and (12)

=) 1 2 2
5 (-25) M, e

n=0

is also finite. Now for every ¥ e 7(A), Nexp(-8H,,)¥
belongs to [ (H) since we can write

HNexp(-8H,,)=NH,, exp(- BH,,)
+ N(uUN - )0/17((10 +a¥)) exp(- BH ,),

the first term of the right-hand side being obviously
defined everywhere as well as the second one in virtue
of (a) D(H,,) =D(H)CD(N?). Therefore we conclude that
Cexp(-BH, W =C(N+1)"(N+1)exp(- BH,,) ¥ belongs to
D(H)=D{H_,) and this is precisely (ii) of lemma 2.

We obtain a proof of the absence of condensation if
we insert A and C in the Bogoliubov inequality in its
form (4). After a direct calculation which we do not
reproduce here! one finds for each k= {277 /L,v"
integers}

L(IVQE%%(AOHJT/(%M@)B(M%L) 15)

14 A

Here the averages (A4)=TrAexp(-8H,,)/ Tr exp(- 8H,,)
are well defined in virtue of the preceding analysis and
they depend on the parameters 8, V, u, and A. Using

VV(a,+ a¥) < N+ V and summing (15) on & up to k| <k,
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<
’

1 1 [{aH!?
Vlklzsk(l(kz/m + Il > 4

one gets

< B(%—Q * 1) Vi lklzs) ko((a:‘a,) +e
s3<-<—1‘\/Q+1> <@+ 2 1—)

(16)
Vv el < &y 2v

Furthermore for fixed 1 and 8 the density (N)/V is
bounded uniformly with respect to | Al s X, V=V,
with 3, <«  V, >0, This follows from the following facts
(lemma 2 of Ref. 9):

(1) The pressure p(x, p)=(1/8V)1g Tr exp(~ BH,,) is
bounded by a positive function of the form

PO, u) = | Al +[7(|>\| + 1), p(u) independent of V.

(2) p(x, 1) and p(u) are increasing and convex in u.,
Hence, choosing a 6> 0, we have

o _

g, ) < LR B0 =pOG ) Mg+ pOGH 1+ 0)
% oM ’ :

o )

With this and (16), we see that there exists a M inde-
pendent of x and V (but depending on 8 and i) such
that:

k)t

k,
. Hapl® ( 0 )'1
iirf——v <M ) k—————z/m+m|d|k\ .

Since the integral in the right-hand side tends to infinity
as Ax 0 for 4 < 2 we conclude that the order parameter
vanishes:

lim lim @ =0

Ae0 Ve V

for all > 0 and all chemical potentials u.
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Feynman path integrals and quantum mechanics as -0
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When the space of paths is a certain Hilbert space H, we show how to extend the Feynman path integral
J of DeWitt and Albeverio and Hoegh-Krohn. Our extension enables us to integrate a wider class of
functionals on H. We establish a new representation for the wavefunction in nonrelativistic quantum
mechanics—the quasiclassical representation. Using our extension of 7 and the quasiclassical
representation, we discuss the problem of obtaining classical mechanics as the limiting case of quantum

mechanics when #—0.

1. INTRODUCTION

There is a saying attributed to Einstein that
“mathematics is an exact science until one tries to ap-
ply it to the physical world, ” Nowhere has this state-
ment been more valid than in the many attempts to give
a rigorous formulation of the Feynman path integral 7
in nonrelativistic quantum mechanics. That is at least
until recently when a number of papers appeared which
give a workable definition of the Feynman path integral
7 for a restricted class of functionals.

Amongst the first of these papers were those of
Cameron and Itd! giving a precise definition of 7 by
various limiting procedures. The first definition of 7
not involving a limiting procedure was formulated by
C. DeWitt? by invoking some of the ideas of Bourbaki on
“promeasures” and generalizing them to “prodistribu-
tions. ” C. DeWitt’s far reaching formulation was later
elaborated upon by Albeverio and Hoegh-Krohn, 5 For
spinless nonrelativistic quantum mechanical particles
Albeverio and Hoegh-Krohn choose the path space to be
a certain Hilbert space H. Using basic results from
harmonic analysis on H, Albeverio and Hoegh-Krohn
define 7 without recourse to “prodistributions.” Un-
fortunately the class of integrable functionals on H in
Albeverio and Hoegh-Krohn’s treatment is rather
restricted and the applications of the theory to non-
relativistic quantum mechanics although elegant are
rather limited. It is clear that if the theory is to have
greater applicability a new definition of 7 is required.

In this paper we give a concrete realization of the
path space H and by considering a certain projection P,
on H we extend the definition of 7 to a wider class of
functionals. We believe that for nonrelativistic quantum
mechanics the extension of 7 given here is in some real
sense maximal., As an application of our extension of
7 we discuss the celebrated problem of obtaining clas-
sical mechanics as the limiting case of quantum
mechanics when # — 0, To this end we establish a new
representation for the wavefunction solution of the

Schrodinger equation—the quasiclassical representation.

To make our paper as self-contained as possible,
we give a very brief outline of DeWitt’s and Albeverio
and Hoegh-Krohn’s work in deriving the Feynman—It6
formula for the wavefunction, This Feynman—It5 form-
ula is extended to give the quasiclassical representa-
tion. As we shall see our extension of 7 and the quasi-
classical representation are very convenient in the dis-
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cussion of the problem of obtaining classical mech-
anics from quantum mechanics. The problem of ob-
taining classical mechanics from quantum mechanics as
7Z— 0 has been discussed by several authors. The most
notable results are due to Hepp and Maslov, who use a
completely different approach, 4

The basic question posed by Feynman’s work® is how
to define the Feynman integral, 7(f), written sym-
bolically

F()=[ e x f¥)dw(x),

where f is a functional defined on the path space X and
w is the “pseudomeasure” corresponding to the Feyn-
man integral. Cameron® has shown that w is a poor
additive set function. DeWitt defines w, therefore, not
as an additive set function but as a distribution of rank
zero, The “pseudomeasure” w is, in fact, determined
by defining its Fourier transform to be exp(-i/2)W,
where W is a positive definite quadratic form on X’ the
dual of X, W is called the variance of w.

DeWitt’s definition of 7 using “prodistributions”
assumes that the path space X is merely a locally con-
vex Hausdorf topological vector space. In the cases of
interest to us the path space X will, in addition, be a
separable and reflexive Banach space and we shall not
require the machinery of “prodistributions. ” Using
the Hahn-—Banach theorem, the separability and re-
flexivity of X imply that X’, the dual of X, is separable
in the norm topology. We choose as a convenient ¢
field on X’ the ¢ field generated by the subsets of X’
open in the norm topology. Denoting the action of the
functional x’ on x by (x’,x), for each x € X,
exp(~i{x’,x)) is continuous in x’ in the norm topology
and is therefore Borel measurable relative to our o
field. Let fe 7(X) be a functional defined on X such that

f) = | exp(=i{x’, %)) dp(x’),

where u is a bounded complex measure on X’, Then,
assuming the variance W is such that

exp[- (;/2)W(x’,x’)] is measurable, the Feynman in-
tegral with variance W is defined by

F( =] expl- @/2WE',x")]du k"),
whenever this integral exists.

We shall see that for a spinless nonrelativistic
quantum mechanical particle we can choose X=H, a
certain reflexive Hilbert space of paths. In this case
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the variance W, appropriate for H turns out to be the
Hilbert space inner product. The Borel sets in H are
given by the o field generated by the subsets of H open
in the inner product || (| topology and trivially

exp[- (i/2)W(x’, x")] = exp[- (i/2)llx"]|*] is Borel mea-
surable relative to this o field, In Sec. 2 we shall give
the detailed structure of H by using elementary Fourier
analysis. This detailed structure of H is used in de-
veloping our definition of the Feynmann path integral 7.

In the following sections we discuss DeWitt’s and
Albeverio and Hoegh—Krohn’s definition of the Feynman
integral 7 for the path space H, concluding Sec. 5 by
deriving the Feynman—It6 formula. In Sec. 6, using
the fact that H has a reproducing kernel, we extend the
Feynman integral 7 for the path space H and calculate
an important Feynman integral. In Sec, 7 we derive
our quasiclassical representation by using the transla-
tional properties of 7. Finally in Sec. 8 we discuss the
problem of obtaining classical mechanics as the limit-
ing case of quantum mechanics when #Z7— 0. This treat-
ment is carried out in one dimension for ease of under-
standing, but it is clear that all the essential ideas are
easily generalized to higher dimension than one,

2. THE PATH SPACE X = H

We give here a concrete realization of H the Hilbert
space of paths for a nonrelativistic quantum mechanical
particle in one dimension. Albeverio and Hoegh-Krohn
define H to be the space of continuous functions y(7)
defined on [0, {] normalized so that y(f) =0 with dy/d
= L*R,[0,#]} and with norm given by the inner product

, ‘dy dy’

v, 7)) = _/0 EE’ a7 47
There are problems with this definition in the interpre-
tation of dy/d7. The difficulty is that there are examples
well known to analysts of monotonic continuous func-
tions whose a. e. derivatives vanish. Hence, if we in-
terpret dy/dT to be the a. e. derivative of ¥, there are
numerous pathological functions with norm zero. To
form a sensible path space H with the above inner prod-
uct we would have to factor out these pathological func-
tions by forming a quotient space. The alternative is to
interpret dy/d to be the weak derivative of v which is
the viewpoint adopted here. This leads us to define H
by Fourier series. The separability and reproducing
kernel properties of H are then easily established,

Consider V, the real vector space of continuous
functions y(7) on [0, ], satisfying y(*) =0, defined by

YT =ag(T-1) - i) Qnt [sineztllz)]t

n=1 2mn T

w© 7 H
+ ? Bal [cos(gltﬂ)] , (1a)

1 2mn .

where oy, a,, B,€R, I{ (ai+ L) <=, and the dummy
variable in the square brackets is 7/, Since we can
always integrate a Fourier series,

¢
d
wn== | e(mar,
T
where
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©

dy, - 2mnT .
%(T): oy + Z;l a,,cos—t—-F Ziﬁ,,sm

2mnT

(1b)

(dy,/dT) (1) € L*[0, t] and the notation is derived from the
fact that dy,/dT is the weak derivative of y, i.e., if we
consider y as a generalized function its derivative is
dy,/dt."

We define an inner product (, ) on V by

t ’
N dye Ay}
(v )_./; dr dr a7

=to0ai+ 5 2 @t 5 T B @
V is evidently a real separable Hilbert space H in the
inner product norm l[yll2=(y, y) = [t dy,/d™V¥d7. His
the Hilbert space of paths on which we shall define the
“pseudomeasure” w.

When dyw/(lT is sufficiently smooth we deduce dy/dT
=dy,/dT. One case when this is true is

dGa N
- (0, 7)=-6(r~0) a.e. [0,¢],
© being the Heaviside function,
G, _o- 5 _1_[ . (277117’)] ¢ (27m7'>
P (O,T)-——t ?m sin{™ acos .
=1 2mn7'\] ! (27mr>
+ 0, = = i
2 [cos( 7 >]Usm / (3a)
Then

t
Glo, )=~ j [(l;:_‘,"(o,r’)dr':/—o'T,

where ¥ is the maximum,

We have v 7<[0,1],

x\:cos(zznTﬂt . (3b)

G(o, 7) is the reproducing kernel for the Hilbert space
H., For we have

t '
60,60, = [ We@e @ nar
0

¢
dy
:—_/U g7 dT=y(0), v ycH. (8¢)
This fact will be of crucial importance in what follows.

3. THE FEYNMAN PATH INTEGRAL WHEN X = #

In Sec. 5 we shall see that the appropriate variance
Wy for a nonrelativistic quantum mechanical particle
is given by the inner product

Wylyey y2) = (vq, y2). : 4)

Definition 1: /) (H) is the space of complex valued
measures of bounded absolute variation on H, . </ (H)
Mf ||l =J Idpt <eo. |l || is 2 norm on (H).

Definition 2. The space of functionals 7 (H) is defined
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by fe 7 (H) iff fly)=[ exp[-i(y,
Definition 3: When f< 7 (H),
y)=/ exp[-i(y’, »)]duly"), (5)

K EMH), taking Wylyy, ve) =
integral 7(f) is defined by

3= fem|- 61| aut ©

we/M(H) ensures 7(f) exists. For the continuous func-
tion exp{(~i/2)(+',y")] is Borel measurable and

|7 = [ ldpen ] =1l £, <. )

It is not difficult to establish || {l, is a norm on 7 (H).
The properties of 7(H) and / (H) are summarized in
Theorems 1 and 2.

Ndut'), pwemd).®

(v1, ¥2), the Feynman path

Definition 4: The convolution, p*v, of p,ve)(H) is
defined by

(B xv)A) =] plA-y)dv(y), (8)

for any Borel set ACH,
of Fubini’s theorem.

(u xv) is well defined because

Theorem 1: /)i (H) is a commutative Banach algebra
in absolute variation norm under *, (H is a separable
metric group under vector addition; it follows that
/M (H) is a commutative topological semigroup under
x—see Parthasaraty. ?)

Proof: By Fubini’s theorem for any bounded continu-
ous functional f

[ f)dl =v)6) = | fly+ ) du ) dviy'). ©
Hence, we have
pav=vep, fuxv|<fu]lvl. (10)

The associativity of x follows from Fubini’s theorem.
Completeness follows by standard arguments,

Theorew 2: 7(H) is a Banach function algebra in
| {l,. 7(H) is closed under addition, multiplication, and
composition with entire functions,

Proof: Putting f(y) =exp[-i(y, 8)] in (9), we obtain
J expl=i(y, O)ld(u x v)()

=/ expl-i(y, ) dn(y) [ exp[-i(', 0)]dv(y).  (11)
If the entire function E(z) =Y a,2" then E(f) =3 @, f"
is the Fourier transform of 3, a,(u « g *-« -+ p) M (H)

if f is the Fourier transform of u /4 (H). This follows

from Eq. (11) and
%‘Oﬂn(u*u*'-' Z—}WHWH <, (12)

In the next section we see how the above definition of
the Feynman integral 7 (f) enables us to evaluate 7 (f)
for certain functionals f. The examples f that we choose
illustrate simultaneously the power and the limitations
of the definition of 7.

4. THE EVALUATION OF SOME FEYNMAN INTEGRALS

Consider first the Green’s function G(o, 7) of the
operator — d*/d 7,
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d72 Glo, 1)=056(c~ 7), (13)

{dG/d7)(0,0)=0, G(o,¢)=0. Then G(o,T)=t-0"T,
o~ T=max(o, 7). We have seen G H and for any yc H
'}/(U):(G(U, T)y '}’(T))y UC{[O,l]_ (14)

Thus, H is a reproducing kernel Hilbert space. This is
the key to the evaluation of 7(f) in the examples below.

Example 1:
fly]=exp-iay()], acRl,
To evaluate 7(f)

e[o,1?].
we observe that

flyl=J expl- i/, M duyt),
where py </ (H) and for Borel BC H

1, if aGlo, 7)€ B,
0, otherwise.

It follows from Eq. (6) that
F(f)=] expl- 5,y dus(")
#(aGo, 7), aGlo, T))]

L y(B) :{

— exp|-
#0°G(0,0)] =exp[- 3ol (t - 0)].
Example 2: f[y]=[qt exp[-iay(o)]du(a),
Jrlaw(@)] <=, <o,

We have

= exp[- (17)

= [ exp[-ily', M]duyy"), (18)

where uy</ (H) and for Borel BCH

B)= 1L(A), if BDG(o, T)A’, Borel A’CRL A=UA,
HatI =10, otherwise,
(19)
Then we have from Eq. (6)
F) =] expl- 50/, ") dugly")
=J o rexpl= 2id’ (- 0)]du(a), (20)
Example 3:
f[‘y} :f[7(00)5 7(01)! DRI V(On-l)]’ 0:(’-0 <01 SOge S O0pyg <[>
and
n=1
|d“ | < oc,

V)= J e Al (-2 apo)lau(@), |

acR"
Proceeding as above

Y=/ expl-i(y', M]du ("), (21)
where yy</) (H) and for Borel BC H

n=1

U’(A)y if BO %a‘ic(oi’ T): (00;---’0["-1)

wa(B)= EBOI‘GIA'CR"} and A=UA’,

0, otherwise.

Then from Eq. (6) (22)

FH = &

:j.aERYI exp <— %z’j,

-1
1. o
exp(— 2 .kEO a;0,G(0;,0,

JyR=

3

))du(a)

B

'

N

=3

ool - cj'ok)> du(a). (23)
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Example 4:
f=4 - [ doy---do, f,

JaE R

In this case we have

Ele exp[— i jZn;() 0117(0;)] du(a),

n+l ]du(a)j < oo,

flvt= [ expl- (v, Mldp sty (24)
where uy, </l (H) and for Borel BCH
(X)), if BD{IXZ 0,60, 7)
$(04y . oo 3 Opy Ggyunny Op)
ny(B)= € Borel A’, A’'C[0,t]"xR 1}
A=U04’,
0, otherwise,
(25)

A being the Lebesgue measure on [0, #]", (Ax ) being
the product measure on [0,£]"x R ™!, Then by definition

}(f):‘fot' . fotdoi o 'donfaele
X exp (— zi ;,éo a ot - ‘-7;'0»)) du(a). (26)

The functionals f in Examples 1, 2, and 3 depend upon
v(o) for only a finite number of values of ¢ € [0,#]. Such
functionals are usually called cylinder functionals., We
shall work with a more restricted class of cylinder
functionals than is usual.

Define the linear map w,: H— S, the step functions on
[0, ], by

jt i+ 1)t
() () =1y, ;<?< (]n ) )

@7

vy=y(t/n), i=0,1,...,n-1.

Definition 5: The space of cylinder functionals C (H)
is defined by fe( (H) iff f is defined on S, 37, such that
(fomw,) =f, where (fow,) denotes the composition
(f° ﬂn)(')/) =f[7rn7]9 and

N i
}(f) =f€R"exp ?2 [j,%‘:o ajakG(]_ri _)} d[J.(Olo, cey an-l)

(28)
exists for p defined by
f[Y] = (f°7f,,)(‘)’0, L ")/n-l)
n-1
eXp[(— 7 JZ[-\O 0;7;):]6111 (QOv ceey an-l) . (29)

Equations (28) and (29) define 7(f) when fe(C (H).

Example 5: fy]= (fon,)(y) =exp(- (i/2)yTFly ], where
F-! is real symmetric nonsingular matrix and 7

:()’Ov- .- ;Vn-l)ER" .

From the result

/ exp (— iaTy- ZE ozTFa)da

R n
(27i)"

~ Tdet(= F)]l/z eXp(2 Tri) (30)
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we have
F) =2y "[detl= A [ expl- zia (F +C)a)da,
(31)

where Gij = G@t/n,jt/ny=¢t- (t/n)(E), ,j=0,1,...,
n-1, aT=(ay,..., A second application of (30)
yields

Flexp(= ziyTF1y)]=

an-l)-

(@etG)1/2[det(F -1 + G112,
(32)
We require this result in Sec. (5).

To conclude this section we see that fe((H)U 7 {H),
F#(f) is consistently defined by Eqs. (5), (6), (28), and
(29). In later sections we denote ( (H) U 7 (H) by 7°(H)
and the above definition of 7 by 7psy. The most im-
portant application of 7,y is the Feynman—1It§ formula
given in the next section.

5. THE FEYNMAN—IT6 FORMULA
Theovem 3: The solution of the Schrodinger equation

_ 2y
2ot By

with Cauchy data (X, 0)=¢[X] = [ exp(aX)dv(a)

€ L*(R'), with a real-valued potential V[X]

= [exp(iaX)du(a); u, v being of bounded absolute varia-
tion on R1, is

(33)

$(X, t)=F[exp(- i [, VIT(n) + X]dr)e[T(0) + X]], (34)
exp(- 7 [ V[T(7) + X]d7)o[T(0) + X) € 7 (H).
Proof: The free particle Hamiltonian H,=— % 3%/3X?

is self-adjoint in LZ(R‘) on its natural domain. Because
4 is of bounded absolute variation on R!, V[X] is bound-
ed and continuous, Hence, by the Kato—Rellich theorem
H=(H, + V) is self-adjoint on the natural domain of H,
and

¥(X, 1) = [exp(- itH)$ |(X). (35)
Consider now the linear differential equation

d ,

G =-ivi, (36)

ye E=/ (L*(R"Y), L*(R!)), the Banach space of bounded
linear transformations v : L3(R') = L*(R'), where V(¢)
=exp(itH,)V exp(- itH;). Then V(t) considered as an
element of / (E, E) is a regulated function of < [0, =) ,
It follows that there is an unique solution y(!)€ E,

te [0, =), satisfying (36) and v(0)=1. ! Furthermore

y(l‘):s-limy,,(t), (37)
o
where yo=1 and v,(t)=1-i [{y,4 (") V(') dt’. However,
y(t) =exp(itH,) exp(~ itH) € E, satisfies (36) and y(0)=1
It follows that
exp(-it) =23 (i [, ... fexp[— it = L) H, |V

x exp[— i{t, = o g )Hyl - - exp[~i(ty - 1)H, |V

x exp(— it Hy)dt, - - - dt,,. (38)

Also, we have
exp(— itH,) exp (i aX) = exp(- ita?/2) expliaX) (39)
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and using the fact that V and ¢ are the Fourier trans-
forms of m and v gives in (35)

§, =2 (- z)"fﬂi\...ﬂf S

X[(t tn)(a(]

- [ exp(- %9)

C e (fy = £ (g + ay)

+t0}) expi 2 oz,de(ao) ﬂ dp(o;)dt;, (40)
Introducmg 14=0, we have
0, 0=Sir ) S
exp( 1 j':é] ¢t- tjvtk)oz,ak) exp(i g{ a,-X)dV(ao)
ij:11 du(a;)dt;, (41)
which by symmetry gives
X, t)_
—; n-1 n
ex"(? j%::o (¢~ tjutk)ajak) exp(i Z:; a,X)dV(ozo)
><]_1311 dula;)dt;. 42)

6. THE EXTENSION OF Foan

However,

FIV[T (@) + XIV[T(t,) + X] - - -

h}[ J exp( é)aﬂ"(t,))

VIT(,) + X]e[L(0)+X1]

=0

=f-f exp<_§i

Xexp(i i) a,X)d“(a,,) ces du(ao)]

H
N

{t-t, vtk)a,ak)

a
n

s k=0

Xexp(i i} a,X)du(a,,) < dv(ayg).

i=0

(43)

Therefore, from (42),

X, b = [E( ’)"fo VD) +X)dty -

t
f
0 .
and finally using Theorem 2

WX, 1) = 7lexp(~i ;' V[T(7) + X]ar)é[r (0) + X]]
We shall require this result in Sec. 7.

V[I(,) +X]dt,o[T(0) +X]]

The space of functionals 7°(H) does not contain all the functionals we are required to integrate. To enlarge the
class of integrable functionals we try to extend 7 to 7°(H) the closure of 7°(H) in the topology defined by the semi-
norms {pyhen, py(f)=1f()1. Clearly sup,cypy(f) <|lfli,. Hence the topology defined by {py},cy is weaker than
the || il, topology. We call this topology the weak topology. We do not succeed in defining 7 on the whole of 7°(H).
We define 7 by linearity and continuity on the subspace 7 (P.H). 7(P.H) contains all the functionals we require.

We define the linear map P,:H—H by

e =5[o(E) o 2, )t}

(45)
where y; =y(jt/n), 1=0,1,...,n From the reproducing kernel property ¥ y, '€ H
n=i (Y= v} i of -
' _ Yi+l )’j) (YJ+1 ;KL)_t___ P 46
(7',1’V)~j=0 /o i/n o= @', 7). (46)
Also, we have
it AN ) P
Ea =1+ (- L) - n5)) Ler<Grnl, i=0, . nen,
Evidently then P2=P,. Since P, is everywhere defined on H, the closed graph theorem implies that P, is a
projection.
Theovem 4: V={yc H:||Pyy—+ll =0 as n— o}=H.
Proof: First V is a closed subspace of H. V is a subspace because P, is linear. Let V 2y, and lly,,— vl —0 as
m = o,
”Prﬂ/_ VH = “Pr{y— Y= Poiym ¥ Vit PrYm— ym” = ”Pn('}’_ 'ym)“ + ||‘/— Ym“ + “Pnym_ )/m“' 47
Hence,
[Py =yl <2]y=val + | Parm— vall. (48)

Givene >0, 3 N, such that [y = y,ll <¢/4 when m=N. Also, 3 N(m,¢) such that || P,y,~ vl <¢/2
n= N{m,e). From (48), when n= N(N,,¢), |Pyy - vl <e. Thus, [[P,y— 1l —0asn—=, so V is a closed subspace of

H,
Let yc H. Then 3 a,, a,, 8,€R such that
d
o _g i —~0 as N—=,
lrks z
2
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where

N
Sy =a,+ 2 oz,,cos(ZT;Wr T Bns 1n(2ﬂ:T>. (49)
1
Hence, defining
¢ dyw
TN(T):—/ Sy(tydr', |v- T,,||——‘ ~ -0
T Ly

as N -+, It is not difficult to show that for each ¥ Tyc V, thus, yc V.,

Corollary:
VycH, |[Py-v[|*=@,7)-(y,Pw)—0, asn—. (50)

When f is a continuous functional on H, in the sense that (fo P,) ~f, in the weak topology, as n— <, it is natural to
define

}(f)zl,il}}}mm[f" P, (51)
whenever this limit exists.
Definition 6: The space of functionals 7 (P.H) is defined by f< 7 (P.H) iff
F(H)=lmFpunlfo Pyl (52)
exists,

Theorvem 5: 7 (H)C 7(PoH) and 7 is an extension of Fpay.
Proof: First of all 7(H)C 7(P.H). Let fe 7(H) and f(y)= [ exp[-i(y', y)]du(y'). Then

(fo PY) = [, exp[= iy, P du(y') = [ expl- i(Py', »)]du() = [, exp[-i(y", y)]du(P;ly"). (53)
Then by definition
FoaulfoPal= [, expl- 3i(v", y")du(Pily") = [, expl- 2i(Pyy’, Pay)]du(y') = [, expl- (', Poy"))dp(y"). (54)

Consider now

FoaulH)= [, expl- 5ily’, )] du ().
We have

| FoasulfoPal = Foanlh)| < [, lexpl= 3i(", Pay)] - expl- 3iv/, y)]] |dnty)| <2 f, |duG)| <. (55)
The result follows from the last corollary and the dominated convergence theorem,

Secoundly feC (H)N F(PoH)=F(f)=Fpar(f). If feC(H) then 3 n, such that f=(fen,). For any integer m
Tp° Prap=PppoTn="1p (56)
FN :1nif2 JFpanlfo Pylexists = 7 (f) ZEE Foaulfo Pl —hm Foaul(foma) e Pus}=Fpanl 1.

7 as defined by Eq. (52) clearly extends 7,y to 7 (PoH).

The above extension of 7,y enables us to integrate a wider class of functionals. One of the most important is
given below,

Example 6: Let D(1) e C[0, {) be the unique solution of ﬁ(‘r) +2p(7)D(7) =0 with p(7) € C[0, £] and 15(0) =0, D(0)=1,
D(t)+0.

Then, if

. 14
f[y]zeXp(%) f p(MA(mydr, xeR, Flfl=[pO]2 (57)
0

First of all

(f° ")(v)—eXP( 5 \)"Z-z[p,[_(mnm (7,+ (7—%>(7;.1-yj)?)sz]—eXP( 2)?("’ (‘)/j+'y,‘y,,1+y§q)%>, (58)

t/n
where pj =p(7}), for some 7} [jt/n, (j +1)t/n]. Then, using the notation y7=(yy, ..., ¥ni),
(fo P () =exp(- 3iy"F-ly), (59)
where
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bo/3 po/6 .
po/6 (Potp)/3 b6

Fl=—)\t/n : p/6 (b1 +12)/3 po/6 (60)
Pna/® (Pna+Dust)/3  Pra/6
° pn-l/6 (pn-i +pn)/3
From Example 5, using
1 1-1/n 1-2/n 1=3/n - - - 1/n]
1-17 1-1/n 1-2/n 1-3/n - - - 1/n
(. fit jt» 1-2/n 1-2/n 1-2/n 1=-8/n - - - 1/n
G.Yy=\lglZ £ )= y
(G1j) ((n w))! 1-3/m 1-3/n 1-3/n 1-3/n - - - 1/n}] 61)
Ll/n 1/n 1/n — - = — 1/n
1 -1 . . .
-1 92 -1 . . . .
. (N -1 02 -1 -
(Gﬁ-):(;) A P (62)
. -1 2 -1
-1 2
it follows that
Ffo Pyl =(detG)[det(F! + G1)] /% = (detD],) /2, (63)
where
t :
A[:;i! qj:pj+pj-1’ ]:0,1,...,71, (p-lzo)’
— ral)? A(AL)? —
1_% . _1__(6__)_1)0 . . ) . .
1o A(at)? by 2- Maqr 1- AAbpy
6 3 6
, o Manhr o MaD’g Mo’
n T8 E T s
(Dij): o o e e — o _
1o MAD by MAGay M)
6 3 6
_qo MADPay , MAb'q,
L . . . . . 6 3 _J
(64)

Determinants similar to the one above arise in the study of Wiener measure, Our evaluation borrows from the
paper of Gel’fand and Yaglom. !

Let D; be the minor of order (¢ + 1) in the top left-hand corner of D", Then we have

(Do = 205+ Dipoy) | N (Py+Ppst)
(at)? 3

for 2<k<n-1and

Dre1- AMalypy  Di=Df _ = aal@py+py) | A(al)p <3p0+4p1 ]
L 3 ’ Af 3 9 4

For fixed n we can in principle solve the above difference equations for D} ; =det(D};). However, we only require
lim, ., Dy_;. Defining D"(7) € C[0,] by D"(k‘Ai):D,'z', we see that, as n—©, D*(1) —~ D(7) where D(7) is the unique
solution of D(7) +xp(1)D(1)=0, D(0)=1, D(0)=0, D(7)< C[0,{]. Hence, if D({¥)+0,

detD?; =Dn_, —~D(), asn— =, (67)

2 2,20
pp+ M pp - (AP (65)

(68)

We conclude this section with our definition of 7 for the Hilbert space of paths, H.

Definition 7: Let G be the (n Xn) matrix in Eq. (61), P, the projection defined on H by Eq. (45) and fe 7 (P.H).
Then 7(f) is defined by
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F(f)=lim [ exp(- sia"Ga)du,(a),
oo
where L, is the complex measure

[foP )= [ exp(=ia™y)dp(@), aT=(aq,..., ),

7. THE QUASICLASSICAL REPRESENTATION
Theovem 6: Let ¢(x, {) be the solution of
2 a2
TR

T om ax? VR (70)

with Cauchy data ¥(x,0)=¢(x)€ Ly, where V and ¢ are
the Fourier transforms of complex measures of bound-
ed absolute variation. Let X, (7)€ C¥0, ] be the real
solution of

;n}.(.cl('r)_—:— g}Y[XCI(T)], TE[O, t], (71)

X, (#)=x and define the classical action S,;, corre-
sponding to the trajectory X (7), by

b t
S = %Xil(T)dT- f VX (7)]dT
0

0
Then

Yix, t)-—expzscl 7 [exp (- L /O tazv[x, (;i—)mr])m
xexp(—- (_ﬁ_) fdXy (0)1"(0)) [(%)1/21"(0)

+ Xcl (O)J]’ (72)
where

AZV[XC,, (nil)mr} = V[Xcl('r) +<;%)mr(7)J
- VXa ()]~ (;Z—)l r(n)— : —[Xa ().

Proof: The result above depends upon the transforma-
tion properties of 7 when the underlying Hilbert space
undergoes a parallel translation H>y —~y +a, fixed
ac H, Since all the functionals f involved are such that
f& F(H) we work with 7 =74,

Let

f) = [ expl-i(y', dul"
Then

fly+a)= [ exp[-i(y',v)]exp[- (', @)]dp(y").
By definition
Fy+a))= [ expl- 2i(y',y")] exp[- i(y', @)]du(y’)

=exp[3i(a,a)] f expl- 3ily' +a,y' +alduly").
(73)

|4

Hence,

7 sty o) =exsliila, @] expl- 16", 1) ]du" - a)
(14)

However, we have
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{68)

= (70’ ey Yn-l)- (69)

]
[ exp[-i(y',v)ldu(y’ - a)

= [ expl[-ily' - a,y)]exp[- ila, )]y’ - a)

=exp| - i(a,¥)] /). (75)
Thus, we have

Fry+a)l=
The equation

a2y P

at 2m ox?
with Cauchy data y(x,0)=¢

equation
172
EV[( ) X] i

P 32
at 2 BX
where X = (m/H)'/* with Cauchy data
¥, 0) = [ (H/m)!*X]. (78)

exp(3i(a, a)] Flexp(- ila, v)f(¥)]. (76)

+Vx)Y, (77)

(x) is equivalent to the

The Feynman—Ito formula then gives

Ylx, 1) =7 [e’<p(~ %— '/0-‘ V[(—f—;)mr(f)u]dr)
x¢[(£_)1/2p(0)+x]:l, (79)

We now make the parallel translation T — I' + (m/#)1/2
Xy, where 'y e Handx + T ;=X . From transla-
tional invariance

Zﬁ(x,t):exp(% (X:erclbj[GXp{- % (j:tv[(;%)”zf‘(r)

' dL, X cxd,)}

— {172
+X¢1(‘r)]a‘1 (m#) e

]
71 1/2
xo[(2)"ro+x40]| (80)
Integrating by parts, we have
f drw chl andd 2 B 24
0 @ T dr

d-Xcl‘O) FfT) aV
T

o M &

- I(0) = [Xa(n)]dr (81)

where we have used I'(f) = 0, which follows because

T,({t)=0, However,
t
dax 2
XﬂECZ[O,t]ﬂ(Xcl,Xcl)zf (—E_;_il) dar.
0

Finally, putting

t ¢
S, =f Z X (r)dT- VX (D)4,
= | R [vxamiaer

in toto,
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(82)
This is the quasiclassical representation.

In the above representation we can choose dX,(0)/dT
for convenience depending upon the exact form of the
initial wavefunction ¢. When V and ¢ are sufficiently
regular we can use the above expression to obtain a

power series expansion of ¢ in ascending powers of
571 /2
n

8. QUANTUM MECHANICS IN THE LIMIT AS# >0

We now investigate the relationship which obtains
between the solution ¥(x, ?) of the Schridinger equation

zl‘—zé*————zy-)

—- o TE Ve, (83)

with (x, 0) = ¢ (x) and the solution x =x(x,, pg, ) of the
classical equation of motion

o3V

"ar T ax

satisfying m(dx/dt)(O):po, x(0)=x,, where V and ¢
satisfy the conditions of Theorem 6 and Ve C?,

(84)

It is possible to carry out this investigation for a
variety of initial wavefunctions ¢. Here we shall re-
strict our attention to the physically important case
®(x) = exp(ipex /7)Yy (x), where p, and ¥, are indepen-
dent of 7%. In the limit as # — 0, this boundary condition
is equivalent to giving the quantum mechanical parti-
cle an initial momentum p,.

We shall assume the classical problem satisfies:

(1) The solution x =x(x,, p, ) exists and is unique for
te o, Tl.

(2) The equation x =x(xy, py, t) can be solved uniquely
to yield x,=x4(x, by, 1), £ [0, T].

(3) There is a unique X(p,,«, ¢, 7) such that

d°X 3V
73?ﬁ(pﬁsx’t17):'_';[X(pO’XQt5 Tﬂ, TE{O,S]

”l% (pl),xy t; O)ZPO’ X(p()yxytyt):x’ tE [0; T]-
{The above conditions are simultaneously satisfied for
sufficiently small 7 when 92V/9x* is bounded, %)
Evidently the above uniqueness assumptions imply

X[ pg,x0cq, 00, 1), b, T]=x0xg, by, 7) and X(pg,x,t, 7)
=x[x,4(x, P, 1), Py, 7} This last condition is used below.

Theorem T: Let (x,t) be the solution of the Schro-
dinger equation (83) with Cauchy data y(x, 0)
= exp(ipyx/ My (x). Let S, (pg,x,t) be the unique solution
of the Hamilton—Jacobi equation, satisfying

_ ~ 2
a0 =pge, (BL v+ B
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v
P (pg,x, t, )+ —-[X(po,x

so that

§c1(p0’x3 t)
tm .
:p()xo(x;pO)t)+/ EXZ(p(),x;t: T)
0
- V[X(pg,x, ¢, T1dT.

Then, if the above conditions are valid and if 7 satis-
fies a dominated convergence theorem,

11mexp[ Cl(po,x t)] blx, t)

-0
1/2
=[x (x, py, t)](%)% (¢, by, t)) ,

for f< [0, T].

Proof: Choose m
we have

exp [- %gcl(pO)x)t)] lp(x, t)

el [ vl (2) e

j\

172
i, ) +(2) r(t»]]. (85)

We then deduce

(dX,/d7)(0) =p, in Theorem 6. Then

<

lim exp [—- %gcx(i’o’x’ t)] Plx, 1)

i}
_ ( Ty
} [exp 27 f() Y (T)V [X(P(),xs{’ T)] dT)}

X iplxo e, Py, 1)]. (86)

From Example 6 we have
. i
M exp~ S (py, ) )it

:[D(pO,x)tyt)]-1/2d}0[x0(x; p01t)]a (87)
where
a*D
’T)]D(pmxrt; T):O
D(p()’x)l') 0) :1’ D(i’o,x’ t} 0)=0,

We now find D(p,, x, {, 7). The momentum P
=m(dX/d7)(py, x, t, 7) satisfies the equation
dpP

;l—;+V'[ (P, x,t, T)]=0. (88)

However, from uniqueness we have x(x,(x, pot), o, 7]
=X(p,,x,t, 7). Differentiating the last equation with
respect to x, gives

d2 ]+ \i&d < -
872 {x()(x p(}} f) 1909 ] 1—7?[ (.009)'3 s T}]
X_si[xo(xapmt)yp()a‘r]:o- (89)
Xg
Hence, D= (3x/8x4)[xy(x, pyl), by, 7] satisfies the correct

equation, D also satisfies the correct boundary condi-
tions, Therefore, using the implicit function theorem,
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(pO) x,! /):%[xO(x;pO;[):p07t]

0x -1
= [a—; &, o, t)] ; (90)
the result follows.
A simple consequence of Theorem 7 is that
. " b 2 g0 .2
];ll.l? ja | w(x; [)l dx - ‘/X(Zo.PD,‘)eld.bl Id)(xm 0)| de!
(91)

Judicious use of the principle of stationary phase yields

lim L3, 0] ap =/, [0(x,y, 0) |2 dx,.

(xqy Pgs 81 La, bl
(92)

Similar results to these were first obtained by Maslov
using an entirely different approach. 13

1t follows that if y(x, 0):exp(z'p0x/h’);b0(x) is nonzero
only in the neighborhood of some point x; then the
probability of the quantum mechanical particle being in
the neighborhood of the point (p,x) in phase space at
time ¢ will differ from zero as Z -0 only if p
= mx(xg, Py, £) and x =x(xy, Py, £). In this sense quantum
mechanics — classical mechanics as #Z—0.

It is interesting also to consider Wigner’s quasi-
probability density py¥(p, x,?). For the pure state

Y, py is defined by
pL(p,x,t)=(2m)" | exp[- s, t)olx + 3hm, t) dn,

(93)

inp)]* & —

For continuous bounded potentials V, H= (H,+ V) is
self-adjoint and exp(- ¢Ht/%) is a continuous unitary
group.

Thus, lI9llz,=Il¢ll;, and the integral on the right-hand
side of (93) is absolutely convergent ¢ ¢ L,. Formally

J e¥(p,x,tydp=|yx,1)]?,

S pt(p,x,tyax=|u(p,t))?,

but p is not positive definite. We now discuss
lim, .4 p¥ (P, x,¢) for the pure state P(x, ¢) with p(x, 0)
= exp(imyx/H), (x)

(94)

Theovem 8: Assuming the conditions in Theorem 7,
for the pure state y(x, #) with ¥(x, 0) = exp(inyx /)y, (x)
in the topology of /)’, as # —0,

|
Dg)(P,x,’f) - lll’o[xo(x, Moy t)]lz ;]% (xy770y t)’

X 5(p - 1’71)5[x0(x, Ty t)’ Mos t]),
where

X
a'r[

:x[xo, Tos t]-
T=t

Xoy Moy T ]

Pyoof: From Theorem 7

/26, )= exp(- £, m0,)) vl 1)

1/2
= Yolxgx, my, t)][%%) o, m, t)] =p!/¥(x, 1),

(95)
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pointwise, as 77— 0. We assume this convergence is
uniform, ¥ x € K, compact subsets of R. Then we have

p%”(ﬁﬁ“ %T],t> —p!x, 1), (96)
as i—0, x&K,
Let F(p,x)e/). Then we define (F(p,x)), by
(F(p,x) = [ p¥(p,x,t)F(p,x)dpdx. (97)

LCEp = e [ exP{’h[ (roox+2,1)
- §(1r0,x— Ezﬂ,t)} } p,‘,/z(x+ ?,t)

%0/ (x = 5, ) expl- in- plF(p, x)n axap.

(98)
However,
| F(p,%)08/(x +Fin/2, t)pk/®* (x — Iin/2, 1)
<z |F(p,x)|[|ont +im/2,0)| + |pplx - Im/2,1)]]. (99)

Hence,

S 1F(p,2)] |o3/? & + 7in/2, Yo}/ ** (x = Fin/2, t) | dndx dp
<2([9ll3,/m) [ | F(p,%)| dxdp <. (100)
Fubini’s theorem now gives
(F(p, 20 =@m) " [ expl(i/m)[Stry, x +1n/2, t)
= Stmy, x - 1n/2, O} E @, x)pk /2 (x + in/2, £)
xpp/ Y (x ~ Bin/2, t) dn dx, (101)

where ﬁ‘(n,x) is the Fourier transform with respect to
p of F(p,x). However,

i i
pi”<x+ f,t)p}.’z*(x- 3’7#)‘

| F(n,x)|
<%sup [(1+7)E(n,x)|
Ny %

[ipnlx + /2, 0)| + | palx = 7in/2,8)1]

1+n%) o)
and
sup |1+ D) F(n, %)
< (@n)t/? (—1%2—) sup | (1 +p2)( dfz )F(p,x)
=M< oo, (103)
Hence
| En, x)pk /26 + Fin/2, ok /* (v = lin/2, 1) |
<{M/[200 + )} | palx + /2, 1) | + [ pp(x - #in/2, )]
(104)
and
S @+n) loalx + n/2,0)| + |palx - 7mm/2, 1) | Jax
<2|9l3, [ dn/(+ 7)) <. (105)

We can then apply Lebesgue’s dominated convergence
theorem in Eq. (101). Since 3 is continuously differen-
tiable with respect to x, we have
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(F(p, 5D~ o o L)

x|plx,t)] dndx:f F[-gf (ﬂo,x,t),x]lp(x, t)| dx,

as fi—0, (106)
A straightforward differentiation yields
3s p .
'a-; (’To, x,8)= mx("’o,x’ £, 1) = mx[xo(x, Mos 1), Tos t]*
(107)

The result follows.

To see the clagsical limit of quantum mechanics we
must choose the initial data to correspond to a particle
with momentum 7, at position £,. Hence, we put |gy(v)|?
=lya(y)l?=5(y-t,), as a~0.

Finally then

]&11'{)1 I'HEKF(p’x»t = F(mx(gw Tos t)sx(EO, Moy t))v (108)
or, in/)’,
Lig\ lhiglp:’(P, %, t) = 8 p ~ mE (&g, my, £)]16(x = % (&, mo, )]
(109)

—the correct classical limit,

9. CONCLUSION

We have given here a rigorous extension of 7 the
Feynman path integral for a nonrelativistic quantum
mechanical particle moving in 1 dimension on the paths
in the path space H. This definition of 7 has enabled us
to integrate a wider class of functionals on H than was
previously possible. Further we have obtained a new
quasiclassical representation for the wavefunction solu-
tion of the Schrddinger equation for a quantum mechani-
cal particle in a continuous bounded potential Ve ct,
We have seen that the first term in a formal power
series expansion in (5/m)!/? in our quasiclassical
representation corresponds to the correct classical
mechanical limit of quantum mechanies as #/m — 0.
When the potential Ve C?, this classical mechanical
limit will be attained as #/m — 0, if 7 obeys some sort
of dominated convergence theorem.

It is clear that the above ideas are easily generalized
to a nonrelativistic quantum mechanical particle in n-
dimensional Euclidean space. In this connection we
expect 7 (P.H) will at least include enough functionals
to enable us to treat the quantum mechanical an-
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harmonic oscillator (see Example 6). Whether this
treatment will generalize to a quantum mechanical
particle free to move in an n-dimensional Riemannian
manifold is, however, not clear, !* The definition of our
projection P, in terms of the reproducing kernel G of
the Hilbert space H and subsequent definition of 7
critically depends upon the beautifully simple form of

G for a free particle in Euclidean space. I’ It is hard to
imagine, except in very Special cases, that the corre-
sponding kernel for the Hilbert space of paths for a
particle in a n-dimensional Riemannian manifold will be
so simple,.
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The problem of quantization in the phase-space formulation of quantum mechanics is considered. An

integral equation for the phase-space eigenfunctions is derived which is equivalent to the standard

eigenvalue equation for a quantum mechanical operator. A differential form is also given. A variational
principle is derived for quasiprobability distributions. It is shown that the expected value of the classical
Hamiltonian calculated with a trial quasiprobability distribution will be greater than the ground state
energy only if the distribution is chosen from a certain class of functions. The notion of y-representability
is introduced to classify these functions. They represent distributions which correspond to possible quantum

mechanical states. Also, a general relation is given between different distribution functions.

1. INTRODUCTION

The phase space formulation of quantum mechanics
has been used advantageously in a nhumber of different
fields. The basic idea is to calculate expectation values
via phase space integration rather than through the
operator formalism of quantum mechanics. The phase
space most commonly used is that of position and mo-
mentum where both are considered as ordinary variables
rather than operators. To accomplish this one intro-
duces a probability distribution function F(g, p) and a
classical function H{q,p) such that the quantum mechani-
cal result!

(H) = [ $*HY, (1.1)
yields the same value as phase space averaging
)= [ [ Hg,p)Flg,p)dpdp, (1.2)

where H is the quantum mechanical operator correspond-
ing to the classical function H(g, p).

The probability distribution function has to be chosen
so that it yields the correct quantum mechanical margi-
nal probability distributions of position and momentum,

S Fla,pyap= v, (1.3)
[ Flg,p)dg=|o(p)|*. (1.4)

As F(g, p) does not, in general, behave as a proper
probability distribution (e.g., they may be negative or
imaginary) they are often called “quasiprobabilities.”

An explicit formula for the set of all possible distribu-
tion functions which satisfy Eqs. (1.3) and (1. 4) has
been given by the author, ?

F(Q,P)Zé{ fff exp(—i8g — iTp + i6u)

XF(6, ) P*(u - $77) Plu+ 37TH)dO dTdu, (1.5)
where f(0, 7) is any function satisfying
50, 7)=f(p,0)=1. (1.6)

There have been many particular distributions given.
The most commonly used distribution is that by
Wigner, 3

Flg,p)= 2—; f P*g - 377) exp(- iTp) Ylg + 3TR) dT
(1.7)
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which can be obtained from Eq. (1.5) by taking £(6, 7)
=1, It can be derived by using the Weyl rule of
association, 45

Another commonly used distribution is the case where
f(6, T)=cos187h. It was given by Takabayasi® [but not in
the form of Eq. (1.5)] and the unsymmetrized version
[f=exp(3i67%)] was used by Von Roos’ to study quantum
plasmas. Margenau and Hill? and Mehta® have derived
this distribution by using the symmetrization rule of
association.

To insure that Eq. (1.1) and (1. 2) yield the same re-
sult the following relationship must hold between the
quantum mechanical operator H and the classical func-
tion Hig, p):

H= [ [ 76, )6, 7) explifq + iTp) d0 d7
= [ [ exp(i67%/2) v(8, 7)£(6, 7) exp(i6q) exp(iTp) d6 dT,

(1.8)
where

7(9,7):4—172 /_/ H{q,p) exp(~i6q ~ i7p) dq dp. (1.9)

The problem of formulating the quantization problem
in the phase space representation has been considered
by a number of authors. Moyal® has derived an equa-
tion, for the case of the Wigner distribution, which the
phase space eigenfunctions must satisfy. In the next
section we present a simple and straightforward formu-
lation of the quantization problem for an arbitrary quasi-
probability distribution.

In Sec. 3 we derive a variational principle in the
phase space formulation similar to the one in quantum
mechanics. It will be shown that not all trial functions
are acceptable,

Before proceeding we show how different distributions
are related to each other. Suppose we have two distribu-
tions Fy(g, p) and F,(g, p) characterized by £,(f, 7) and
f2(8, 7). The moment generating function® is defined by

M@, )= [ [ Flq,p)expl(ibq +itp)dg dp, (1.10)
and from Eq. (1.5) equals
M8, T)=£(0,7) [ *(u- $7h) exp(iBu) Y(u + 1Th) du.
(1.11)
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Hence, for two different distributions

M@, 1) M6, 1)
f10,7)  f£(8,7)°

or in terms of the distribution

(1.12)

qu,p):f;; ]{1(%;—’—:7) exp(if(g’ - q) +iT(p’ = p))

xF,(d,p')d6 drdq dp’

which can also be written as

=1 2) /(i) e,

(1.14)
For the case of F, being the Wigner distribution and
fi=cos387h, this relation has been previously
derived, 6 7?

(1.13)

We further point out that, in general, different cor-
respondence rules give different quantum mechanical
operators. 1 That is, for a given H(g, p), different
choices of f(8, 7) will lead, using relations (1.8) and
(1.9), to different H. In the case of where H(g,p) is the
sum of functions which are only functions of ¢ and p,
then the same H will result. Two different H(g, p)’s
lead to the same H if their Fourier transforms are re-
lated by

¥41(8, 1) f1(8, T) =¥,(6, T)£,(0, 7),
or

(1.15)

1 6
wan =g | L8D m,m)
Xexp(i0(g — q') +iT(p - p')) d6 dTdg’ dp’.
(1.16)

2. QUANTIZATION

For the Wigner distribution Moyal® has introduced
phase space eigenfunctions to formulate the quantiza-
tion problem. For a general quasiprobability distribu-
tion these eigenfunctions are defined? as

Ruml@, p) = 4—1"2 f exp(- ifq — itp +i6u) f(8, 7)

X @¥(u - 37H) @ (u+ 37TH)d0 AT du, (2.1)

where ¢, is a complete orthogonal set, The %,,’s are
then also a complete orthogonal set in the space of ¢ and
p and satisfy the following relations??:

' 1
f/ BB Aq dp:ﬁ 6,;"' 5,,,,,{, (2.2)
) 1
r%nl hnm(qhb) hnm(q’>p’) = ﬁ 6(q = q') 6(p _Pl): (2- 3)
[ honla,p)dgdp=5,,, 2.4)
1
@ hm(q,P) = 5 - (2.5)

To obtain the equation which the eigenfunctions must
satisfy we shall start with

Ho,=Enfn (2.6)

and convert it into an equation for #,,. For clarity and
simplicity of algebra we first treat the case of f=1 and
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then use Eq. (1.13) and (1.15) to obtain the equation for
the general case.

Substituting H as given by Eq. (1.8) (taking f=1)
into Eq. (2.6) we have

S [ exp(i6T/2) ¥(8, 7) explifq) ¢,(q + T7) = E, 0, (q).
2.7)

Letting ¢ go into g + 37'h, multiplying by exp(—iT’p) ¥
(g — 37'1), and integrating with respect to 7’ , we have

f exp(i8(7+ 7/) 1/2) (8, 7) exp(ibq - iT'p) ¢¥ (g - $7'7)
X@ulg+ 37 H+TH)d0dTdT =27 E, honlq, D),

(2.8)
but from Eq. (2.1),

X (%) @uly) = [ expli(y —x) p/B) houllx +y)/2,p)dp (2.9)
and substituting into Eq. (2.8) we obtain
[ expl4i87i+ibg +itp’ +iT'(p' - p + $0M)1¥(6, T)
Bumlg + 277, p") A0 AT dT" dp’ =27 Epyhylg, p).  (2.10)
Integrating with respect to 7/ and then p’ yields
[ ] 78, 7) explibq + iTp) hymlg + 577, p - 56K d6 dr
=E hanlq, p). (2.11)

Using relations (1.13) and (1.15) the general case can
now be derived. It is

S [ Klq, p; 2, 9) Romx, ) dx dy = E  hpnla, ),

where

(2.12)

y(8, 1) £(8, T)F(8’, T')
fe+o8,7+7')

1
K(qsp;xs y): EZ /
X expli6’(q - x + 37H) = i7" (p +y — 36%)]

X exp(ifx +iTy)d6dTdo’dr’. (2.13)

This can also be written as an operator equation
. 0 . 0 .38 ., 90 .09 .0
-l , =l i+l i +i+—
f( oqy’ aPﬂ) s < oq 8qy’ 8p BPH)

8\ .9 L. 0
X[f(l@,la—pﬂ H(q*‘%z@m—iza—q)

xhnm(q7p):Emhnm(q7p)° (2.14)
For the Wigner case,

. 0 .0
H(q+%7'_65 ’.D_%la_q) hnm(q’p):Emhnm(q;p)v (2.15)

Moyal’s® equation, for the case f=1 can be obtained
from Eq. (2.11) or (2. 15).

Eq. (2.14) can be considered as the quantization
equation in the phase space formulation analogous to the
operator equation, Eq. (2.6). It is likely that for par-
ticular problems, solving Eq. (2.14) with a judicious
choice of f may be simpler then solving Eq. (2.86).

We now give a procedure for obtaining the state func-
tion when a phase space distribution is given. In the
case of a phase space eigenfunction one would take
Flg,p)=h,n(g,p). It can be readily verified, that up
to an arbitrary constant phase factor, the state function
is given by
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1
lb(q) = ZTTR(QO)

fo(x,y) expli6{x - (g +q0)/2)+ilg - q) y/%]
f(e, (q = QO)/ﬁT

X d6 dxdy, (2.16)
where
R¥(q,) = [ Flqq,p)dp,

and ¢, is any number.

2.11)

3. VARIATIONAL PRINCIPLE

The variational principle of standard quantum
mechanics states that for any normalized wavefunction
the expectation value of the Hamiltonian is greater
than or equal to the ground state energy, E,,

@[H|4)>E,. (3.1)

We now ask whether the expectation value of the classi-
cal Hamiltonian obtained via phase space integration us-
ing an arbitrary equasiprobability distribution F{g, p)
also satisfies

[ [ Hig,p) Flg,p)dgdp> E,.

In general, Eq. (3.2) is not true for an arbitrary
F(g,p), but if one choses an F(g, p) from a certain class
of function (discussed below) then indeed Eq. (3.2) holds
for members of that class. We call such functions ¥
representable, ¥ representable distributions are those
which can be obtained from some quantum mechanical
state function. If a distribution is not § representable
then there exists no corresponding quantum state and
the use of such an F could lead to erroneous results.

(3.2)

We note that we are considering the full N-body dis-
tribution function. A much more difficult, and as yet
unsolved problem, is to determine the conditions a
reduced distribution must satisfy if it came from a
proper N-body quantum mechanical distribution. In the
density matrix formulation this problem is known as
N representability, 1

Since Egs. (1.1) and (1. 2) give the same results if
Eq. (1.5) holds, it is clear that an F is ) representable
if there is some function P(x) so that indeed (1.5) is
satisfied. Otherwise there is no quantum state. In
particular, from Eq. (1.5) we have that

_ 1 [F(g,p)expli6lg - (x+)/2) +i(y - x)p/%]
P ) d(y) = ~2—"f 78, (y - x)/2)

Xdé dq dp. {3.3)

Hence, to test whether a given F(g,p) is ¥ representable
one may evaluate the right-hand side of Eq. (3.3) and

examine whether the result can be written in the form
*(x) ¥(y) for some function ¥. For the Wigner distribu-
tion, Eq. (3.3) becomes

W) ¥(y) = [ Flx +9)/2, p) expli(y - x) p/F)) dp.
(3.4)

Of course, once it is established that F is ¥ repre-
sentable it is clear that (3. 2) follows because (3.1) is
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true and Egs. (1.1) and (1. 2) give the same answer. But
to illustrate more clearly where the breakdown occurs
if F is not ¥ representable, we give a derivation of

(3. 2) totally within the phase space formulation. We

use the eigenfunction equations derived in Sec. 2.

Expanding F(g, p) in terms of the eigenfunctions we
have

F(q,0)= 2 Annlund, ), (3.5)

Ann =277 [ Flg, ) iinlq, p) dg dp. (3.6)
If F(g,p) is normalized to one, then using Eq. (2.5),

S Flg,p)dgdp=1=23 Am. (3.7)

Operating on (3. 5) with the integral operator as defined
by Eq. (2.13) and integrating with respect to g and p,
yields

1 ¥(0, ) (6, 7) (6, 7))
=y

oy e Rl +eNxti(TT)y]

x exp[~ i0’(q + 37H) - 7' (p - 30R)]d6d6’ dTd 7’ dx dy dqdp

:; E A, (3.8)
Using Egs. (1.8) and (1.5), this becomes
ffH(q,P)F(CI:P)dqu=E EnAm' (3-9)

For an arbitrary F(q, p) the A,,’s could become nega-
tive and the variational principle would not follow. But
if F(g,p) is of such a functional form that it can be ex-
pressed in the form given by Eq. (3.3) for some ¢, then
indeed the 4,,’s are always positive,

Am=p [ -390 + 3 ola - 17

oX(g +57'%) exp(— (T~ T)p)dTdT dg dp

=| [ ¥(g) v}(q)dg|*>0. (3.10)
The usual arguments therefore lead to Eq. (3.2).

4. CONCLUSION

The main reason for the use of the phase space
formulation is that very often it is mathematically
easier to use than the operator formalism of quantum
mechanics. Also since the formalism is “similar” to
that of classical phase space it very often suggests
methods of approximation or expansion used in classi-
cal mechanics. This is particularly true in the applica-
tion to quantum statistical mechanics. We have shown
that one must be particularly careful in assuming ¥
representability of the distribution function, Also, as
mentioned previously it is possible that in certain cases
the quantization problem may be more tractable if one
attempts to solve the eigenvalue problem in the phase
space formalism. Since the phase space expectation
values are sometimes easier to carry out in the opera-
tor formalism, the variational principle may possibly
also be applied to real problems with profit,

In conclusion we would like to give a simple problem
illustrating ¥ representability. Consider the estimation
of the ground state energy of the harmonic oscillator
using the trial function,
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—

v2
Fi(q)p) = ;r% exP(— 0‘2112) - g?za—fpz; (40 1)

where @ is the parameter to be varied. Calculating the
energy with the classical Hamiltonian,

<H)=ff (p*/2m + 3mwiq®) Fylq, p) dq dp

1 [ mw?  n? 2]
= Z [7 + % [+ . (4. 2)
Minimizing with respect to a yields
at =2wtm?/n?, (4.3)

and substituting into Eq. (4. 3) we have for the estimated
ground state energy

1/V2 Lhw,

which is lower than the ground state energy of the
harmonic oscillator.

(4.4)

The reason for the failure is that F,(g, p) is not ¢
representable, It is straightforward to show that for
F,(g, p) there does not exist any function ¥ such that
Eq. (4.1) is satisfied. Moreover, as can be readily
verified, the A,,’s are not all positive for this case,

On the other hand, if we consider the trial function
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Fylq, p) = (@B/7) exp(- a’q?) - 2, (4.5)

then direct calculation of the right-hand side of Eq.
(3. 3) shows that ¥ representability forces us to take

B=1/Fa. (4.86)

F,(g, p) now yields the correct ground state energy.
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The prolongation structure method of Wahlquist and Estabrook is used to determine a generalized inverse
scattering problem for the equation u, =u,, +6(uu,), + U, which describes the motion of shallow-water
waves under gravity. The relevant Gel’fand-Levitan equation is solved for the single soliton solutions.

1. INTRODUCTION

Since its original discovery by Gardener, Green,
Kruskal, and Muira! the inverse scattering method has
been considerably developed. There are now over a
score of physically significant equations for which exact
solutions can be determined by the method. The search
for such equations and inverse scattering problems con-
tinues and recently Wahlquist and Estabrook? introduced
a new approach to the determination of such problems.
The examples considered by Wahlquist and Estabrook
led to the standard Schrodinger equation form of the
inverse scattering problem. In this paper, we wish to
show that their method can be used to determine alter-
native generalized eigenvalue problems of non-
Schrodinger type which we will refer to as generalized
inverse scattering problems. We will consider the
equation

Sy T i () + 3 (un,), =0. (1.1)

The numerical values of the coefficients can be
altered by scaling of both dependent and independent
variables. Qur choice is that taken by Zakharov and
Shabat?® in an alternative approach to the same problem.

If we introduce U% 4 - L and 7=4/V31, the equa-
tion becomes

U,-U,-U

XXXX

-6(UU,). =0 (1.2)

T

which describes the motion of shallow-water waves
under gravity.! For details of the prolongation structure
method, which involves the theory of differential
forms,® we refer to Wahlquist and Estabrook. ?

2. THE ASSOCIATED SET OF FORMS

If we introduce the notation

u, = p, 2.1)

pe=7, (2.2)
and the potential w defined by

we=—3 U, , 2.3)

w, =3 (U, + + 6(un,) = § (7, + 6up) (2.49)

then Eqs. (2.1)—(2.4) are completely equivalent to the
higher-order equation (1.1). These first-order partial
differential equations can be associated with the set of
2-forms ay, a,, aj, @, defined by

ay=durdt - pdxrdl, (2.5)

1867 Journal of Mathematical Physics, Vol. 17, No. 10, October 1976

oy =dpAdt - rdxndt, (2. 6)
ay=durdx - §dwAdt, (2.7)
a,=dwhdx +Fupdxndt+ 5 dvadt. (2.8)

These 2-forms comprise a closed ideal and conse-
quently by Cartans® theory are completely equivalent
to Egs. (2.1)—(2.4). ¥ &; (i=1,...,4) are the forms
obtained by sectioning into a solution manifold of
(2.1)—(2. 4) then

§,=0 (i=1,...,4).

The method proceeds by seeking sets of #» 1-forms
QF=dt*+ F*dx + GFdt (k=1,...,n) having the property
that the prolonged ideal (ay, a,, as, a4, QL ..., 0" is
closed. This means that we must be able to find a set
of n* 1-forms 7% and a set of 4n functions % such that

(2.9)

aQk = ﬁ‘{ fria, + 21 niA Q. (2.10)
That requirement leads us to the equation
- pGh—vGE+ Gup) Ft +|F, GF =0, (2.11)
where we have introduced the notation
[F, G = (F'Gki - G'F*.,i) (2.12)

which has all the normal properties of a Lie bracket.
For notational convenience we will cease to show the
suffices on F and G and related quantities for the re-
mainder of this work.

General consistency requirements on Egqs. (2.10)—
(2. 11) show that F and G must have the forms

F =X+ uX, + wX; + 4uwXyy +utX,,, (2.13)
G =X, +uXs +ulXg - fwX, + pXy+ 57X,
- 20t Xyy — SuwXs +urXy, + 20Xy, - 5 pPXy,.
2. 14)

For the purposes of this paper we do not require the
most general form and for simplicity put X,y =X;;=0.
Substitution of (2.13) and (2. 14) into (2. 11) then yield
the Lie bracket relations

[Xi’ XS] :X53

[, Xg] =2, - $X;,

[Xb X4] =0,

[X;, Xe]=0, (2. 15)
Copyright © 1976 American Institute of Physics 1867



(x5, X51=0,
(X3, X1 =0,
L%, X;1=4x,,

together with the relations
Lxy, X5 ]+ (X, X, 1=
lxy, X1+ [, X51=
(X5, X4 ) =3 [Xi,xz]

(2.16)

In order to determine a representation of this alge-
braic structure we will complete it into a Lie algebra.
First we note that some simplification results if we
make the identification

Xo=lX, (2.17)
which is consistent with the existing relations (2. 15).
We introduce new generators X, and Xy; defined by

(X1, X5 1= Xy, (2.18)

(X, X5] =Xy (2.19)

in order to simplify the constraining relations (2. 16).

If we then ask that (X, X,, X3, X;, X5, Xg, Xq0, Xq1) close
under the Lie bracket operation to form a Lie algebra,
we find that when k=9/16 this is possible and the follow-
ing algebra results

lxp, Xy l=Xyg,  [Xq, X5]=4X,
Xy, X5l =Xy, [Xy, X5] =X,

LXy, Xyol =Xy + 3uXs,  [Xy, Xyy)=2X, - 30X,
Xy, Xy == Xy, X, Xs)= - §, [ X, X5]= - §X3,
1Xy, Xyl = - 5%, [0, Xyy)= - 2,

[X, X3 ) = - 55, (2.20)

Xy, Xyl =
KXoy X, )= 4X,,, [X,Xl=-
3924 109 3510
A“‘X{}J:_Suxm I-X47Xg]:'%“'x3_%X19

-3, X, Xyl=-3X;,

%XB, [XS!XH] :XZa

Xﬁ»Xv,] = ~1in, I-stXu]: - iX1 - %Xa’

16

Xy Xppl =~ 1 X,

L

|

L

X, X, J=3x,-3X,, lx, X, ]l=-3uX,,
L

[ (X, X, )= = §X,,,
[

with all other bracket relations zero. The constant p

is arbitrary and so we have a single parameter family
of Lie algebras associated with our original equations.
We will see shortly that p is the eigenvalue in an in-
verse scattering equation which can be associated to the
equation.

3. ATHREE-DIMENSIONAL REPRESENTATION

We can determine the following three-dimensional
representation of the algebra:

Ny w = pEYDy = (2 + £5D,),
Xy = 1 (£, + £2b3),
Xy =4y,
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= %, + p(£%, + £%by),
X5 =5(E', + £3b5 - 2£%0,),
Xy =15 (ED, - £7By),
Xy9=1(E" - £%Dy),
Xy3 =13 (8%, - £%by),
where b; =3/2&%,
The corresponding Pfaffian forms are
Ql=de! - ghdx + (80 + Juth) dt,

QF=dE? - (87 - JutV) dx - (Gut® + [(w - 1) - ipl £N at,
(3.2)
QP =de3 + Cut? + (w— p) 1) dx
+Gr+ Ju?) £ - (- p+ 1 p) €2 + Jutd)]dr.
On a solution manifold of the prolonged ideal
(o, @y, ag, oy, QF, 02, Q%)
Q=P ==y, (3.3)
which yields the equations
£=£, (3.4)
£z g% - Jukt, (3.5)
= dutt — (w- p) £, (3.6)
E=— &= futl, 3.7)
El=gut®+ (w-p - §p) £, (3.8)
Ei=— (v + ) £ + (w - o+ 3 p) £F - Juet’. (3.9)

Eliminating £* and £° from (3.4)— (3. 6), we obtain
the equation

£+ Sutl+ Gu, + w) 1 = pgl, (3.10)
If we couple this with Eq. (3.7) which can be written
E+ L +ut! =0, (3.11)

then these two equations (3. 10) and (3. 11) specify a
generalized inverse scattering problem associated with
the original equation (1,1).

4. THE GELFAND-LEVITAN EQUATION AND
SOLITON SOLUTIONS

The Gel’fand-Levitan equation appropriate to this
generalized scattering problem is

F(x,s|t)+ K@, s|t)+ |7 Klx,p|t)F(p,s|t)dp=0,

(4.1)
where F(x, s t) is a solution to the equations
3¥F
W(x,s\t)+ (x,sit 0, (42)
?*F
F(x,slt)+ F(x,s|t P S5 Flx,s|t)=0. (4.3)

The solution function u(x, t) of (1.1) is related to the
kernel K(x,s|¢t) by

u(x, t)=2—£—CK(x,xlt)- 4. 4)

Hedley C. Morris 1868



A solution to (4, 1) and (4. 3) is given by
F(x,s|t)=aexp[-q(x - ws) - ¢*(1 ~u?) t], (4.5)

where «, g are constants and w is a cube root of unity.
We will assume that w#1 as w=1 leads to the trivial
zero solution for u{x, ¢).

Substituting this solution (4.5) into (4.1), we easily
obtain the following form for the kernel K(x,s|t):

- aexpl-glx—ws)—g*(1-u?) t]

Kix,s|t) = M+Ja/g0-w]exp[-g-w)x~g* 1 -u?) t]"

{4.6)
This gives
~ @ exp(= Q&)
Koyl 0= | T3 o e ) ®.
where
t=x+[(1+w)/(1-w)] Qtand @=4q(1 - w). (4.8)

Hence, we obtain
4 [ @ exp(- Q¢) ]
dx L1+ (a/Q) exp(- Q&)

_ __20Qexp(-Q¢)
T [1+(a/Q) exp(- Q)" 4.9)

u(x, t)=-2

If we define 7 by

a/Q=-exp(- Qn) (4.10)
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then we can write (4.9) as

ulx, t)=3Q° sech?3Q(t +n). (4.11)
As w is a cube root of unity
(1+w)/(1-w)=@icotn/3)=+iNT¢
and so the single soliton solutions are
ut(x, t) =2Q sech’3Q[(x + (i/V3) Qt) +1). @.12)

The inverse scattering problem for Eq. (1.2) is ob-
tained by making the substitutions U=« -}, 7=¢/V3
into (3.10) and (3.11). An almost identical solution to
the relevant Gel’fand-Levitan equation gives the left
and right propagating soliton solutions

U*(x, t) = 3@* sech®*3Q[ (x + Q(1 + Q*7)1/2)],

Similarly, using the linear suposition of the solu-
tions for the kernel F(x,s), the N-soliton solutions
previously determined by Hirota® may be easily
obtained,

{4.13)
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Prolongation structures and nonlinear evolution equations in

two spatial dimensions

H. C. Morris
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The prolongation structure approach of Wahlquist and Estabrook is used to determine nonlinear evolution
equations in two spatial dimensions for which an inverse scattering formulation exists. The equations of
nonlinear wave—envelope interactions and the Kadomtsev—Petviashvilli-Dryuma equation are considered

in detail.

1. INTRODUCTION

The success of the inverse scattering method in solv-
ing many two-dimensional problems of physical signifi-
cance is by now well known. It is natural to wonder
whether those equations which have been treated are
capable of generalization to three or more dimensions
in such a manner that a generalized form of the inverse
scattering method may be applied to them also. Recent-
ly the prolongation structure method of Wahlquist and
Estabrook! has shown that the study of certain ideals
containing differential forms related to a nonlinear
evolution equation is capable of determining the inverse
scattering problem relevant to that equation, should it
exist. The prolongation structure approach seems a
natural one to use in order to extend existing results
into higher dimensions. The purpose of this note is not
to provide an exhaustive or general study but to illu-
strate with specific examples the ease and relative sim-
plicity with which the method can do this without ex-
hausting its generality. In Sec. 2. we discuss the gen-
eral method and derive our basic equations labelled
(2.7), (2.11), and (2.12). We then continue in Secs. 3
and 4 by showing how these equations can provide in-
verse scattering problems for the equation of nonlinear
wave-envelope interactions in two spatial dimensions®?
and also the Kadomtsev—Petviashvili—Dryuma®® equa-
tion. We note that a reverse procedure starting from
the inverse scattering equations rather than the non-
linear evolution equation, and therefore complimentary
to our own, has been recently published by Ablowitz
and Haberman, ¢

2. EXTENDING AN EXISTING PROLONGATION
STRUCTURE

Let us suppose that we have a two-dimensional evolu-
tion equation which can be expressed in terms of a
closed set of 2-forms {o,;}, i=1,...,N, which possess
a linear prolongation structure {ai, QB}, i=1,...,N,
B=1,..., M, in which the 1-forms Q® are expressed

M

QF = 2, (F% dx +GE at) ¢ +dg®.
a=1

2.1)

This means that there exist MN function f* and M*?
1-forms 7%, such that

N M
dQB:i};, _fBioszZJ1 78, A Q. (2.2)

Some of the forms {ai}, i=1,...,K, essentially define
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the variables needed to reduce the nonlinear evolution
equations to a set of first order partial differential
equations. An example of this is ay=du/Adf - pdx A\dt
which defines p to be u, in the sectioned ideal. We will
refer to these forms as linearization forms. The re-
maining forms {0}, j=K+1,...,N, express the origi-
nal equation directly and we will refer to these as the
dynamic forms of the ideal. When we consider a higher
dimensional form of an evolution equation, there will
generally be additional linearizing forms and the dynam-
ic forms will be modified by additional terms. In this
paper we will consider the simplest possibility. This
is the situation in which no additional linearizing forms
are introduced by the generalization but simply modifi-
cations to the dynamic forms. This means that no
derivatives of degree higher than one in the new spatial
variable y will be present in the generalized equations.
Thus the generalization we consider can be expressed
by the linearizing forms

a;=o;Ndy, i=1,...,K, (2. 3a)
and the dynamic forms
a,=a;Ndy+8;, j=K+1,...,N, (2. 3b)

where the §; are a set of (N— K) 3-forms. Consider
the 2-forms §° of the form

M
QP=0fAdy + El HP, " dx/N\dt
r=

&£
+ z{ (A%, dx + B%, dO)A\dL7, (2.4)
7=
where A and B are constant (M X M) matrices, It is
easily shown that
— N —_— M —
dQB:E £+ 20t AR, (2.5)
k= r=1
provided that the matrix H is given by
H=GA-FB (2.6)
and
N .
21 788, =(dGA - dFB)t|*AdxAdt. 2.7
i=K+

If we section §2° into a solution manifold of the original,
we obtain

¢, =— Ft - AL,,
£,=- Gt - BL,,

(2.8)
(2.9)
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(2.10)

For consistency these equations require that for A
and B to be nontrivial

(4, B]=0,
{G,Al+[B,F]l=0.

AL, - B, =—HE.

(2.11)
(2.12)

Each nonlinear solution of Egs. (2.7), (2.11), and
(2. 12) yields a possible generalization of the original
equation.

3. THE NONLINEAR WAVE-ENVELOPE INTERACTION
EQUATIONS IN TWO SPATIAL DIMENSIONS?>3

The nonlinear wave—envelope interaction equations in
one spatial dimension can be written in the matrix form

Nt:(aMx+[aN’N]9 (3. 1)

where N is an (nXn) matrix and (eN);; ' o,;;N,;. An

equivalent set of closed 2-forms are 6;; given by

0;;=dN;; Adx +d(aN);;Ndt +[aN,N;;dx Ndt.  (3.2)
The 1-forms , defined by
n n
Qk:_Z; (B = N}y &y = 25 (@N)L ydt +dy, (3.3)
7= =

where E is an arbitrary diagonal constant matrix pro-
vide a prolongation structure for Egqs. (3.1).

Equations (2.11), (2.12), and (2.7) become in this
case

[A,B]:O, (3'74)
[aN,A]+[B,N]=0, (3.5)

M:

Br;=23 AN /NAxN\QHB,,; - 0y, Ayy). (3.6)

i
-

2

From Eq. (3.4) we see that both A and B can be simul-
taneously diagonalized. We therefore satisfy (3.4) by
taking

Aij:a ]

:0;; and B;;=5,5;,. 3.7
If we substitute these into (3.5), we obtain the equation
Nifag(a, - a;) +(b; -b,)) =0, (3.8)

which we can satisfy by choosing the diagonal elements

of A and B so that |
000 TduNdx Adt, 0,

0 0 0|8,=|(dpdw)Ndx/Ndt, - SduNdxN\dt,
100 (%dv+-§-udu)/\dx/\dt, —($dp +dw) Ndx N\dt,

This equation has many solutions but they all lead to the
same form for B, which is

By=%duNdxNdt.

The set of forms @, &,, &,, and &, =a,Ady
+3 du Adx Adt corresponds to the equation

(4.7

%(utt + uxy) + i(uxxx + 6uu,), =0,

which is the Kadomtsev—Petviashvili—~Dryuma equa-
tion. A pair of matrices which yield this 3-form and
also satisfy Eqs. (2.11) and (2. 12) is
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a;,=(b;-b)/(a;—a,). (3.9)
Equation (3. 6) becomes

By;= (b, — @;a;) AN, ; Adx Adt. (3.10)
Therefore, the generalization we have obtained is

N,=(aN),+ (yN), +[aN, N], (3.11)
where

Yiy=(b; - a;a,). (3.12)

If we choose E= - AC where C is an arbitrary constant
diagonal matrix, the sectioning of the forms Q, gives
rise to the inverse scattering problem

¢, - Nt =1CE,
£, - aNg{=0.

(3.13)
(3.14)

4. GENERALIZING THE BOUSSINESQ EQUATION
TO THE KADOMTSEV-PETVIASHVILI-
DRYUMA EQUATION 43

It has been shown’ that the forms Q!, 9%, ©° defined
by

Q=art - Edx + (&% + tuld) di, (4.1)
QP =dt? - (€% - Jutl)dx

- [3ug® + (w- p - L p) ctldt, (4.2
P=a¥ +[Fut? + - ) Mdx + [3r + L)) !

- (w—p+5p) £+ fut’]dt (4.3)

provide a prolongation structure for the Boussinesq
equation

T+ YUy + 3 (uu), =0 (4. 4)
expressed in terms of the forms
ay=du/N\dt - pdx \dt,
oy =dpAdt-rvdxNdt,
ay=duNdx - § dw/\dt, (4.5)
o, =dwAdx + updx Adt+ LdrAdt.
In this case =3 and ¢, is the only dynamic form,
Equation (2. 7) now becomes
0 0 0 0
0 A-|iduNdxN\dt 0 0} B.
sduNdxN\dt dwN\dxAdt, jdulNdxAdt 0
(4.6)
I 000 000
A=31000{, B={1 0 0{. 4.8)
100 010

With this choice of A and B Egs. (2.8) and (2.9) become

=g (4.9
Q=3 - tugt, (4.10)
gi=~Fut®~ (w-p) ¢t -3¢, (4.11)
th=- 1%~ tutl, 4.12)
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G=tul+w-p-3p" -8}, (4.13)
== Gr+ )+ w-p+ipP-ful® -2 (4.14)

Equations (4.9), (4.10), and (4, 11) together with (4. 12)
yield the equations

38+ L + 3 utl+ Gue+w) 1= et (4.15)
£+ L +utt=0, (4. 16)

which provide an inverse scattering equation for the
Kadomtsev—Petviashvili—Dryuma equation.
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It is shown again that path-integral quantization has no preference for any particular ordering rule for the

Hamiltonian.

I. INTRODUCTION

It has recently® been claimed that the Weyl corre-
spondence rule has a special role to play in Feynman
quantization, In particular it is said that Feynman’s
postulate (that each path in phase space contributes an
amount to the phase equal to the action) is entirely equi-
valent to using Weyl’s rule in constructing the quantum
Hamiltonian, The purpose of the present paper is to
examine this statement,

Phase space functional integrals have a reasonably
large literature which we do not wish to fully detail
here. Some important references will be found in our
earlier works, 2™

The calculation which we wish to discuss further here
is contained in Ref. 2. There, following Tobocman,
Klauder, Katz, Rosen, Martin, Garrod and Arthurs, a
phase-space integral for the propagator of Schrédinger’s
equation,

d
-9 _ 1
i~ Hy=0 (1)
was constructed. The point of the calculation was to
extend the work of the above authors by incorporating
the ideas of Cohen, *® on operator ordering.

1l. DERIVATION OF PHASE-SPACE PATH INTEGRAL

The calculation is essentially straightforward, and so
we only give the bare bones. The propagator
@”,t"1q’,t") is written, in standard fashion, as a folding
of many short-time propagators, {q;,1,%.11¢::%) (i
=1;+¢). Complete sets of momentum eigenstates,
{Dieras bjerg2), (With £, ,,=1,+%€) are then inserted in
these short time propagators and the lg,?) states on the
outside are translated in time to the middle time, {;,,/,,
by Schr;édinger’s equation, assuming ¢ to be small, i.e.,
exp(— tHe/2) =1 — 3iHe.

In order to evaluate the resulting brackets like
{q |Hp) the dependence of H(p,q) on p and ¢ is exhibited
by the general correspondence rule®

H(p,q)= [ [ dednexplipt +ign)F(&, H (&),
He,m) =@ [ [ dpdgexpl=ipt—ignHp,q),

where F(£,7) is restricted by F(0,n)=1=F(£,0) and
also, if £ is Hermitian, by F*(¢,n)=F(- £,~17). The
standard Weyl, symmetrization and Born—Jordan rules
are given by F=1, F=cos(z£n) and F =sin(z£9)/(3£n),
respectively. (If we have a number of p’s and ¢’s we
have only to interpret these, and the £ and 7, alge-
braically as vectors so that, e.g., p£ is just p,£%.)

)
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Expression (2) is sandwiched between (g | and Ip)
states and the operators [3 and c} converted into eigen-
values. The resulting {g |p) brackets then combine with
the terms of order ¢, which have been reinstated in the
exponent, to give the action, and we finally arrive at the
formal limit

n ”
(q”,t”lq’,t'):lim Tl dpkﬂgz N dth
fn o k=0 ki I=1 (3)
€

n
X exp iZ&[Pm 121 = @) = H(P 12,9501, 450 ],
P

where H(p,q”,q’) is given by
H(p,q”,q’):F(q"—q’,—z'g)Hc([),a). (4)
The average coordinate, g, equals 3(¢" +¢') and 3 =2/34.

We should note at this point that we are assuming the
coordinates ¢ and the momenta p to range from - « to
+, If the manifold of the ¢’s is compact, then further
considerations, not relevant to the point at issue here,
will be needed.

Expression (3) can be interpreted as the skeletonized
form of the path integral,

@ t1q' 1y =N [ [ dlpldlg)explidpa”, "] ¢'t)],
(5}

where Ay is the “classical” action. Thus, formally, as
a shorthand we can write

»

"
Ap(@"t"lq't) = [ " [pdq~Hp,q)dt]

but the subscript F reminds us that we are to take the
short-time form of Ay as

Ap@ja1stin g, t;)
=P i = @5 = H(Piay 125 G501, 401 ®)
H(p,q",q’') being given by (4).

It should be apparent that there is no logical prefer-
ence for the value F =1, i.e., for Weyl ordering.
Feynman’s postulate does not come ready provided with
an algorithm for evaluating the functional integral. So
far as the postulate is concerned, all orderings are
equally good.

This also means that there is no preferred position
for the “midpoint rule,” which cannot in fact be extended
to arbitrary Hamiltonians. This point is explained in
Ref. 4. If the Hamiltonian contains a term A(g)p, e.g.,
from electromagnetic coupling, then gauge covariance
(or, equivalently, hermiticity) says that we should take
this as A(3(qj,1 +q;))Ps.1,; in the skeletonized path inte-
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gral.” However, the path integral by itself does not lead
unambiguously to this, or any other, form. The require-
ments of hermiticity or covariance have to be separately
imposed, and, furthermore, any expression symmetric
in g;,; and ¢, such as® 3[A(g,,,) +A(@)]P;,1,, Would do
equally as well as the midpoint form. This just reflects
the well-known fact that the Hermitian ordering of

pA(q) is uniquely 3[5,4(2)],. In fact any function F satis-
fying 0F(£,m)/0E1,.="0 would produce this ordering.

This is in contrast to the situation for p*f(q) for which
there is no unique Hermitian ordering. Such a situation
occurs when the path integrals for a particie on a
Riemannian space are being set up.® We have discussed
this before?=* with the ordering question specifically
in mind. The relevant results are rapidly explained.

It is convenient to assume that the quantum Hamilton-
ian is given and equals ~ %Az, in coordinate represen-
tation, A, being the covariant Laplace operator. Equa-
tion {2) can be inverted {o give the effective “classical”
Hamiltonian H (p,q), and then H(p,q",q") is deduced
from (4). We find

Ho(p,q)=2pabpg¥(a) +a8,358%° + 5F D40, +Q,
(7
where
Q=-13g"%,g™""* and a=sg[1+2(F))*- Fy]

with
dF (x) d2F (x)
= a__
Fo= ax |y’ Fo= dx? 20

F(zEm)=F(&, ).

We have taken F(%,7) to be a function of £%n, only.
This covers most reasonable orderings. A more gen-
eral discussion is contained in Ref. 10.

The expression for H(p ,q”,q’) derived from (7) and
{4) is not particularly instructive and so will not be
written out. It is seen that the effective classical
Hamiltonian equals the actual classical one, i.e., H,
for 7=0, plus an effective potential of order %. This is
just the quantum potential. The noncovariance of this
potential is explained by noting that the operation of
skeletonization is not a manifestly covariant one, 1!
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In Ref. 3 it was shown explicitly for the special case
of symmetrized ordering (Fj=0, Fj =~ 1) that after the
integration over p had been done, to give a Lagrangian
type path integral, the result agreed with the one
derived by DeWitt,® after an averaging process had been
performed on this.

It is also possible to discuss the Heisenberg equa-
tions of motion and the canonical commutation rules
within this formalism. *1°

1. CONCLUSION

It has been re-emphasized that Feynman quantization
shows no preference for any particular operator order-
ings of the Hamiltonian.®

This is proved by explicit construction of a phase-
space path integral for the propagator of Schrédinger’s
equation in terms of an arbitrvary ordering rule.

1t is the freedom of choice of the lattice approxima-
tion that is the formalism’s method of reflecting the
factor ordering problem, 512

There therefore seems to be no justification for
claiming that Weyl’s rule provides a royal road from
Schrodinger’s equation to the Feynman path integral.
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A formalism based on real octonions is developed in order to construct an octonionic Hilbert space for the
description of colored quark states. The various possible forms of scalar products and related scalars are
discussed. The choice of a direction in the space of octonion units leads naturally to a representation of the
Poincaré group in terms of complex scalar products and complex scalars. The remaining octonion
directions span the color degrees of freedom for quarks and anti-quarks. In such a Hilbert space, product
states associated with color singlets are shown to form a physical quantum mechanical Hilbert space for
the description of hadrons. Color triplets, on the other hand, correspond to unobservable parafermion states

of order three.

1. INTRODUCTION

Even though the quark structure of hadrons has re-
ceived indirect support from experiment for more than
a decade now, the quarks themselves have so far not
been observed. This unobservability problem became
more acute when it was shown that quarks would act
like partons in a gauge field theory of strong interac-
tions in which the gauge bosons (gluons) are associated
with an exact non-Abelian gauge group.1 Because now
one has to account not only for the unobservability of
quarks but also of the gauge bosons in the theory which
are needed to insure the Bjorken scaling observed in
deep inelastic lepton nucleon scattering.

The quark models that account for the observed SU(6)
multiplets naturally and also explain the 7° — 2y decay
in a quark parton model are the Han—Nambu model?
and the color quark scheme of Gell-Mann, * which is
equivalent to the paraquark scheme of Greenberg if one
assumes exact color SU(3) invariance.*'® In the Han—
Nambu model, quarks have integral charges and are
assumed to be observable but because of their high
masses they have not yet been seen. Whereas in the
color quark scheme of Gell-Mann and Fritzsch the
quarks are regarded as “mathematical objects” lying
in a “fictitious” Hilbert space with an exact SU(3) (color)
group. The color gauge bosons corresponding to this
SU(3) group operate in this fictitious Hilbert space. Only
the color singlet states are observable and form an ob-
servable subspace of this fictitious Hilbert space.

An exceptional paraquark scheme unifying the various
three triplet quark models has been proposed by Glrsey
and this author.®"® In this scheme the quark fields are
regarded as transverse octonionic parafields. The color
octet of gauge fields and the quark fields act in a split
octonionic Hilbert space, ® which has SU(3) as an alge-
braic automorphism group. On the basis of the proposi-
tional calculus of observable states as developed by
Birkhoff and von Neumann this split octonionic Hilbert
space is separated into an observable (longitudinal) and
a nonobservable (transverse) subspace, The transverse
octonionic quark fields create states that lie in the un-
observable subspace. However, from these unobser-
vable quark fields one can form product fields corre-
sponding to observable states. The observable product
states are all singlets under the algebraic automorphism
group SU(3) of the Hilbert space, and the gauge fields
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corresponding to this SU(3) group do not couple to the
fields corresponding to observable states. Thus by inter-
preting this SU(3) group as the color SU(3) one gets a
natural realization of the proposal of Gell-Mann and
Fritzsch. In a somewhat different vein Domokos et al.'!
have studied quark fields as elements of a local octo-
nionic module. By constructing actions which are in-
variant under a local group G, and then quantizing the
theory, they find that only color singlet states propagate,
whereas quarks are “confined.” To extend the scheme

of Ref, 6 to include leptons, Giirsey suggested that the
exceptional Jordan algebra be used to represent the
charge space of elementary particles, quarks as well

as leptons.!! The resulting scheme leads naturally to the
doubling of the number of quarks and to additional heavy
leptons®® which may find verification from the e'e” ex-
periments at SLAC'® and the neutrino experiments at
Fermilab. 4

In Refs. 6 and 9 the underlying algebra was taken as
the split octonion algebra. In this article our aim is
to show that one can obtain the same results over the
real octonion algebra which is a division algebra. The
plan of the paper is as follows. We first study the pos-
sible bilinear forms over the real octonions and estab-
lish their invariance groups. On physical grounds we
choose the real octonionic Hilbert space with complex
scalar products and study its properties. This Hilbert
space has an algebraic automorphism group SU(3) and
a gauge group U(4). We construct the representations
of the Poincaré group over this Hilbert space & la
Wigner. The space—time labels of the Wigner basis do
not form a complete set over this Hilbert space. Addi-
tional “internal” labels have to be taken from the alge-
braic automorphism group SU(3). We then consider real
octonionic transverse quark fields and show that by in-
terpreting the algebraic automorphism group SU(3) of
the Hilbert space as the exact SU(3) group of the 3~
triplet quark models one obtains the same results as in
Ref. 6. Finally we introduce an “algebra of colors”
which is a six-dimensional Malcev algebra formed by
color carrying octonion units and which has the color
SU(3) as an automorphism group.

2. OCTONION ALGEBRA AS EXTENSIONS OF
COMPLEX NUMBERS AND QUATERNIONS

The real octonion algebra @ is an eight dimensional
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division algebra which is neither commutative nor as-
sociative.5"'® A basis of this algebra can be chosen as'®

1,eA, A:1’27'~'57

H

where the elements ¢, satisfy the following multiplica-
tion rule:

€16, =€3, €g€; =&y,
€489=161, €58, =8y, €463=2¢6; (2.1
€56, = €5, €587 =&y,

and
esegtege, =-28,5, A,B=1,2,...,7.

As can easily be verified from the multiplication table,
the real octonion algebra is an alternative algebra, i.e.,
the associator of three elements X,Y,Z c @ is an alter~
nating function of its arguments:

X,Y,Z|=(XV)Z - X(YZ)
:[Z;X’ Y]:[Y,Z,X]:—[Y,X, Z]-
The norm N of an element X € @ is defined as
N(X)=XX=XX,
where
7
X=X,+ 2 X,eq,
A=l XA’XOQR'
— 7‘
X=X,- 2 X,e,,
A=l

The overbar denotes the octonion conjugation.

As is well known, one can obtain the real octonion
algebra by a complex extension of the quaternions. To
see this, decompose an element X € ® as

X=X, +X e + X e, + X 0,) + (X, + X 00 + Xe, + Xge;)
=@+ &8,
where €, @, belong to the quaternion subalgebra H gen-

erated by ¢; (=1, 2, 3). In this form, the octonion mul-
tiplication is given by

XY= (Ql + e’ng)(Rl + €7R2)
o (2.9
= (QIRI - Rng) + ev(Q1R2 + Rng),

where @ is the quaternion conjugate of @ obtained by
replacing e; in @ by - e; (=1, 2, 3). In general the op-
eration ~ on an octonion X will be defined as:

X=0Q; +e;Q,, }2551 +e7Q~2.

This conjugation operation ~ is not an automorphism of
the octonion algebra.!’

The real octonion algebra can also be written as a
“quaternionic extension” of complex numbers. To do
this, rewrite an octonion as

X
X=X,+2,X, e,
A=
=X+ e X)) + (X, + e X,)ey + (X, +eXg)e, + (X, + e, X)e,

or
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X=x,+xe +x,e, +x5e,

where (=X +e X, x;=X,+eX,;,,(i=1,2,3), i.e.,
%y, X; belong to the complex subalgebra € generated by
the imaginary unit e;. Then the octonion multiplication
takes the form

_l 3
XY:(x0 +7, x,e,-) (yo +2,9v:)
i1 i1
3
= (x[)yo— éx;yf)

3 3
+kZ (xoyy + ¥, + 2 €iin XTVT) e, (2.9
=1 i

i,0=1

where * operation denotes complex conjugation (e; — - e;)
within the complex subalgebra generated by e; and is
an automorphism of the octonion algebra.,

3. BILINEAR FORMS AND THEIR INVARIANCE
GROUPS OVER THE REAL OCTONION ALGEBRA

There are four possible “bilinear forms”!® that can
be defined over the real octonion algebra which induce
the usual octonionic norm and satisfy the composition
law

NXY)=NXN{Y), X,Y<cQ.
These bilinear forms are:

(I) The bilinear form (X, ¥)g which is real:

X, V) =4XY +7X) =2 X, ¥,

a=0

(3.1

This bilinear product has the invariance group SO(8),
which is also the invariance group of the octonionic
norm.

(II) The bilinear product (X, Y), which is complex:
X, V) =5{(XY) + (XV)}, (3.2

where ~ denotes quaternion conjugation defined above.
In terms of the real components X,, Y, one has

1
(X! Y)C :ZJ XaYa + e7(X0Y7— X7Y0 +X4Y1 -X1Y4

2=0

X ¥, = X,V + XYy = X, Y.

Now the real part of this product is invariant under
SO(8) and the imaginary part has the invariance group
Sp(8). Since SO(8) N Sp(8) = U(4) we see that the invari-
ance group of this bilinear product is U(4). This can be
seen more clearly by using the form of real octonion
algebra as quaternionic extension of complex numbers,
i.e.,

T 3
. N
X:ZJ Xaea:x() +Z—/ Xi€y,

=0 i=1
1
Y=2,Y,e,=y, +i yi€;.
a=( i=]
Then
3
(X, Ve =x%3, +2. X, XpVepXd; el .
i=1

In this form of the product, its invariance group U(4)
is more obvious.
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(II1) The bilinear form that is a gquaternion can be de-
fined as

X, Vg =3{(XV) + (XV)*} =3(XY + X*Y%), (3.3)

where * denotes complex conjugation (e, —— €;). Writing
X and Y as doubled quaternions,

X=@, +€,Q, Y=R, +eR,,
we have
(X, Y)H :QVIRI + RzQz-

This product has the invariance group SO(3)® SO(3} in-
duced by the multiplications

SO(3): Q,, Ry =PQ,,PR,, where FPP=1, PcH,
and
SO(3): @, R, 2 Q,0,R,Q, where 9Q=1, Q< H.

Note also that because the scalar product is not of the
form (Q,R, + Q,R,), the invariance group is not the sym-
plectic group Sp(2) =SO(5).

(IV) The bilinear form that is an octonion is simply
given by

(X, Y),=Xv. (3.4)

The invariance group of this form is the trivial multi-
plication by + 1.

4. THE REAL OCTONIONIC HILBERT SPACE WITH
COMPLEX SCALAR PRODUCTS

In the next section we shall construct the represen-
tations of the Poincaré group over a real octonionic
Hilbert space in such a way that the Hilbert space will
carry non-Abelian automorphism and gauge groups. We
shall require this Hilbert space to have two essential
features:

(a) The Hilbert space must contain as a special case
the standard complex Hilbert space of quanfum mech-
anics with the gauge invariance group U(1).

(b) The Hilbert space should have SU(3) as an alge-
braiec automorphism group. This requires that the scalar
products be complex in the Hilbert space.

One can satisfy these conditions in two ways, i.e.,

by constructing the Hilbert space over the split octonion
algebra as was done in Refs. 6 and 9-or over the real
octonion algebra which we shall give below. As stated
in Ref. 6, the automorphism group SU(3) of the Hilbert
space must be an exact symmetry and hence cannot be
identified as the broken unitary spin group. Therefore,
one ought to identify this SU(3) group with the exactly
conserved SU(3) group of three triplet quark models. ¢

Now denoting the real octonionic Hilbert space by /
we can decompose every state vector |Z) of /7 as

7
;Z>: !Z>0+%liZ>AeA {‘L 1}

where iZ), (@a=0,1,2,...,7 are vectors with real com-
ponents. The vector |Z) can also be decomposed as
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3
|Z>=iz)o+§;lz)gen (4.2)

where |z}, (A\=0, 1, 2, 3) are vectors with complex com-
ponents, i.e.,

)2)0:,Z>0+37)Z>7, }Z)i:}z>{+e7’z>hs-
The combinations of such vectors with real octonion
coefficients also belong to the space //. If the index z

is continuous, one can construct wavepacket states
{ F) such that

3
[F)= £ +§ AR

il
e

lf).)xex; KZO, 11 2) 3;

N
1

0

where ¢,=1 and
lfx)xszx(z)lz)x du(z)

where du(z) is some measure associated with the label
z, The corresponding bra vector will be defined as

(F] E(m)T:O(fn’ —Zal eu(f{,
=1 (4.3)
3
= o{f, "Zi i ley,

{=

where

WAL =( Ifh)A)Y

and the super 1 operation denctes the usual Hermitian
conjugation of complex quantum mechanics,

Let |F) and |1G) be two such states; then the octonionic
bilinear product (G| F) will be given as

(GIF) :{G(gol -{ZZ e, (g H{{fo)o +}é !fj)jej}

3
= (g ‘f0)0+_z:/1((fi!gi){ (4.4

3

3,
+£=Jl{0(g()}f;)k - O(folgk)k" o € ‘(gi]fj*)j}em

493!
where ,(2:!/,), is the usval complex scalar product of
quantum mechanics.

The complex bilinear product of these two states will
simply be :

)

(G, ) =:{(G|F)+(c| F)}

or

3

(G, F):a(golfa)o+%)lz(filgl)i {4.5)

From here on we shall consider only complex bilinear
products and take as the scalar product in 4 this com-
plex bilinear form. Under this scalar product the states
of the form 1A e and |f,}),e, are orthogonal for x#v,
This follows from the definition of the scalar product
and is independent of the complex bilinear product

l(f)‘ |gv)u-

Let o be a complex number belonging to the complex
subalgebra @ generated by e,. Then from the definition
of the scalar product we have
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(G, Fa) = a(G, F)=(G, Fla (4. 6a)

and
(Ga, F)=ao*(G, F) =(G, Fla*. (4. 6b)

Therefore, our scalar product is “right sesquilinear”
in the complex field € . However, it is not left sesqui-
linear in @ since

(G, aF}# alG, F), (aG,F)#*a*(G, F),

But we still have
(a*G, F)=(G, aF), 4.7

and therefore one can define the Hermitian conjugate
Q' of an operator  acting in our Hilbert space in the
usual way, i.e.,

(Q'G, F) = (G, QF). (4.8)
For a Hermitian operator H we will have

(HG, F) =(G, HF), (4.9
and we define a unitary operator U as usual:

(UF,UG) =(F, G). (4.10)

Now, allowing only multiplications of state vectors by
complex numbers generated by ¢,, we see that the vec-
tors of the form

{CY \f)\)k +B ‘gl))}ek; A:Oy 1: 2) 3, a, B cq

form four mutually orthogonal subspaces of our Hilbert
space under the scalar product we defined. The subspace
generated by the elements of the form:

alfpo+8lg)y, a@,BeC

corresponds to the usual complex Hilbert space of quan-
tum mechanics. This complex subspace has the gauge
invariance group U(1) corresponding to multiplication

of the state vectors by a phase, which leave the scalar
product invariant.

We shall call the automorphism group of the under-
lying composition algebra of a Hilbert space the “in-
trinsic covariance group.” For the complex subspace
the intrinsic covariance group is the cyclic group C,
generated by complex conjugation (e; ~— e;). The full
octonionic Hilbert space has the intrinsic covariance
group G,, the automorphism group of octonions. The
complex conjugation (e; — - ¢;), which is a discrete
transformation for complex numbers, gets extended to
an element of the group G,.'®

Now the intersection of the intrinsic covariance group
C, and the gauge group U(1) of the complex Hilbert
space is the trivial identity mapping:

Cy Ul =1.
On the other hand for the real octonionic Hilbert space

the gauge group U(4) and the intrinsic covariance group
G, have a common SU(3) subgroup:

G, (1 U{4) =SU(3).

To prove this, it suffices to show that an SU(3) subgroup
of the gauge group U(4) induces transformations which
correspond to the SU(3) automorphisms of the octonion
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algebra leaving an imaginary unit, in our case ¢,
invariant.

Consider the transformation of the complex compo-
nent vectors 1f;); ({=1, 2, 3) of the octonionic state vec-
tor | F)=1f)+31,1!f;); e; under the SU(3) group:

SU3): |f); —~ ‘f{)i:i‘/ Ui |f);

Jj=1

(4.11)

where U;; is the 3X 3 special unitary matrix taken over
the complex field € generated by ¢,. This transforma-
tion induces the mappings

SUd): | F)~Fy= o+ 20 Ui 175 e,

SU3): [6Y~ 16" =gy, +2 Usley; e,
14
which leave the complex scalar product invariant, i.e.,
G, F)=(G, F),

and hence belong to the gauge group U(4). However,
these transformations are equivalent to transforming
the imaginary units ¢; as
SU): e;~ei=2,U; 0, =05 ¢;Us. (4.12)
i i

In the Appendix we show that these SU(3) transforma-
tions (written in terms of e;) acting on the imaginary
units e; correspond to the SU(3) subgroup of the auto-

morphism group G, of octonions that leave the imaginary
unit e; invariant.

Therefore, under the above SU(3) transformations the
algebraic relations over the Hilbert space // and the
scalar products are left invariant. The complex conju-
gation operation * is an automorphism that lies outside
the SU(3) subgroup of G, and induces a natural mapping
from a representation of SU(3) to its conjugate
representation.

The importance of the octonionic Hilbert space with
complex scalar products lies in the fact one has to fix
an imaginary octonion unit in order to implement the
unitary representations of the Poincarée group over this
Hilbert space as indicated in the next section. Another
important property of the complex scalar product is
that it satisfies the intermediate state decomposition
property, i.e., if 1F) and |G) are two states in the
Hilbert space, one should be able to go from one to the
other via intermediate states that form a complete set.
In other words we want

(F!, 16N =2 (F, NN, 6
=ZA¢E:, NN HGY

=L (F I, INNT, o0t (4.13)

N
N

and this is satisfied by complex scalar products but not
by quaternionic or octonionic products. Since we shall
consider complex scalar products, we shall only allow
multiplication by complex numbers.?’ Otherwise one can
go from a state to another state orthogonal to it by scal-
ar multiplication.
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5. ONE PARTICLE UNITARY REPRESENTATIONS OF
THE POINCARE GROUP OVER THE REAL
OCTONIONIC HILBERT SPACE WITH COMPLEX
SCALAR PRODUCTS

Below we shall construct the one particle unitary re-
presentations of the Poincaré Group over the Hilbert
space A of the previous section.? For the space—time
labels of our states we shall choose the Wigner basis,
i.e., the Casimir operators

M=P,P* and S-S

corresponding to a definite mass and spin (m, s) and
the operators

P, S,

corresponding to the 3-momentum and the third com-
ponent of spin, respectively. The general octonionic
eigenstate of these space—time operators will be a lin-
ear combination of states of the form

[n2, 8D, 55,0 |, 8;p, 5%,

rA=0,1,2,3, (5.1)
where complex component vectors |, s;p, s,)* are ei-
genstates of the Wigner basis. We shall drop the labels
m, s from these states and label them simply as

|p, S5, A). Then normalizing the complex component vec-
tors in the conventional manner, i.e.,

"', silpy st =0(p-p)0s ., 2=0,1,2,3,

and denoting the complex scalar product of two octo-
nionic state vectors | F) and {G) as ((F|G)), we find that

«f),, 83,3 v ‘p; Sas )\>) = 5(p— p')ésﬁ'sééu,_,

v,A=0,1,2,3. (5.2)

Therefore, we see that the space—time labels do not
form a complete set over the Hilbert space #/, and one
needs additional labels. We shall show below that these
additional labels can be taken from the automorphism
group SU(3) of //.

Let us now construct the unitary representations of
the covering group T,®SL(2, C) of the Poincaré group
over /{ following Wigner. 22 We will denote the 4-vectors
by Hermitian 2X2 matrices:

P
pl +€7p2 po_pfi
3
=/, p*a,,
=0
p-p=p,p* =detp

and consider only the case of timelike 4-momenta. Then
under SL(2, C)

SL(2,C): p~ApA'=p'=p" +¢.p’
where A =exp[e,(6/2) - (w— e;7)] is the 2X2 matrix cha-
racterizing the Lorentz transformation for timelike vec-
tors. The scalar product of two 4-vectors x,,7y, will be
given by

vy =x,3" =3Tr(x)) =3 Tr(*y),
where
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3
5’5310—0'}’:20% au.)
W=

i.e., dotted matrices correspond to covariant vectors.

Denoting the pure translations by ¢ and elements of
S1(2, C) by A, the group equation for T,®SL(2, C) reads,

in terms of 2X2 matrices, as
(ay, D) ay, Ap) = (o + AlazAI, ANy (5.3)

In terms of the unitary operators T, and L, acting in
#, the group equations will be

ToyToy=T

a1 *dz’

LAlLAZZLAlAZy (5.4)
LATu = TAaATLA,

where 7, and L, represent the translations and SL(2, C)

transformations, respectively.

Then under translations T, the states 1p, s3, A) will
transform simply as?

Tolp, 55, N =explesp - @) |p, 55, ),
where

p-a=3Tr{pa).
Under the SL(2, C) transformations

ApAD\L/2 s
Lalp, s = (2220 5 v,

X (APA?! s;’ A’)!

(5.5)

S4zes

(5.6)

where US(A, p) is the (2s +1)® (2s + 1) unitary matrix of
Wigner and

wp)=(p.p+m 2

Unitarity of these group actions follows from the com-
plex scalar product defined and is very easy to verify.

Since the states ip, $;, ) have delta function normali-
zation, they do not strictly belong to the Hilbert space.
To be rigorous, one ought to consider wavepacket states
of the form

A &Bp
m, 555, %)= Lf K@, 89 (b, 55, M),
* samas J 20} M7 3

where the f, are square integrable complex functions.

So far we have designated the eigenstates of the Wigner
basis by ip, s,, A), where states with different X are
orthogonal even though they may have the same space—
time properties. To distinguish between such states, we
need additional labels. As the additional labels we can
take the two Casimir operators and the two generators
of the Cartan subalgebra of the automorphism group
SU(3) of the Hilbert space. This SU(3) group will be
called the C-spin group® and its Casimir operators and
Cartan subalgebra generators will be denoted by ¢, ¢,
and I, Y° in analogy with the unitary spin SU(3). Since
the units ¢;, e, ¢, transform like a triplet under the
automorphism group, which we shall designate as SU(3),,
the states ip, s,, n) for =1, 2, 3 will be assigned the
quantum numbers of an SU(3), triplet and the complex
states of the form Ip, s5)°= Ip, 55, A= 0) will be SU(3),
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singlets. Then the complex conjugated states |p, s,, n)*
*

=1p,sy)" e,, n=1,2,3 will have the quantum numbers

of an SU(3). antitriplet.

6. TENSOR PRODUCT STATES OVER THE
OCTONIONIC HILBERT SPACE AND THE C-SPIN
GROUP

Above we saw that for states of the form
3 N
e+ 2. 1) e,
i=1

the SU(3) subgroup of the gauge group under which If;)}
{i=1,2,3) transform as a triplet corresponds to the
SU{3) subgroup of the automorphism group of octonions
under which the units e; transform as a triplet and vice
versa. If all the states in the Hilbert space are of the
form

3 »
alf)+82 If)e, opec,
i=1

then there is a complete correspondence between these
two SU(3) groups and the Hilbert space has this SU(3)
group as an algebraic automorphism group. However,
if we allow, more generally, states of the form

3 N
ao'fo)0+z_ll ai{fi)‘ei, aeC

then only the Abelian subgroups of these two SU(3) groups
aoverlap and the algebraic automorphism group of the
Hilbert space becomes the Abelian group U{1)® U(1)
generated by the Cartan subalgebra generators {5 and

Y° of SU(3).. Therefore, there will not be any change in
the quantum number assignment scheme in this more
general case.

Let us now consider the problem of tensor products
over the octonionic Hilbert space in this general case.
Because the underlying division algebra is the nonasso-
ciative octonion algebra, there will be superselection
rules for the tensor product states. First we shall di-
vide the Hilbert space into two parts, ¢ longitudinal and
transverse.

The states of the form %3,10%;, where 1/)* are com-
plex component vectors, will be called transverse and
the states of the form |/)° in the complex subspace will
be called longitudinal. Longitudinal vectors in the Hilbert
space will be C-spin singlets and the transverse vectors
1hle, (i=1,2,3) will carry the quantum numbers of a
C-spin triplet. Naturally the complex conjugate states
1/} *e, will have the quantum numbers of an anti-{riplet.

Now consider the product of the states 1/)'e; and
iNe;:

{InietnTet==|pin'.

Since the right-hand side is a pure complex state, it
must be a C-spin singlet. However, with respect to the
C-spin indices it is a member of a C-spin sextet. There-
fore, if we are to have a self-consistent scheme, we
must not allow such product states over the Hilbert

space, %

(6.1)

This example shows that the underiying octonion alge-
bra introduces certain superselection rules for tensor
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product states. To understand this phenomenon better,
recall that in a state of the form

j_f)* 2

transformation properties of ¢, under the SU(3) auto-
morphisms of octonions induce definite transformation
properties on the complex vector components |f)* and
one can assign C-spin guantum numbers to ¢, and )"
interchangeably. Now under a tensor product of two
copies of the Hilbert space we do not take two different
copies of the octonion algebra. The octonion algebra is
taken as the underlying division algebra of all the

Hilbert spaces we are considering. In a product state
of the form

{InfeH{ e}
the units e¢;, ¢; satisfy the multiplication rule

e;e; == 5{3 +emek, i, 7= 1, 2, 3,
whereas the complex vector components |/}’ ang 1g)!
do not satisfy any such rule. Since the units ¢, satisfy
the above mwultiplication rule, the identity

Z:f(iijm: ZQm}zU?zU}"m (6.2)

m 1

derived for the 3x3 SU(3) matrices in the Appendix
prevents the appearance of higher multiplets, whereas
the camplex vector components 1/)! and |g)* do not
satisfy such a multiplication rule and hence can combine
to give higher multiplets. However, self-consistency
requires that a tensor product state of the form {/)!|g)c,
agree in the C-spin quantum number assignment to the
complex vector components 1/)*g) and to the units ¢,
This implies that all the product states in our Hilbert
space must be either C-spin singlets or members of a
C-spin triplet. However, this does not imply that one
cannot define higher C-spin tensor operators, such as
an octet operator, What this implies is that these oper-
ators act nontrivially only on those states for which the
resulting state is a C-spin singlet or a member of a C-
spin triplet,®

7. OBSERVABLE STATES, C-SPIN GROUP AND
QUARK STATISTICS

The state vectors in the octonionic Hilbert space de-
compose as follows

|Fy=|Fy, +|Fy, |F)ek,

|y, = \F)’ oy, (7.1)
(Fyr = | Fle, + | F)2e, + | Fey e Ao,
H:}I,Le/_/r,

where #/, stands for the “longitudinal” subspace of //
spanned by pure complex state vectors and #, denotes
the “transverse” part of the Hilbert space spanned by
states that have components along e,, ¢, ¢, directions
only. Now the states in//, are commutative and asso-
ciative, whereas the states in 4/ are neither commuta-
tive nor associative in general, The states in A/, will
be unobservable since the postulates for observable
states as formulated by Birkhoff and von Neumann®
cannot be satisfied by states having nonassocjative com-
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ponents. 25=%° In fact for states having nonassociative
and noncommutative components there is no satisfactory
way of defining tensor product states. %3

However, even though the transverse octonionic states
do not correspond to observables, one can construct
longitudinal product states from them that will corre-
spond to observables.®® In other words from states of
the form 14)=33,14)%e,;, where |A)’ transform as a
C-spin triplet we want to construct product states that
are C-spin singlets. Since these states are neither as-
sociative nor commutative, we consider two natural
products that have SU(3), as an automorphism group,
namely,

|Ay*| By =4[ |4), | B), €]

=3[(|A)Y | BY e; - |A)(| Byey)) (7.2)
’A>° ‘B> E%{ |A>7 |B>, 67}
=1[(14) | B)e, + |a)(| B)e,)] (7.3)

where [, , |and{, , } stand for the associator and the
antiassociator, respectively. In the next section, we
show how the x product leads to a six-dimensional
Malcev algebra that has SU(3), as the automorphism
group. For two states of the form |4 =7 ,1A4)'e,;, | B)
=% ,1B)'e, the C-spin singlet product state will be
3

|4)e |B>=—:Z)1|A>‘)B)‘*e7 (1.4
where * denotes complex conjugation (e; - - ¢;). Similar-
ly the C-spin singlet product of three states 14), |B),
and |C) will be given by

(|A>* |B>)°|C>=—€i1k|A)‘*iB)j*|C)”* (7. 5)

or

|A)o (| By 4| C)) =~ €;; | AV | BY | C)%. (7.6)

In Ref. 6, the C-spin group SU(3), was identified with

the exact SU(3) group of the three triplet quark models?-*

and transverse split octonionic quark field operators

were constructed. The observable product states that

can be constructed from these uncbservable quark fields

correspond to the observed unitary spin multiplets. Same

results can be obtained using the real octonionic quark

field operators, For this consider the transverse real

octonionic quark field operators ¥;, i=1, 2,3, where

the index 7 refers to the unitary spin SU(3) indices:
3

¥, :Zi qi(x)e, (7.7

n=

where 7 refers to the C-spin SU(3) indices and g7(x)

satisfy the usual anticommutation relations of a spin 3

fermion field, i.e.,

{g7(x), 7 (y)}s0e0 = 6"5,;8(x - ¥),
{e7x), g3(y)} =0.

Below we shall use the Majorana representation of y
matrices so that charge conjugation reduces to Hermitian
conjugation:

47" (0 = (g3(x))° = Cqix)C. (7.9)
The C-spin singlet (longitudinal) field operator that can

(7.8)
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be constructed from two copies of the transverse octo-
nionic quark field operator is
3

Vi (x)=¥,09, :—Zlq}'(x)q’}‘"(x)e7. (7.10)
Acting on the vacuum with this composite field operator
Vi (0)10y=— e;@,;(x)10), where &,;(x) =3 3.44%(*)q}"(x)
are ordinary complex boson operators belonging to the
singlet representation of SU(3), and the (octet + singlet)
representation of unitary spin SU(3). If we add also the
suppressed quark spin indices, these states resolve
into C-even spin-zero states and C-odd spin-one states

inA;.

Similarly from three copies of the transverse octo-
nionic quark fields we can construct the following longi-
tudinal field operators:

Ty () = (T (%) % W (x)) o T, (x)

== €7 " (0)gT (¥ (), (7.11)
T, ia () =, (1) o (T (x) % Ty (x))
= = € ()4} () gh(x). (7.12)

These C-spin singlet fields acting on the vacuum create
states which belong to the octet and decuplet represen-
tations of the unitary spin SU(3). With the suppressed
spin indices included they belong to the correct 56-
dimensional representation of SU(6). Any combination

of ;; and ¥;;, ¥, will create states in//;. Thus,
starting from transverse octonionic quark field operators
as basic fields, we see that the only states which can be
constructed that belong to the longitudinal subspace /4,
correspond to the observed unitary spin multiplets with
the correct spin and statistics. By choosing different
charge assignment schemes one can show the equivalence
of the above scheme to various three triplet quark mo-
dels, such as the color quark scheme and the Han—
Nambu scheme.®

8. THE ALGEBRA OF COLORS

Above we have seen that the representations of the
Poincaré group and the scalar product select a certain
direction in the space of octonions, which we chose as
€;. The remaining octonion units ¢, (A=1,2,...6) cor-
respond to the color (transverse) degrees of freedom. ®
Automorphisms that leave the imaginary unit ¢, invari-
ant form the SU(3), subgroup of G,, under which the units
e, transform as the (3 +3) representation. The units do
not close under the ordinary octonionic product or under
the Lie product. The natural product under which they
close is given by their associator with the fixed imagi-
nary unit e;, i.e., defining

(8.1)

From the alternativity of the associator it follows that
this product is antisymmetric

ey x e5 =5y, ep, 97J:%[(0Aea)ev - e,(ep ev)]~

eA*ea ==©€g % €,.
Designating the units e; as k; and e,,5 as j; (1=1, 2, 3)
we find that

Ji*J; = €ijndns

Fy*k; =~ €ypdn, (8.2)
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]’, *kj :_elfkkk'

These algebraic relations look extremely similar to the
Lie algebra of SO(4),

[Ls, Lj]: - €5l

[Kiy K;1= = €4j0Ls, (8.3
Ly, Kjl=- €K,
or to the Lie algebra of SO(3, 1),
NLnLlil== el
KoKil=€inls, (8.4

(L nKj]:— éiijk-

However, there is a fundamental difference between the
algebra defined above and the Lie algebras of SO(4) or
SO(3, 1), namely that the former is not a Lie algebra
since the Jacobi identity is not satisfied. Yet the
Jacobian

J(e4, 5, 6c) =(eg* eg) x ec +(eg xe4) * ey

+(egxe)xe, 8.5
is an alternating function of its arguments and hence this
algebra with an antisymmetric product and an alternat-
ing Jacobian is a six-dimensional Malcev algebra. !
While the above Lie algebras have the automorphism
groups SO(4) and SO(3, 1) respectively, this six-dimen-
sional Malcev algebra has the automorphism group
Su(3).

Since the elements of this six-dimensional Malcev
algebra correspond to the color degrees of freedom of
the color quark scheme, ® we will call it the “algebra of
colors.” Its automorphism group will be the color (C-
spin) group SU(3),. The units e, themselves are not
color eigenstates. The color eigenstates are the split
octonion units u; =3(e; +ie,,,) and uf =3(e; - ie;,,) (@
=1, 2, 3), which transform as the 3 and 3 representation
of SU(3),, respectively. Taking as the product of two
split units, their associator with the unit ie;, we find
that the color algebra takes the form

Uy v U; =€l

uF v uF=—€5, 1,5,k=1,2,3, (8.6)

u;vuf =0,

where

svs'=}s, s’ i)
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APPENDIX: A NEW FORM OF THE SU(3)
AUTOMORPHISMS OF THE REAL OCTONION
ALGEBRA

In a previous publication, 18 jt was shown that a basis
of the split octonion algebra can be chosen as follows:

uy=3(1+iey), u,=3(e,+ie.;)=3(1+ie)e,

(a1)

wh=3(1~ie), uf=3(e;—ie,,)=3(1-ie)e,

i=1,2,3,
where the imaginary unit ¢ commutes with all e, (A

=1,...,7. From the multiplication rule for e, it fol-
lows that

2 — _
ug=uy, =0, wpu;=u;,

uf® =uf, wut=uw; ufu;=0, (A2)

Uy = €U, UuF == 551,

together with the identities obtained by the conjugation
(i—~-1).

Under the SU(3) subgroup of the automorphism group
G, that leaves the imaginary unit ¢, (or equivalently the
idempotents u, and u¥) invariant the units u; and u¥ (7
=1, 2, 3) transform like a triplet and an anti-triplet,
respectively, 1

3
g~y u;~u;=2 U= iy,
Su(3): i (A3)
uf —uf, wr-utf' =2 U;@ut,
i=

where U(-7) is the complex conjugate of the matrix

U(¢). However, from the multiplication rule for e, it

follows that
gty = — Ty, EquF =1iu¥,

Therefore, the above equations can be written as

3
uj=% (1+ie)e; = 21 U,i(edu;
i

3
=3(1+ie)2, U lee,
i1

(A4)
wr' =3(1- ie7)e§=ii Ui (equet
i
=1(1- ie,,)_Zsi Uislee;,
which imply i
SU@B): ¢~ eizé Usi(enes, (45

where U (e,) is the 3 x3 special unitary matrix written
in terms of the complex unit e,. From here on we shall
write Uj;(e;) simply as Uj;.

From this new form of SU(3) automorphisms of octo-
nions leaving an imaginary unit (e, in this case) invari-
ant, it follows that if the units ¢; and ¢; generate a real
octonion algebra, so do the units ¢; and ¢; =3 3,U;;¢;.

Using the multiplication rule
e;ef: -8 e pe
and

€;;=— 0y T€;pe,
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one finds the following interesting identity for 3X3 spe-
cial unitary matrices U;;:

Lo€ijnUm =2 €Ut Uk,

m m,l
where U* stands for complex conjugate of the matrix
U,
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Expansion technique for crystal surface problems*
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An expansion technique for representing functions localized at crystal surfaces is developed by making use
of the Gottlieb polynomials to construct a basis set of orthonormal functions of a discrete variable (the
integers from zero to infinity). Using these functions, it is shown that a large class of surface problems can
be recast in the form of an eigenvalue problem involving a matrix whose elements can be obtained in
closed form. The matrix size can be minimized by varying a parameter upon which the basis functions
depend. As an example, the dispersion curve of a ferromagnetic spin wave localized at the (001) surface of

an fce crystal is calculated.

. INTRODUCTION

In recent years there has been an enormous increase
of interest on the part of physicists and chemists in the
properties of crystal surfaces, e.g., the crystal-
lographic structure, electronic structure, and elemen-
tary excitations of the surface region. In many investi-
gations of these properties, one arrives at a stage in
the calculation which requires the determination of
some function (or set of functions) which depends on a
layer index which specifies the distance of the layer
from the surface. Examples are the amplitudes of
various kinds of surface excitations such as surface
phonons, spin waves, etc., atomic equilibrium posi-
tions, and quantities associated with the electronic
structure, to mention a few. Usually one must resort to
numerical methods for the determination of such quan-
tities. In most cases the function of interest decays
from some value at the surface layer to a constant value
for layers deep in the bulk of the crystal, and numeri-
cal methods which utilize this fact are usually the most
efficient.

In this paper, a method is described for representing
functions defined for the integers from zero to infinity
by an expansion in terms of orthonormal functions of a
discrete variable. Since these functions decay exponen-
tially, they provide a convenient basis for representing
a function of interest which also decays, i.e., the ex-
pansion may be truncated after only a few terms with
negligible error. The number of terms required can be
minimized by varying a parameter upon which the basis
functions depend.

In Sec. II below, a review is given of the properties
of these orthogonal functions (the normalized Gottlieb
functions), and in particular their use in solving a large
class of surface problems is discussed. In Sec. III,
these results are applied to a simple example, namely,
the calculation of the dispersion curve of a ferromagne-
tic spin wave localized at the (001) surface of an fcc
crystal. In Sec. IV, some general features of the
method are discussed.

Il. THE GOTTLIEB FUNCTIONS

In this section, the Gottlieb! polynomials are used to
construct a set of orthonormal functions (Gottlieb func-
tions) of a discrete variable? (the integers from zero to
infinity). Several useful relations involving these func-

1884 Journal of Mathematical Physics, Vol. 17, No. 10, October 1976

tions are derived from the corresponding relations for
the polynomials. By using these functions, it is then
shown that systems of linear equations of the type en-
countered in many surface problems can be recast in
the form of an eigenvalue problem involving a matrix
whose elements can be obtained in closed form.

The Gottlieb polynomials 7,(x;\) are defined! by the
following finite difference analog of Rodrigues’ formula:

exp(~ )l (x;1) = A’L{exp(— Ax)(x)} , 2.1
n

where 2> 0 is a parameter upon which the coefficients
in the polynomials depend, 4 is the operator of forward
differences, i.e.,

Af(x) =flx + 1) - fix),
A f(x) = A{ATf(x)},

and (¥) denotes a binomial coefficient. The polynomial
[,(x;2) is of nth degree in the variable x. These poly-
nomials satisfy the orthogonality and normalization
conditions!

(2.2)
(2.3)

i exp(~ um)l, (m;\) 1 (m;\) =5, exp(— pA) (1 — exp(=a))"*

m=0
(p)q:01192’ °eo).

The summation in Eq. (2.4) is over all integers m from
zero to infinity.

(2.4)

Gottlieb® has derived many useful properties of these
polynomials. We simply list some of these here for
easy reference. An explicit form for I _(x;)) is given by

lﬂ(x;)\):e)r:p(—nk)mi)=0 (1-ehm <n> <x> .

ml \m

(2.5)

For integer arguments, a symmetry relation is given by

exp(mA) (m\)= exp(mA)N,, (n;1). (2.6)
A recurrence formula is
e+ DI (1) = [+ De? +n+ (e™ = Dxi, (x;x)

+neM, (x:2)=0. 2.7

The polynomials satisfy the following finite difference
equation:
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e (x + 2)A% (x:))
~{l-eMx+(n-2)e* - (n-1)]aL(x;2)

+n(l —e"‘)l"(x;k)=0. (2.8)
A generating function is given by
Glrix;2)= 221 (x:0)em
n=0
=(1=2)(1 ~e?z)=t (|z]<1). 2.9

Gottlieb has also noticed a connection with the Laguerre
polynomials in the limit A —0:

lim? (x/xn)=L (x).

A=DO

(2.10)

For our purposes it is convenient to introduce
orthonormal functions (Gottlieb functions) defined in
terms of the Gottlieb polynomials 7, (m:1) by

@ (m:N) = exp(in/2)(1 - e™)* /2 exp(= Am/2)1,(m:N) (x> 0),
(2.11)

where m is an integer (0 <m <), From Eq. (2.4), we
see that these functions satisfy the orthonormality
condition

5 @ (m;0)@, (m:2) =35, (2.12)

m=0

Iz

The relations involving :pn(m',k) which are analogous to
to Eqs. (2.5), (2.6), (2.7), (2.8), and (2.9) are easily
found to be

@ (m:\) = exp[ - AMn+ m)/2](1 - e™)'/2

x2 ="\ (™), (2.13)
p=0 pf\»
@, (m\) =@, (n;)), (2.14)
(n+ 1)@, m:0) ~ exp(M/2)[ (n+ De™> +n+ (e - 1)m]
X@ (m\) +ne, (m; \)=0, (2.15)

(m + Z)Azq)n(m;k) + [(m + 2)(2 -exp(- )\/2))
~ (m + 1) exp(\/2) + (exp(2/2) - exp(~ A/2))n]A@, (m;2)
+[(m + 2)(1 - exp(~ A/2)) + (m + 1) exp(A/2)

+ (exp(V/2) - exp(~ 2/ 2)n]@ (m;2) =0, (2.16)

g(M:K:Z)=i PumiNz"= 20 @, (n;0)z"

=exp(- amn/2)(1 - e™)/3(1 ~ exp()/2)2)"
X (1 ~exp(—2/2)2)™ (|z| <exp(-2/2)).
(2.17)

We now discuss the use of the Gottlieb functions ¢ (m;
A} in obtaining solutions to a large class of surface
problems. This class of problems is such that the equa-
tions which determine some unknown function, f, (m)
can be written in the form

Qfa(m)zzs) L oslm) fo(m), (2.18)

where L ,(m) is a linear operator of the form
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n=1

M N
L oglm)=b g+ 25 ¢ EN+ El d\m 6(m - n)E-
bd
1 J R s
(nt) (n1)
+20 Dels, E'+2 Dl
n=0 =0 n=11=0

r
X8 n8m — DE + 20 g 2 6(m - n).

n=l

(2.19)

The subscript o attached to the function f serves to
label each member in the set of unknown functions to be
determined. Equation (2.18) thus represents a set of
coupled equations for the unknowns f,(m) (m=0,1,2,
*=+). The integer variable m serves as a layer index,
where m =0 denotes the surface layer and large values
of m serve to label layers deep in the interior of the
semi-infinite crystal. In Eq. (2.19), the quantities b_,,
ctw o dm, elnh pi . and g are assumed to be inde-

pendent of m. The stepping operator E is defined by

E"flm) = flm +n) (2.20)
and its inverse by
Eflm)=flm ~n) (n<m). (2.21)
The Heaviside step function is defined by
e(z)z{o’ =0, (2.22)
1, [=0,

The quantity § appearing in Eq. (2.18) is an eigenvalue
of the operator / ; for example, it might be the fre-
quency of a surface excitation or the energy of a surface
electronic state, The integers appearing as limits on
the sums in Eq. (2.19) are such that M,N,R,T=> 1 and
1,7,5> 0. In most cases these integers will be finite
and small. A simple example of such an / operator is
given in Sec. IIT below.

We now expand the unknown functions f,(m) in terms
of the Gottlieb functions:
falm) =22 AN (min) (m=0,1,2, ). (2.23)

¢=0
If the functions f,(m) were known, then the expansion
coefficients A{*'(1) would be given by
AL = 20 folm)e (mA), (2.24)
m=0

where use has been made of Eq. (2.12). The conditions
which £ (m) must satisfy in order for the expansion
(2. 23) to exist have been discussed by Gottlieb.! As
long as f,(m) decays in an over-all fashion to zero for
m — o, then the expansion is well defined. By sub-
stituting Eq. (2.23) into (2.18) and making use of Eq.
(2,12), we obtain the following set of equations:

RALM=L L ALPWALN) (p=0,1,2,-++),

(2.25)
where the matrix elements 4;*®(r) are given by
ALLB () = 20 @, (msNL u(m)@ (min) = {p|L slm)| ).
m=0
(2.26)
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Among the eigenvalues @ of the matrix A will appear
the surface solutions of interest, The corresponding
eigenvectors, A, when substituted into Eq. (2.23),
yield the desired surface solutions for f,(m). This
same basic approach has been employed in the continu-
um limit | f(m) —~ fx}] for several problems involving
edges of crystals.?

In the strict sense, the matrix A is of infinite dimen-
sion, However, in most cases the parameter A may be
chosen so that one introduces negligible error in f,(m)
by truncating the series (2.23) after a few terms, so
that

Folmin) = 274““ (0. (2.27)
If g, 18 f1n1te, then f,(m) depends on A as is indicated
in Eq. (2.27). It is only in the limit ¢, e that 7 (m;))

is independent of A, This fact is important to remember

in practical applications of the method. From Eq. (2.11),

we see that the parameter x provides a rough measure
of the rate of decay of ¢ (m:\) with increasing m. Thus,
it also measures the rate of decay of £, (m;)), provided
that ¢, is fairly small. It seems reasonable then to
choose a value of X which will mimic the expected decay

rate of f, (m) since ¢, will then be as small as possible.

This in turn leads to the smallest possible dimensions
of the matrix A which is to be diagonalized. We return
to these considerations later in Sec. III in connection
with a specific example.

By making use of Eqs. (2,26) and (2.19), the elements
of the matrix A can be written in the form

AL (N = bygd,  + Ec‘ﬂ)@gEﬂ{q)
+ E a7 p| 6Gn -n)E™| @)

+ 2 Z el™(p| GmmE’]q>

n=0 1=0
R S
+ 20 23 kP pls,, H0m —DE | g)
rr‘l 1=0
+2g‘"’(/)|9m—n)[q>, (2.28)
where
(plE" )
n mfntg-p-j-1
:exp[—x(nJrq—p)/Z]Jg (—1)’(}.) w1
xexp(rj)8lg —p~7), (2.29a)
(p|9(n7—n)E'"|q):(qlE”]p>, (2.29b)
(P8, .E @) = 0,:M) @ (n+1;1), (2.29¢)
{p] 8,,,00m = 1)E g = 8n~ Do, ;00 (n=1:x), (2.29d)
(pl 8(m —n)iq) =0, .~ 2 @, m\e (mn). (2.29e)

A derivation of Eq. (2.29a) is presented in the Appendix.
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1tl. EXAMPLE

In this section, the method described in the previous
section is used to determine the dispersion curve of a
ferromagnetic spin wave localized at the (001) surface
of a semi-infinite fce crystal with nearest- and next-
nearest-neighbor exchange interactions between spins,
To the author’s knowledge, an exact solution of this
problem does not exist, The following analysis thus
provides a nontrivial and yet simple example of the use
of the method described in Sec, II. The equations
governing the layer-dependent spin-wave amplitude,

S(m), are easily obtained and have the form
QS(m) =/ (m)S(m) (3.1
where
Lm)=b+cWVE + ¢ EZ+ @'V 8(m - 1)E
+d®0(m - 2)E2+ g 0(m - 1)+ g 0(m - 2)
(3.2)
(m=0,1,2, «++),
with
b=8-2¢(k, )+ 57 - 2rx(k,) (3.3a)
M =g = _y(k, ), (3. 3D)
e® =d® =y, (3.3c)
gM=4, (3.3d)
2=y, (3.3e)
and
r=dy/d,, (3. 4a)
o(k,)=cosk a, + cosk,a,, (3. 4b)
x(k,)=cosl[(, + & )a,] + cos[(k, ~ k,)a,) (3. 4c)
¥k, =1+ @(k,) + cosl(k, + & )a,), (3.4d)
Q=w/SJ,. (3.4e)

In these expressions, g, is the periodicity length in two
directions parallel to the surface (x—y plane}, J, and

J, denote nearest- and next-neighbor exchange integrals,
w is the frequency of oscillation, and k,=(k_,k,) is the
wave vector of the spin wave. For 51mp11c1ty 1t is as-
sumed that J, and J, in the surface region have the same
values as in the bulk, It is easy to include any changes
in these quantities through the constants ¢‘™*’ and ;"
appearing in Eg. (2.19).

Following the procedure outlined in Sec. II, we
approximate S(m) by

Stn) = mEaqu(x)wq(mzx).

(3.5)
q=0
This leads to the equation
Qe Ay Milae) = 20 AN ima) (3.86)
¢=0
with
qu(x) = [8 - 2@(1{1\) + 57~ 27’X(kn)]6p,q
+4(p|6m =1)| @) + r(p|6lm - 2)|g)
S.E. Trullinger 1886



oV T T T T ——T ——

u o
T =

120

N Bl

P Y

R MR N VTSP
4

il 1
a X

iz 1]

RN
» b3

)

FIG. 1. Dispersion curve for the spin wave localized at the
(001) surface of an fce crystal (J,/J;=0.2). Also shown is the
bulk dispersion curve with k,,, =k,. The inset shows the sur-
face Brillouin zone and its irreducible segment.

- Wk )(p| E|q) +{g| E| p]

-rl(p| B*| @) + (| | p)], 3.7
where use has been made of Eq. (2.29). The eigen-
values Q(1; g,,,,) are independent of A and g, only in the
limit as g,,, —«. However, we shall see that a good
choice of » will cause the lowest eigenvalue, £,(x; g, ..)»
to converge rapidly as ¢, increases. This lowest
eigenvalue yields the frequency of oscillation of the sur-
face spin wave [see Eq. (3.4e)] and the corresponding
eigenvector yields the layer-dependent amplitude of

the surface spin wave |see Eq. (3.5)].

With the help of Eqs. (2.29a) and (2. 29¢) the matrix
elements 4, (1) given by Eq. (3.7) can be obtained in
closed form. This was done and a computer code was
written which generated and diagonalized the nonsym-
metric {g,,,, T 1)X (g, + 1) real matrix A for arbitrary
values of » (> 0) and k,. The results for the lowest
eigenvalue when v=J,/J; =0.2 are plotted in Fig. 1,
together with the bulk spin wave dispersion curve for
K . =K,. A general feature of surface spin waves? is
that their amplitude decays very slowly into the bulk if
k, is close to zero (the Brillouin zone center, T'). For
k, near the zone boundary, however, the decay can be
quite rapid. Thus, it was expected that the optimum
value of A giving the most rapid convergence of @ as
(may 15 Increased would depend on k,, assuming small
values near the zone center and large values near the
zone boundary. This was found to be the case; for k,
close to zero, exp(- ) is very close to unity, while,
for k, = (1/a,, n/a,), exp(~1r,,)=0.02. For the latter
case, we have shown in Table I the dependence of Q on
Gmay fOT €™=0,02. The convergence is seen to be quite
rapid.® Indeed, for all k, it was found that x could be
chosen so that & was accurate to at least three or four
significant digits with ¢__ S 5 which means that the
matrix A need not be larger than 6X6 to obtain this kind
of accuracy. It should be emphasized, however, that it
is not necessary to determine A, for each k,. By fixing
e™=0.5, the values of Q obtained are accurate to at
least four significant digits with ¢_, =25 for all k,
except those very close to zero. Simply stated, this
means that the accuracy that is lost if A# A, can be
regained by increasing Dinax-
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IV. DISCUSSION

From the discussion in Secs. II and III, we see that
the use of Gottlieb functions leads to a very simple
procedure for solving a large class of surface problems.
To what extent is this procedure more efficient in a
numerical sense than other methods which are avail-
able? The answer to this question depends on the par-
ticular nature of the problem under study. However, a
few general remarks can be made. The most common
method used to date for solving a variety of surface
problems employs a slab of finite thickness (typically
20—30 layers) to serve as a model for the semi-finite
crystal. The primary disadvantage with the use of such
slabs is that they must be thick compared to the decay

length of the function of interest. Otherwise the two
surfaces “interfere” with each other. Since the method

described here deals directly with semi-infinite crystals
(one surface only), it suffers no such limitation. While
in slab calculations the size of the matrices to be
diagonalized increases (in some cases quite rapidly)
with slab thickness, the necessary size of the matrices
in the present method depends only on how many Got-
tlieb functions are needed to accurately represent the
function of interest. As we have seen in Sec. III, the
required matrix size in the present method can be
minimized with a suitable choice(s) of the parameter .

Finally, it should be emphasized that the use of Gott-
lieb functions is not restricted to the class of problems
discussed here, Since they provide a convenient set of
basis functions for representing decaying functions of
integer argument, they should prove useful in other
types of problems involving crystal surfaces as well.®
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APPENDIX
In this appendix, Eq. (2.29a) of the text is derived

by making use of the generating function for the Gottlieb
functions. The matrix element (p.E"iq} is defined by
(p|E"|g) =20 @, (mNE (m:n). (A1)
m=0

By using Eq. (2.20), this becomes

TABLE 1. Rate of convergence of 2 with increasing matrix
size (G +1) X gy +1) for k, =77 (zone corner) and ¢*=0, 02,

QG =k, =7/ay

12,2068 305 500 10
12,192 409 326 18
12,190 717 676 43
12,190 505 406 43
12,190 479 749 08
12,190 476 623 82
12.190 476 243 20
12.190 476 196 77
12,190 476 191 06
12,190 476 190 60
12.190 476 190 22
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(p|E"|q) = 2 @, (m; M) (m +m;0). (A2)
m=0

To evaluate the right-hand side of Eq. (A2), we first

multiply both sides by s?#?, where s and ¢ are indepen-

dent quantities such that Is|, ¢ <exp(~»/2), and then

sum over the integers p and ¢ from zero to infinity:

ii (p| E"|q)s*te

$=0 ¢=0

=2 (2 9,mNs? N2 @ m +n;)0). (A3)
m = b=0

a0

By making use of the generating function [Eq. (2.17)]
the right-hand side (RHS) of Eq. (A3) becomes

RHS =exp(~ m/2)(1 = e™)(1 — exp(~ 1/2)s)?
x(1 = exp(A/2))" (1 — exp{— A/ 2}ty

3 (1 —exp(n/2)s )1 — exp(3/2)t) \ ™
X2 exp(=rm) ((1 - exp(-2/2)s)(1 - exp(- A/Z)t))

m=0

(A4)

The geometric series is trivially summed to yield, after
after some algebraic simplifications,

5 5 (| B (1 - exp(y/2)0)"
?OQEU (plEn|g)ste = exp(=xn/ 2 T S 7T <)

(A5)

By expanding the right-hand side of Eq. (A5) in powers
of s and ¢ and then equating coefficients of s?# on both
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sides of the resulting equation, Eq. (2.29a) is obtained.
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Starting from extensions of the Schwinger functions to a positive, symmetric linear functional on the
Borchers algebra we give a theorem on the embedding of the physical Hilbert space as a closed subspace of
a Euclidean Hilbert space. The case of locally L, strongly positive extensions is discussed as is the relation

to Nelson’s Markov property for Euclidean fields.

1. INTRODUCTION

In his abstract formulation of Euclidean quantum field
theory, Nelson! introduced a Hilbert space for the
Euclidean fields as L,(S, ¥, 1) where S5 denotes real
tempered distributions, ¥ the Borel field over §5 and
i a probability measure. The relativistic theory was
then reconstructed by embedding the physical Hilbert
space as the L, subspace corresponding to the sub-o
field generated by Euclidean fields localized at sharp
time and then exploiting time reversal invariance of
this subspace with a Markov property for the Euclidean
field, Hegerfeldt® starting with a self-adjoint commuta-
tive representation of the Schwartz space § subsequent-
ly identified a more general property, “7T-positivity, ”
which sufficed for the positivity condition isolated by
Osterwalder and Schrader® in their equivalence theorem
for Euclidean and Wightman theories. Hegerfeldt found
the physical Hilbert space to be the subspace on which
T-positivity held and showed the relation between
Nelson’s Markov property for half-spaces and the re-
gquirement that the T-positive operator be a projection.
The purpose of this note is to investigate this frame-
work for the Euclidean theory which arises when the
Schwinger functions (noncoincident arguments) have ex~
tensions as a positive, symmetric state on the Borchers
algebra over §.* To keep the notation to a minimum,
we shall follow the conventions of Refs. 3 and 4.

Let $={1,5,,5: ...,8,, - -} denote a Schwinger state
on §,=%,5(,), where §(£,) consists of those Schwartz
functions on R*" vanishing with all derivatives unless
x;#x;, I<i<jsn, x=(/,x) € R*. A positive, symme-
tric extension of S, denoted extS, to the Borchers alge-
bra §=,(R*) may be assumed to be Euclidean and 6
invariant without loss of generality (Sec. 2, Ref. 4).
Here 6 denotes the time inversion operator. The posi-
tive time-ordered subspace is §,=®,5(2<, ) for which
5(22%,,.) consists of Schwartz functions on R*" vanishing
with all derivatives unless 0 </, <{f,<::+<{ <, QOur
Euclidean Hilbert space will be /5 : =S/NZ, where N,
is the Euclidean kernel and the factor space is closed
relative to the topology derived from extS. For f ¢ §,
let ¥(f) be the corresponding coset in §/Ny and define
the reflection operator -

K3(f): = w(6p).

Due to 6 invariance of extS, K, extends by continuity to
a unitary self-adjoint operator on/# ;. The notion of

(1.1)
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“T-positivity” is introduced by means of the subspace
H.:=(5. % Ng)/N,® and its orthogonal projection P,.
Then defining

P:=P,K,P;
Osterwalder—Schrader positivity, S(f*xf.)> 0 for
£ €5, is equivalent to P> 0 and the physical Hilbert
space, /{,, is unitarily embedded in #/; as the closure
of the range of P. Further, P is a projection only when
#, consists of the invariant vectors for K, in #.. This
is the appropriate abstraction of Nelson’s Markov prop-
erty for half-spaces.! Relation (1.2) generalizes
Hegerfeldt’s T-positivity in that /7, is generally a proper
subspace of sp{explio(N]ife S(RY} used in Ref. 2. More-
over since our requirements on ext§ constitute a mini-
mal setting for the Euclidean field theory appropriate
to the Wightman axioms (we do not require the Euclidean
field to be self-adjoint on#/z), P> 0 is the Osterwalder—
Schrader positivity condition for such. These results
constitute the work of Sec. 2.

(1.2

Section 3 specializes to the situation where each com-~
ponent, extS,, is locally L, in the time variables for
which 4/, = P(5(R%); while Sec. 4 treats further the case
when extS§ is a strongly positive, symmetric, continu-
ous extension of S leading to a maximal measure! on
Sk. For this situation, 4, =L,(5%, %", u), where ¥* is
the o field generated by the Euclidean field ¢(f), f< S(RY),
and P, is the conditional expectation. The Hopf—Chacon
ergodic theorem allows recovery of Nelson's embedding,
where # ;= Ly(Sk, %y, 1) with %, a o field localized at f
=0 but the sharp time fields do not necessarily exist.
This requires also that P be a projection. Recent work®
has shown the existence of extS for a large class of
Schwinger functions whose behavior near equal times
is more singular than locally L,. A study of P, in this
case would shed more light on the abstract Markov
property and when it can be expected to hold.

2. THE EMBEDDING THEOREM

The Osterwalder~Schrader positivity condition
{E2 of Ref. 3] permits the introduction of a second
Hilbert space, //:=J5./N;.X, with null space Ny,
={f € 5,15(6f**f) =0} and topology on the cosets v(f.)
€ §/N,. derived from the sesquilinear form (v(f), #(£))x
=S(8f*x g). It is shown in Ref. 3 that// is unitarily
equivalent to the physical Hilbert space of the corre-
sponding Wightman theory. Now define a linear map

Copyright © 1976 American Institute of Physics 1889



E:H,~H vy
EY(f): :v(f) fes..

The relations IEY(f) Il = extS(6f* X[ /2

< UKW 20p(FINL/2 = 1y(f iz allow extension of E by
continuity to a contraction with dense range. E* is an
invertible contraction and //, =N(E) © R(E*) £, N(E) is
the null space of E and R(£*) the range of £*, Several
facts about the mappings in (1.1), (1.2), and (2.1) are
conveniently summarized at this pomt.

(2.1)

Proposition 2.1:

(a) E*E=P.K,P,,

(b) R(EXE)F =R(F*)E
(€Y H,n KeH . C R(E*E),
(d) K. N(E) ={0}.

Proof: For (a) notice that (v(£.), Ey(g)) =S(6/* X g)

= (Ke(f), ¥(g) for f, g S.. Hence E¥E=P K,P, on a
dense set. (b} is a consequence of N(E) = N(E*E)*
=R(E*E)®. In (c), suppose ucH.NKs4,. Then u=KZ2P u
=P, K,P K,P u= (E*E)zu, which also gives (d).

These observations allow the embedding of // in 4
in a manner canonical with respect to the coset spaces
and generalizes Hegerfeldt’s result.?

Theorem 2.2 : H may be identified with 4,
=R(P,K;P,)".

Proof: Let E=U(E*E)'/? be the polar decomposition
fo E. Then U is partially isometric with initial set

R[(E*EY T2 and final set R(E)®. Now notice R[(E*E) '2F

=N(EY* =R(E®F and use (b) above.

To characterize //, further, the following remarks
will be useful in which we have denoted //_: = K/1..

Lemma 2, 3: The following conditions for y e/, are
equivalent:

(a) (tExEyll ={iyll,

(b) UEPH =Nll,

(c) Y=E*EY,

Q) veti,0H.,

(e) Kpp=1.

Proof: It is sufficient to take ¢ #0 in 4. Clearly, (a)
and (b) are equivalent since E, E* are contractions and
(a) implies (¢) since Il — EXEIIZ = 214112 o 21EPN% =0
Let Kyt =y + i, with gy €4, zj)ze/—/f, Then 2 = 1K 112
= 1y 12 + 1 2 = WP KPP + Uiy ® = Ugptt% + 1,12 and (c)

implies (d). Finally, e/, N/ _ satisfies ¢ = (E*E)%)
so (d) implies (a). (d) and (e) are obvious.

The special case for which P is a projection allows a
sharper characterization of /.

Proposition 2. 4: The following are equivalent:
(a) 1y =H.0H.,
(b) £* is isometric,

(¢) P,K,P, is a projection onto /7.
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Proof: (a) implies (b) as R(E*E)® =//, N} _ requires
E isometric on /{, by Lemma 2,3(b). £* isometric on
the range of E shows for f € 5., Ww(f) 1= nE*p(f)n?
=(E*EY(f), ¥(f)). From this it follows that E*E is a
projection onto its range which is then closed, so (b)
implies (c¢). Finally, (c) implies (a) as R(E*E) = R(E*)
for this case and both E* and £ have closed range. Let
v ¢ R(E) be nonzero. Then there exists ¥ ¢ R(E*E) for
which v =E¢ and 11112 = (¢, EXE) = 1012, By Lemma
2.3, pehi.nH..

From these remarks, we learn that the unitary copy
#1, of the physical Hilbert space may be decomposed in-
to a direct sum #,, 9/, where A, ,=H,N#. contains
the vacuum subspace and all vectors in //, invariant
under the reflexion operator. The subspace//l is a de-
fect space in the sense that £ restricted to//i is a strict
contraction. Examples of generalized free fields show
cases where &, . =sp{Q.t, Qz=y(1), and/n +{0}; ¢ while
Nelson’s //_; Euclidean field theory with Markov prop-
erty has /= i

Remark: Let U(f) be a unitary representation of the
time translations induced by Euclidean invariance of
extS. In this notation, the self-adjoint contraction semi-
group 7% on// given by Osterwalder and Schrader [Eq.
(4,6) in Ref. 3] is just T*E=EU(t), 1> 0. Its represen-
tation in 4, is U*T*U which becomes Nelson's original
expression P U(1t|)P,, P, orthogonal projection on//,,
for P,KyP, a projection.

3. THE SUBSPACE X,

A concrete realization for Ho depends upon one for
P, which may be difficult when the Schwinger functions
are sufficiently singular at equal times. Due to the sym-
metry of extS it is always the case that

TN TN/, =, PO, (3.1)

where S(829) =&, 5(2 .), 5().) those Schwartz functions
which vanish with their derivatives unless 0 </;; and no
t;=t; for 1 <{<j<n. The right-hand inclusion in (3. 1)
may be strict, however. To obtain a result on //, in
what follows we are concerned only with the behavior of
extS in the time variables so we shall assume the space
variables have been integrated out with test functions in
S(R®). Given f ¢ S(RY we try to f1nd approximants {f
 §, such that limy . 13(/) = 4(fy) iz = 0. Due to the sym-
metry of extS we need only

lim eXtSmm({f j}\ n}x{d ~ 8N ,m}') =0 (3- 2)
N~
for each pair of nonnegative integers », m. Choose
a(f)=1, 1= 1; exp(~ 1/Mexp(~ 1/ +exp[-1/(1 -],

0</<1; 0for!<0; and put ay(/) = a(N). Then when
fN,,.(fl, ceasly)

TGP, ylteqy=tre) v llam = by Mallys ooy 1)
with a like expression for gy, n, the approximants lie in
S(s2y,) and $(s¢p, ), respectively. They may be chosen
to have compact support. In the case that each ext$ is
locally L, in time, the limit (3. 2) holds by dominated

convergence. A slight improvement is to be had upon
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making a more detailed calculation of this limit. Sym-
metry and translation invariance for extS permits re-
writing (3., 2) as a Lebesgue integral of the form

fdfldiz crndbE dEdn, - - dn,

XFomy (£, g,n)P(~f—£l,---,-a—%)

XUty F Egy eyl F By b e e ot £ = ayg(£) + o ay(£,)
Xé}(ﬂ"fn)(lx,fﬁrnz,.\,.,/1+£2+ )]

X[y, S1F Mgy cv ey Sy My +ee-+1) = ay(Ny) « g (0,)

XZJ(”-lgm)(s1,31+ng, . S1+772+"°+77m)]-

T
Here F,., is a continuous function, F a polynomial and
Mm=ti=tiy, 2<isn; {=8-t,; N,=8;-5,;4, 2<j<n,
Each derivative may be considered separately so we ex-
amine a typical expression of the form

k w
(=1 2 ( )/ AGHay (O (0),
1<l <k 0
where G is continuous and f< §. For test functions for
which 7#’(0) = 0 when p 0,1,...,%k-1 a calculation
gives the integral as 1)” O)f‘k‘“ . Consequently,
(3.2) holds also when the derivatives in &;, 7, are at
most of order one and F,,,; vanishes when any {; =¢,,
1<i<j=<n+m. This means a singular term sin[(¢,
—;]/(4; - ;) is allowed in extS even though it is not
locally Z,. In summary, we find:

Proposition 3.1: /,=P(S(RH)® when each extS, is
locally L, in the time variables or in the difference time
variables is the derivative of a continuous function van-
ishing at equal times and no derivative need be of higher
order than one.

As a final comment let us make contact with previous
work!*? and suppose each extS, is continuous in the time
variables. Then sharp time Euclidean fields are well
defined. Choose p e C2(R) with p =0, suppp < [-1, 1],
and [p(H)di=1. Now form 8,{/) =Np(Ni—1) which con-

verges weakly to the 6, distribution so as N~
extS, (O, % £, X 0 . X 5, ® f,) — extS(5,® f; X

f. < S(RY).

oo X 60® fn),

The coset mappings ¥, ¢ extend by continuity as well as
E in (2,1). Moreover {(5,& f; X---X§,® {,) is clearly
invariant under P.KyP, and

B(8,% SR < H iuy “H . (3.3)

4. THE SUBSPACE ¥,

In this section, we will study the subspace /7, for
extS satisfying the regularity conditions of Proposition
3.1, First, it is instructive to review the case when
sharp time relativistic fields exist and define Wightman
distributions continuous in the time with cyclicity of
time zero fields. This is the setting of Nelson’s /
theory and Simon's study of the connection with the re-
lativistic theory.!’ From eyclicity, Parseval’s relation
leads to a sequence {#*’} such that
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() 1 e spl8® £ - - xby 1P |1 @ S(RY)},

(11 (h(z)*xh(l)) 5”,

Xh(k))‘z

(110 W (£ *x ) =2 lw
R
for the Wightman state ({/ related to S. The continuity
arguments at the end of Sec. 3 and the Osterwalder—
Schrader relations [Eqs. (2.1), (2.2) of Ref. 4] imply
W xh (“) =extS(£* X2}, Then in Theorem 2.2,
UE(h®) = Ep(h®) =v(h*) with consequence that{di(_(k))[
is a complete orthonormal system in //,. Hence by (3. 3),
P16,8 SRE =4y =H 1ny With P,K,P, the projection onto
oo

To continue this discussion a little further, suppose in
addition to the regularity requirements of Proposition
3.1 that extS is a strongly positive, continuous extension
of Sleading to a maximal measure g on S;. Theorem
4.3 of Ref. 4 gives Proposition 3.1 in the form

/‘/E:Lz(_gl'e, o, u, Ht:LZ(-SIIe’?Ii’ 1)

in which ¥(%*) are Borel fields generated by Euclidean
fields ¢(f) as in Ref. 4 with fc S(RY(S(R?Y), respective-
ly. P, is now conditional expectation with respect to¥*.
For functions u measurable with respect to ¥, Euclidean
and ¢ invariance of extS allow us to choose 4 so that
Kou(T): =1(8T) and nae(T): = u(n2T) for T« §f and ac RY
are measure preserving automorphisms of . Then
P=P.KyP, is a doubly Markovian operator on L,.

In addition to ¥ *, three other o fields play a role in
the description of /. If of - --} denotes the o field gen-
erated by functions in{- - -} and x, the indicator of

the set A, these are

2Iinv:{‘AEg[‘.“PXA:XA]D
2(0: o uns

n=1

u,=o{e(N|f= S(RY,

and, following McKean and Pitt, ® the minimal splitting
o field of " and ¥,

supp/ < { (4, <1/nf;

$,=0{¥g] ¢ bounded and ¥~ measurable}.

Conditional expection with respect to a sub-o field 8
will be written variously as 8(-) = £{ - IB}. One easily
shows that for A= %', Ac ¥ ¥~ if and only if Py, =Xp e
Consequently,
Wi, AU S,

General relations between the various subspaces are
readily obtained,

Proposition 4.1: f 1y =Ly(Uypy) <
= LZ(-SU)'

Proof: These inclusions are applications of almost
everywhere convergence theorems. The Hopf—Chacon

ergodic theory® shows the orthogonal projection onto
H iny to be

L0~ A7) oA

11m—-L, P*(.

o ‘Nko { I inv}’ a.e.,

while if # is integrable, a theorem of Burkholder and
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Chow!? implies
Bl |0 A =1im (PK,)Vu.
o

The projection onto L,(¥* " ¥") therefore lies in the
closure of the range of P. The remaining inclusions are
just a matter of using the definitions.

Remark: The positivity condition of Osterwalder and
Schrader now appears as #,< L,(§,) (see Ref. 11, pages
104—105).

Covollary: H,= L,{§,) if and only if P is a projection.

Proof: When P is a projection, Proposition 2. 4 states
ILA/OZ/‘/“W. Notice that for g bounded and ¥~ measurable,
P.g=P(K;g) so S,=0{Ph|k bounded and ¥* measurable}.
Then P a projection implies §,=#,,,. Conversely, when
#Ho=Ly(5,) we find by the splitting property Pf=P K,f
=Sf=ffor fetiy. Thus, A,/ and P is a projection.

The relevance for these remarks to Nelson's Markov
property can now be readily ascertained. First, for
completeness, let us recall several notions from!:®!"!
appropriate to strongly positive extensions which are
not necessarily locally L, in the time variables. Follow-
ing Pitt, ® introduce o fields localized at sharp time but
from the future and the past, respectively,

s= 0¥, W= o) [supps o {0 | 0< £t <1/l
n=1
It is then true that
6:9’[02915-
For Ac¥, as extS solves a moment problem for a
maximal measure (Theorem 4.3 of Ref. 4), for € >0

there exists a polynomial P(¢(f;) - - - ¢(f,)) such that
Xy — Pll; < €. Hence,

limll x4 = mxall, < 2€ + 1im[|P — n, Pll, = 2¢

t-0 t=0
as 7; is measure preserving and when { -0, ext§(P*
X 1,P) ~extS(P*XP), If Ac ¥, then for each n we may
find a polynomial P, = L,(g9(,) with lix, - P,il, <1/2". This

means

1M snyP o= Xallg < xa ~ 1 smpXally + 1727,
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the right-hand side tending to zero with n —<¢. The re-
sult follows since My ,,,P, & Ly(U;,). The state extS will
be said to have a half-space Markov property in the
event ¥ = § and to satisfy the reflection property when
Kyu=u for uc L,(%,), see Ref. 11. Suppose that extS
also has the regularity conditions in Proposition 3. 1,
then the Corollary to Proposition 4.1 and our discussion
in Sec. 2 implies, easily, the equivalence of the follow-
ing two statements:

(a) P is a projection and %,,,— ¥ ;

nv :
{b} ext$ has both the reflection and half-space Markov
properties.

For these cases the physical Hilbert space embeds in

L,(%) as L,(¥), which was Nelson’s original choice in
Ref. 1. The requirement ¥,,, = ¥ is the analog of cy-

clicity for time zero fields mentioned at the beginning
of this section. It allows ¥ to be large enough to split
the past and future o fields. Minimality as required by
Pitt? is a consequence of P being a projection.
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Space-time symmetries and linearization stability of the
Einstein equations. II*

Vincent Moncrieft

Department of Physics, University of Utah, Salt Lake City, Utah 84112
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In a previous paper we began a study of the Fischer-Marsden conditions for the linearization stability of
vacuum space-times with compact, Cauchy hypersurfaces, We showed that a space-time of this class is
linearization stable if and only if it admits no global Killing vector fields. In this paper we derive the
general nonlinear constraints upon the perturbations which are necessary, whenever Killing symmetries
occur, to exclude spurious perturbation solutions. We establish the hypersurface independence of these
constraints by relating them to the conserved integrals of the perturbation equations associated with the
Killing symmetries of the background. As a corollary of this result, we also establish the gauge invariance
of the nonlinear constraints. We briefly discuss the noncompact case and mention a possible application of

our results to the study of the Hawking press of quantum mechanical particle production by black holes.

1. INTRODUCTION

In a previous paper® (referred to here as paper I) we
began a study of the Fischer and Marsden?®:® criterion
for the linearization stability of solutions to the vacuum
Einstein equations. A solution is said to be lineariza-
tion stable if and only if each of its linear perturbations
is tangent to a smooth curve of exact solutions. In the
unstable case there are always some spurious solutions
to the associated perturbation equations which are not
tangent to any curves of exact solutions. In paper I we
concentrated on distinguishing the (linearization) stable
space—~times from the unstable ones. In this paper we
congider perturbing an unstable space~time and attempt
to distinguish the acceptable perturbations from the
spurious ones,

The vacuum space-times considered in the Fischer—
Marsden linearization stability theorem are those with
compact, boundaryless Cauchy hypersurfaces. Fischer
and Marsden consider the space of Cauchy data that can
be defined over a compact, boundaryless three-manifold
M and study the constraint subset of this (infinite di-
mensional) space. They apply the implicit function
theorem (using Sobolev manifolds of Cauchy data) to
show that the Einstein constraint equations are lineari-
zation stable at a given exact solution provided that the
constraint map has surjective derivative at the given
point. Using elliptic theory they show that the deriva-
tive of the constraint map (which defines the constraints
of the corresponding linearized Einstein equations) is
surjective if and only if an associated adjoint operator
is injective. Thus, linearization stability of the con-
straint equations obtains at a given exact solution pro-
vided the associated Fischer—Marsden adjoint map has
trivial kernel. The remainder of the Fisher—Marsden
theorem consists of showing that linearization stability
of a solution to the initial value equations extends to
linearization stability of the full set of Einstein equa-
tions on a Cauchy development of the initial data, The
corresponding result for C~” data is obtained by a regu-
larity argument from that using Sobolev spaces.

In paper I we showed that if a vacuum space—time
(with compact Cauchy surfaces) admits a Killing vector
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field “ X, then ‘X induces, upon any Cauchy hyper-
surface, a nontrivial element of the kernel of the
Fischer—Marsden adjoint map associated with that
hypersurface. Linearly independent Killing fields in-
duce linearly independent elements of the kernel, We
also showed that, when the adjoint map for some Cauchy
surface has a kernel of dimension k>0, there is a
Cauchy development of this surface admitting % linearly
independent Killing vector fields. Thus, for vacuum
space—times with compact Cauchy surfaces, the occur-
rence of a Killing vector field precludes linearization
stability and so guarantees the occurrence of spurious
solutions to the corresponding linearized Einstein
equations. We wish to here characterize these spurious
solutions of the perturbation equations. '7

We shall first derive general formulas for the addi-
tional, nonlinear constraints upon the perturbations
which are necessary, whenever Killing symmetries oc-
cur, to exclude spurious perturbation solutions. This
derivation follows the same pattern set by Brill, * Brill
and Deser, 5 and by Fischer and Marsden® for the spe-
cial cases discussed below. Next we shall apply an ar-
gument due to Taub®” to show that for each independent
Killing vector field of the space—time there is a con-
servation law for the associated gravitational perturba-
tions, The main result of this paper will be to show that
the nonlinear constraints upon the perturbations, nec-
essary to exclude spurious solutions, are equivalent to
the requirement that each conserved quantity must be
constrained to vanish.

In showing that the additional nonlinear constraints
upon the perturbations are conserved quantities, we
establish the hypersurface independence of these addi-
tional constraints. This result therefore will exclude
the possibility that perturbed initial data which seems
allowed on one hypersurface could propagate to induce
a spurious perturbation on a different hypersurface,
An important corollary of our result is that the non-
linear constraints are gauge invariant and so are iden-
tically satisfied for any pure gauge perturbation. The
nonlinear constraints restrict only those nontrivial
perturbations towards space—time distinct from the
given one,
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In the original study of linearization instabilities in
general relativity Brill,? and later Brill and Deser, °
treated the special case of a flat space—time with com-
pact, flat Cauchy hypersurfaces. They derived several
nonlinear restrictions upon the perturbations which
were necessary to exclude spurious perturbations of
the given, flat space—time. Fischer and Marsden then
proved the general result described above relating lin-
earization stability to an injective adjoirt map.? They
then derived two necessary conditions for an injective
map, For a Cauchy hypersurface having first fundamen-
tal form ¢ and second fundamental form % they require:

(i) if k=0, then g is not flat, and

(ii) there is no nonzero vector field X such that / , ¢
=£ k=0, where £, signifies the Lie derivative with
respect to X. When either of these necessary condi-
tions fails to hold one must impose additional nonlinear
constraints (derived by Marsden and Fischer)® upon the
perturbations. The nonlinear constraints derived by
Brill and Deser and by Fischer and Marsden are special
cases of the general constraint derived in Sec. 2.

To obtain this generalized form of the nonlinear con-
straints we use the main result of paper I which states
that the adjoint map for a compact Cauchy hypersurface
has nontrivial kernel if and only if the initial data allows
a (vacuum) Cauchy development with one or more inde-
pendent Killing vector fields, The dimension of the ker-
nel is equal to the number of independent Killing fields
which occur. Section 3 applies the argument of Taub®7
to derive the conservation laws for the gravitational
perturbations when Killing symmetries are present.
Section 4 proves our main result that the nonlinear con-
straints of Sec. 2 are equivalent to the requirement that
the conserved quantities of Sec. 3 must vanish in order
to exclude spurious perturbations. Gauge invariance
is discussed in Sec. 5.

In Sec. 6 we briefly discuss how our conclusions must
be modified when noncompact, asymptotically flat,
Cauchy hypersurfaces are considered., The occurrence
of certain boundary integrals, absent in the compact
case, alter the conclusions regarding linearization
stability, even when Killing vector fields are present.
The conserved quantities are no longer necessarily con-
strained to vanish but their values must be matched by
boundary integrals which involve the second order per-
turbations. Depending upon the type of Killing field
considered, the boundary integrals can represent sec-
ond order corrections to the energy, momentum or
angular momentum of the perturbed spacetime. Some
possible applications of this result to the perturbations
of black holes are briefly discussed. In particular,
we mention its possible relevance to the study of the
Hawking process of quantum mechanical particle pro-
duction generated by gravitational collapse.® Our re-
sult suggests a method of computing the reaction effects
of this particle production up to the second order of
approximation,

Throughout this paper we use the same notation as
that of paper I. Except for some sign conventions and
other minor changes our notation is that of Fischer and
Marsden. ?
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As in paper I we let M designate a fixed compact,
oriented, C* three-manifold without boundary and define
the following spaces of C” tensor fields over M:

S5 ) =space of symmetric, covariant, second rank
tensor fields (tensor densities) over M,

§%(8%) =space of symmetric, contravariant, second
rank tensor fields (tensor densities) over M,

M =space of Riemannian metrics of M,

C=(Cy)=space of scalar functions (scalar densities)
over M,

X1 (xF) =space of covariant vector fields (densities)
over M,

x!(x}) =space of contravariant vector fields (densities)
over M. The gravitational phase space is/} X §% and its
constraint subset (' is defined by

C =g, MeMx52 |0 (g, 1) =0}, (1.1)
where
SN XSE = O X0 (1.2)
(g, M (g, m),6(g, M)
where
H (g, 1) = (detg)*/2niin,, - 3(trm)?] - (detg)* /2R, (1.3)
6i(g, my=2m% .. (1.4)

As before, a vertical bar signifies covariant differen-
tiation with respect to g, (detg) is the determinant of
gis» R is the curvature scalar of g, and trn=g;,n*/ is the
trace of n,

2. KILLING SYMMETRIES AND NONLINEAR
CONSTRAINTS

Let (g,, m,) be an element of the constraint subset C
and let (g(A), 7())), with r€ (- ¢, &), be a smooth curve

in /) x §2 with (g(0), 7(0)) = (g, 7). If @(g0), (1)) =0,
so that the entire curve lies in (, we have

de

i e, m). . =0, (2.1)
and

Al

ae @), 10| =0, (2.2)

etc, Expressed in terms of the tangent vector (&, p)
= T(ga’,,o,/M x§% =G, x§7% defined by

, _{dg(y)  du(d)
(h’/))_(—d—x_’ T) o’ (2.3)
Eq. (2.1) becomes
D‘b(go;”o)“(hyp):(), (2-4)

where D&(g,, m,) is the linear operator given explicitly
by Eq. (3.2) of paper I. In terms of (i, p) and the sec-
ond derivatives (i', p’}= §,% % defined by

d2g(\) (?%(7\.)) { _

fop')y= = 2.7

(5 1) (m\? e )T 2.5)
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Eq. (2.2) becomes

D2®(g,, ) * ((k, p), (h, P)) + DE(g,, 1) - (1, p') =0, 2.6
2.6

where D?*®(g;,n,)-(, ) is a bilinear, symmetric map
from (§,x§2)X(5,%S2) to (7 *Xx5. The explicit formula
D*®(g,,m)-(, ) is given in the Appendix below.

If (C,X)=(~xx, and (¥, p')e §,X5%, then

J, &xC, X); D8 (g5, 1) - (W, p'))
= | @HACDH g0y 1) (', 1) + X, D6 gy, 1) - (', 1}

= | (D2 (g, 7)) X(C, X);(', '), 2.7)

where D&{g,, 7,)* is the Fischer—Marsden adjoint map
given explictly in our notation by Eq. (3.3) of paper L
Here { ; ) is defined by

o, kY (0, p Y =w"h)+ R ' e C (2.8)

for any (w, k)< §2%%§,. Combining Eq. (2.6) with Eq.
(2.7) we see that

J, (€, X);D°@(g,, 1) + ((y ), (B, I

= |, @X\CDH (g5, my) - ((h, p), (k, P)) .9

+X;0%8%(gy, ) - ((, P, (hy P}

== ju ’x{D® (go: ”o) ?‘(C: X); (n, P')»

for any (C, X) =( * xx, provided (&, p) and (#’, p’) are the
first and second derivatives [at (&> 110)] of a smooth
curve of solutions of the constraints. It follows that if
D&(gy, my)* has nontrivial kernel and (C, X) is a nonvan-
ishing element of this kernel, then the tangent vector
(k, p) to any smooth curve of solutions of the constraint
equations must obey

J, @xUC, X); D (g,, o) - ((k, ), (y p))) =0,

Each linearly independent element in the kernel of
D&(g,, 7,)* gives rise to one such equation, Clearly no
vector (h, p)= T, ,,,0,/}1 X §2 can be tangent to a curve
lying entirely in 8 unless (&, p) satisfies Eq. (2.10) for
each independent (C, X) = kerD®(g,, m,}*.

(2.10)

Brill and Deser*® and Marsden and Fischer?® derived
nonlinear constraints of this type for several cases in
which they could present explicitly a nontrivial element
in ker D¢ (g,, 7,)*. The Fischer—Marsden results (which
include those of Brill and Deser) may be summarized
as follows:

(i) if m,=0 and g, is flat, put (C, X)=(1,0), and

(ii) if these exists a nonzero vector field ¥  y! such
that £ yg, =£ y7,=0, where- y is the Lie derivative with
respect to ¥, put (C,X")=(C, gi’X,)=(0, ¥*).

For these cases, which are not exhaustive, Brill and
Deser and Marsden and Fischer derived the nonlinear
constraints explicitly, We can extend their results by
recalling the main conclusion of paper I,

In paper I we showed that Do{g,, 7,)* has a nontrivial
kernel of dimension % if and only if the initial data
(& m,) admits a vacuum Cauchy development (‘Y’g, M
X (~¢,€)) with £ linearly independent Killing vector
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fields. Each Killing field ¥X induces a nonzero element

of kerD®(g,, 7,)* onto the hypersurface (M, g, 7,} as its

normal and tangential projections. More specifically,

if n¢ is the unit (future directed) normal field of the

hypersurface = =(M, g,, 7,) expressed in coordinates

for which T occurs as an x°=¢=constant surface and if

we express X on T as
@x—_cp 04+ giix, 2. @.11)

axa 0 J ax! 2

then (C, X) satisfies D& (g,, 7,) ¥(C, X)=0. Also, every

element of kerD&(g,, 1,)* extends to a Killing field on

(g, Mx(~¢,€)). An immediate consequence of this

result (Theorem 6.1 of paper I) and of Eq. (2.10) is:

Theorem 2.1: If a vacuum space—time with compact
Cauchy slices admits a Killing vector field 'X which
has normal and tangential projections (C, X) at the
hypersurface (M, g,, 7,), then a necessary restriction
upon the perturbations (&, p) of the initial data (g, 7,)
is given by

S, @x(C, XD (g5, 1)) - (1, ), (1, p)))=0.

A perturbation failing to satisfy any of these nonlinear
constraints (one for each independent Killing field) can-
not be tangent to a curve of exact solutions of the con-
straint equations.

It is not known whether the nonlinear constraints of
Theorem (2. 1) are sufficient to exclude all spurious
first order perturbations. At present, however, it
seems reasonable to conjecture that they are in fact
sufficient.

The nonlinear constraints discussed above are, as
we have shown, always associated with Killing vector
fields of the background space—time. In Sec. 3, follow-
ing an argument due to Taub, %7 we shall show how the
presence of Killing fields implies conservation laws for
the gravitational perturbation equations. In Sec. 4 we
shall prove that the conserved quantity associated with
each independent Killing field must be constrained to
vanish as a consequence of Theorem (2,1). The impor-
tance of relating the nonlinear constraints to conserved
quantities is that we thereby exclude the possibility of
a perturbation satisfying the nonlinear constraints for
one hypersurface but propagating to fail the correspond-
ing constraints for another hypersurface,

3. CONSERVATION LAWS FOR GRAVITATIONAL
PERTURBATIONS

In this section we discuss a method, due to Taub, %’
for constructing nontrivial conserved quantities in grav-
itational perturbation theory whenever the background
space—time admits a Killing vector field. The idea is
first to construct a symmetric tensor field 7*4(‘'g, ‘Vn)
from the background metric “’gaﬂ and the metric per-
turbation ‘%, which has vanishing divergence with
respect to “'g. As we shall show, this is always possi-
ble when ‘“*’g obeys the Einstein equations and “’% obeys
the associated linearized Einstein equations.

Given such a tensor field one obtains a conservation
law for each Killing vector field of the background
space—time. If X obeys Killing’s equations, ‘Y’X,_,,
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+@Wx,. =0, and T*® is symmetric and obeys 7% ;=0
(where a semicolon signifies covariant differentiation
with respect to ‘“’g), then we have

l(4)XaTaB];B: %((4)){0‘;6 + (4)XB;a)TaB + (4)XaT;aBﬂ:0'
(3- 1)

For the class of space—~times considered here (with
compact Cauchy surfaces) we then obtain, by a standard
argument, the hypersurface independence (i.e., con-
servation) of

(3.2)

where Z is a Cauchy hypersurface with unit (future di-
rected) normal field »* and induced volume element do,
In coordinates x® for which ¥ is an x° =¢=constant
hypersurface, the integral may be written

By (Wh,z)=- [ [9X,T%(-det®g) 2] d’x,

4
me(mh,z)zjE X, T%n,do,

(3.3)

where (det®g) signifies the determinant of g, and
dPx = dx* dx® dx®.

Taub derived an explicit expression for T%¥((1 g, @Wp)
for the case in which g is the Minkowski metric, ¢
He has argued that one may always obtain a divergence-
free T**(“Yg, Y1) by varying ‘“g in a suitable variation-
al principle for the perturbation equations.’ Instead of
using a variational principle, we shall here obtain a
suitable divergence-free T*(¥g, ‘1) by studying per-
turbations of the contracted Bianchi identities, This
approach is an extension of that used by Taub in Ref, 6,
and shows how T%(‘Vg, “Yh) arises naturally in second
order gravitational perturbation theory.

It will be useful to have the following lemma.

Lemma 3.1: Let ®gbe a Lorentzian metric and let
“h be a covariant, symmetric, second rank tensor field
on some four-dimensional manifold V. Then, for
any point pe ’V, there is a neighborhood N,C 'V of
p and a constant o >0 such that g+ is Lorentzian
on N, for all A= (- a,a).

Proof: Let M, be a neighborhood of p which admits,
relative to the metric g, a field of orthonormal
frames X, (u=0,1,2,3). Thus, the vector fields
WX (4, obey Wgog DXL, OXL, =14y, Where
Ny oy =diag(-1,1,1,1) is the Minkowski metric. Let
K, M, be a compact neighborhood of p (e.g., the
inverse image, in a suitable coordinate chart, of a
closed ball in R* which contains the image of p as an
interior point). Given i define the (continuous) func-
tions

— 4 ya (4) 8 (4)
Yyon =Xy Xy Theg
on M, and set

T =maxsup (¥ |-
(1,v) Kp

T will be finite since the continuous functions y,,,,

are necessarily bounded on the compact set K,. Now

let N, be some neighborhood of p contained in X, and,

if >0, put @=1/4T, If I =0 put o =1, since the result
is then trivial, One may now verify that g ,(\)

=g . +x @p, is Lorentzian on N, for all Ac (- o, a).
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To verify this explictly, consider vector fields of the
form V=V'"¥X,, (:=1,2,3) defined on N,. It is easy to
show, as a consequence of the above inequalities, that
Wo (A V*V8= 0, with equality holding at some point
only if V vanishes there. Thus the three-dimensional
subspace spanned, at any point of &, by the X ;, re-
mains spacelike for each of the metrics 4 g()) with
Nl <o, Finally, verify that X, , remains timelike on
N, for each of the metrics @ g(x} to complete the
argument, L

Remark: Geroch® has shown that space—times admit-
ting Cauchy hypersurfaces always admit global fields
of orthonormal frames. Even though a global frame
field exists, however, it is not in general true that
@ g4 24} is globally Lorentzian for any [A|>0. The
functions y,,,, might diverge as one approached an
“edge” of 'V and thus prevent a single choice for A
working at every point of 'V,

Now, let Ein{‘?’g) designate the Einstein tensor of a
Lorentz metric @ g. Ein(‘¥g) is defined, as usual, by

[Ein(mg)]aa:Ras(mg) - %(4)1%3 (4)gﬁva(<4>g)’ (304)
where
R (P2 =Ric(Wg)],, (3.5)

are the components of the Ricei tensor, Ric(g), of
@o, Let Wg()), with Ac (~ @, a) for some a >0, be a
smooth curve of Lorentzian metrics on some fixed
manifold ©’V and write ‘g, for ¥g(0). Now differen-
tiate Ein(‘Pg(1)) with respect to A, put A=0, and express

the result as

B (@g0))|  =DEiIn(Wgy)- D4, (3.6)
oA A=0
where
G
(4)ha65 5_)\(4)}{&8()\) (3]7)

A=0

The explicit expression for DEin(‘“g) - “'h may be
readily derived from the corresponding, standard result
for the Ricci tensor,

[D Ric((4)g) . (4);1](16:%[(4)han;8;u + (4)/1611;0:;“

_(4)haﬂ;u;u_((4);1“;1);&3]0 (3.8)
If g obeys Ein(‘Yg)=0, then

DEin("g) . ®¥h=0 (3.9)
are the (first order) gravitational perturbation
equations,

If we differentiate Ein(‘¥g())) twice with respect to
x and set A =0 we may express the result as

9%Ei . ~
—BX;E((q)g(A)) =DEin(®g,) - ®%

A=0
+D?PEin(@g) - (Ph, Wh),  (3.10)
where
- 2 (4)
Dhog= T Zea) £ ! {3.11)
X A=0
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The explicit expression for D?Ein(‘'g,) - (*'h, *’h) may
be derived from Eqs. (3.4), (3.8) and from the corre-
sponding, standard result for the Ricci tensor,

[D"’ Ric(“’g) . (““h, “”h)] g

—_ (4)purl(4) (4) () (4)
=+"%h [ hux;aﬂ+ kae;ux" haA;Bu‘ hm;au]

ENCIENTINSY (4) pbr (4) (4) (1)
+(2 hu' - h ;u)[ ha;\;s"’ hBA:a‘ haB;A]

4)y, WA[(D) (4) 1¢q) (4) 3, b2
+ hﬂ [ hua;).- hnm; u]+2 huh;a h H:

(3.12)

I g obeys the Einstein equations and '} the lin-
earized Einstein equations (3.9), then

DEin(“’go) . (4)%2_ D? Ein(““go) . (“”k, @p) (3.13)

are the second order perturbation equations.

By perturbing the contracted Bianchi identities we
shall show that DEin(‘?'g,) - & has identically vanish-
ing divergence (with respect to “'g,) whenever Ein(‘“'g,)
=0. We shall also show that D*Ein(‘“g,) - (‘' &, k) has
vanishing divergence whenever, in addition to Ein(‘¥g,)
=0, we have DEin(‘*g)) - “hr=0. Given these results
we shall identify D*Ein(‘““g,) - (&, ‘') with the diver-
gence-free tensor T*(Wg, ¥'p) that we are seeking.
The first of these results is quite well known in linear
perturbation theory. The second is clearly necessary
for the consistency of the second order perturbation
equations (3, 13) since, from the first result, the left-
hand side of (3. 13) has vanishing divergence.

We shall write the contracted Bianchi identities as

v(«;)g *Ein(“’g)=0, (3.14)
where
[V, - Ein(g)]* = [Ein(‘Wg)]* . (3.15)

We may evaluate the identity (3.14) on any smooth curve
of Lorentz metrics “Yg(\) and differentiate once with
respect to A and put x =0. If, as we shall assume,

W g = Hg(0) obeys Ein(‘¥g,) =0, the result simplifies
to

[vmgo - (DEin(‘¥g) - wp)je = [DEin(“”go) . (4)h]a8:3=0,

(3.16)

where the semicolon signifies covariant differentiation
with respect to Vg,

We have assumed that “'g(7) is a curve of Lorentz
metrics but we really only need to assume this locally
in order to obtain (3.16). Let ‘g, with Ein(““’g,)=0,
and “'; be given. At any point p we may, according to
Lemma 3.1, find a neighborhood N, of p and an & >0
such that the curve “’g, +1} is Lorentzian on N,
for all xe (- @, a). Therefore, we can restrict attention
to N, and apply the foregoing argument to prove that
Eq. (3.16) holds at p. Since the choice of p is arbitrary
we may conclude that (3. 16) holds globally,

Now, evaluate the identity (3. 14) on any smooth curve
of Lorentz metrics ¥'g(\) and differentiate twice with
respect to A and put A =0, If, as we shall assume,
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Ein(““'g,) =0 and DEin(‘¥g,) - Yr=0, where

g —@Wg0) and Wh= 5(4;8(7\)

’
A=0

then the result simplifies to

V“’:o . [D Ein(“’go) . D 4 D2 Ein(“’go) R (““h, (4)h)] =0,
(3.17)

~ az (4) b
o= B
A=0

However, it follows from preceding arguments that
V(4)go - (DEin(*g,) - “1)=0, so that Eq. (3.17) reduces
to

V(«ngo -(D*Ein(g,) - (h, p)) =0, (3.18)

In the above we have assumed a curve of Lorentz
metrics “g(1), However, if we are just given “g,
and &, obeying Ein(‘?’g))=DEin(“Yg))- V1 =0, we
can still derive Eq. (3.18) by appealing to Lemma 3.1
to ensure the locally Lorentzian character of the curve
g + 1. For any point p, restrict to a neighbor-
hood N, and choose an @ >0 for which Wg, +x®h is
Lorentzian on N, for all xe (- @, @). Then apply the
above argument to prove that Eq. (3.18) holds at p.
Since the choice of p is arbitrary, Eq. (3.18) holds
everywhere.

Taub’s result, rederived above, may thus be
summarized as

Theovem 3.1: If ‘g obeys the vacuum Einstein
equations and ‘Y) obeys the corresponding linearized
Einstein equations,

DEin(“g) . @ =0, then the symmetric tensor field
D*Ein(*g) - ("'&, ‘Y1) has vanishing divergence with
respect to @g,

If we perturb a vacuum space—time (g, ©V) with
compact Cauchy surfaces and a Killing vector field
WX we may define the conserved quantity

)
E(4)x((4)h’ ) :jE(4 XaTaB(('l)g’ “’h)nﬁ do (3.19)
by setting
T“‘g(““g, “’h) — [Dz Ein((‘”g) . (‘“h, (4)h)]aea (39 20)

There is one such conserved integral for each indepen-
dent Killing vector field of the space—time. In the fol-
lowing section we shall show that the nonlinear con-
straints derived in Sec. 2, which restrict the per-
turbed Cauchy data on a hypersurface =, are equivalent
to requiring that Ec),{(‘¥’%, Z) =0 for each Killing vec-
tor field “YX of the background space—time. Combining
that with the hypersurface independence of the integrals
E4,,("h,Z), we shall conclude that the nonlinear con-
straints of Sec, 2 are satisfied on every Cauchy hyper-
surface if and only if they are satisfied on any single
one,
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4. PROPAGATION OF THE NONLINEAR
CONSTRAINTS

In this section we shall derive our main result which
relates the nonlinear constraints of Sec. 2 to the con-
served quantities of Sec, 3. The nonlinear constraints
are expressed purely in terms of the Cauchy data spe-
cified on some hypersurface = whereas the conserved
quantities are expressed in terms of the four-dimen-
sional tensor fields ‘g and 5, Our aim will be to
show that, for any Killing field X, the conserved
integral E), (‘4,2) is expressible purely in terms of
the Cauchy data induced on ¥ and the normal and tan-
gential projections of ‘Y’X at this hypersurface, The
connection between E(4)X((‘“h, %) and the nonlinear con-
straint associated with X will then be immediately
evident,

First we shall recall some of the main points of the
Cauchy development problem for the vacuum Einstein
equations and for the associated linear perturbation
equations. Given a pair (g, 7) = /X §Z which satisfies
the constraints &(g, 7) =0, one specifies over M a
time-dependent, positive definite function N(x*, ¢) (the
lapse function) and a time-dependent vector field
Ni(x*, 1) (the shift vector field), One may then integrate
the Einstein evolution equations to determine a Lo-
rentzian metric “gon “?V=(-¢,¢) XM obeying Ein(*g)
=0. The resultant spacetime metric Vg is expressible
in the Arnowitt, Deser and Misner (ADM)!° form,

ds?=— [N — N;NHdt 2 at

+ Nyldt2dxt +dxt 2 dt] + g, ;dxt D dy, (4.1)

in which the x°=¢=constant surfaces are Cauchy sur-
faces for the space—time, N;=g,, N’ and g;;(x*, {) is the
Riemannian metric induced on the x°=¢=constant sur-
face. In these coordinates the momenta 7i/(x*, () induced
on the x° ={=constant hypersurfaces are given by

7 = (detg)' 2(gg™ g mg M (4.2)

mn?
where &, is the second fundamental form induced on
these hypersurfaces,

o= = NOOT? (%), (4.3)

The Cauchy problem for the vacuum Einstein equations
is treated extensively by Choquet-Bruhat in Ref, 11
and by Fischer and Marsden in Ref, 12 while the ADM
formalism is discussed in detail in Ref. 10,

The Cauchy problem for the linearized Einstein
equations is, of course, quite similar to that for the ex-
act equations. On some Cauchy surface (Z, g, 7) for
(W, V), one specifies perturbation Cauchy data
(h, p)= §,% 52 satisfying the linearized constraints,

Do (g, )+ (h, p)=0. In addition one specifies perturba-
tions 8N(x*, ) and 5N*(x*, ) of the lapse function and
shift vector field. Integration of the perturbed evolution
equations determines a metric perturbation ‘¥’; on
(g, DV satisfying DEin(“g). @1 =0,

Now, suppose we have a Lorentzian metric “g,,
expressed in the ADM form (4.1) on D V=(-¢,e) XM
and let 1, be an arbitrary, second rank, symmetric
tensor field on ¥V, We shall show that, for any point
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pe= PV, there is a neighborhood Nj of p and a number

a’ >0 such that the curve W g, (A= Pg ,+x @h, is
both Lorentzian and in the ADM form on N} for all

A= (- a’,a'). In other words, we shall show that “Pg_.(2)
is Lorentzian and that the x° =¢{=constant surfaces re-
main spacelike on N, for each A= (- &', '), This will
guarantee that the ADM variables N(‘Yg())), etc., are
defined on Nj for each of the metrics g ,(\).

We already showed in Lemma (3. 1) that, for any
pe WV, there exists a neighborhood N, and an a >0
such that Vg +x“} remains Lorentzian on N, for all
re (- a,a). Therefore we need only show that, by
restricting to some N,C N, (with p= N}) and some o’
>0 (with o’ € o), we can maintain the spacelike char-
acter of the x°=¢=constant hypersurfaces within
N;.

The surfaces labeled x° ={=constant are spacelike
with respect to ‘¥ g,,(1) if and only if ¥ g°°(x) <0, Let
pe Py and let N, and @ be given such that ©g()) is
Lorentzian on N, for all Ae (- a, @), Let K, be a com-
pact neighborhood of p contained in N, and containing
p as an interior point (e.g., K, is the inverse image of
some closed ball in R* in some coordinate chart con-
taining p). The function f defined by:

f: KPX[" éa, %O{]—'R,

(Q9 7\) .'_’f(‘b >\) - [— (4)g00(Q7 K)]

is continuous on K, x|~ 3a, 3| and is positive definite
on K, for A=0. We shall show that there exists an

a’ >0 such that f is positive definite on K, x (-, o'l
Suppose that no such o’ exists. Then, for each positive
integer 7, we can find a pair (g,,),) = K,x|- a/2n, o/2n]
such that f(q,, »,) 0. The sequence of points (gq,, »,) con-
tained in the compact set X, x[- %a, za] contains a con-
vergent subsequence which necessarily converges to a
point with A =0, Let (gn;, An;), with 2=1,2,..., be a sub-
sequence which converges to some point (g, 0). Since f is
continuous, the sequence f{gn;, n;) converges to f(q,0),
which is necessarily greater than zero. However, this
is impossible since, by construction, each of the num-
bers f(qn;, An;) is less than or equal to zero. Thus there
must exist an o’ >0 such that f(q,2) =[- ' g%(g, \)]

is positive definite on K, X[ o', a’] and we need only
choose some N, C K, and containing p to complete the
argument. This last step is always possible since p is
an interior point of K,. Locally, therefore, we can
always use the ADM variables for a curve of Lorentzian
metrics of the form g +x®p,

A standard identity, '° relating certain components of
the Einstein tensor Ein(‘“g) to the hypersurface data
(g, w) induced upon an x°={=_constant, spacelike hyper-
surface, is given by

Mg, m) - N8 g, 1) =2(- det D) /2[Ein("" )13,

- g;,0'(g, ™) =2(~det W) /2[Ein(“" ). (4.4)

These equations provide the connections between the
ADM constraint functions /4 (g, 7) and 6*(g, 7), and the
normal—normal and normal—tangential projections of
the Einstein tensor (Ein(‘©’g)]¢ onto the {=constant
hypersurfaces.
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Given a metric ‘g, expressed in the ADM form
(4.1) on ¥V =(~¢,e) XM and a perturbation ‘&, defined
on (Wg, @V), we may apply the foregoing argument at
any point pe @V to ensure that Vg ()= P g+
4 s is in the ADM form on some neighborhood of
p for all sufficiently small |xl. Evaluating the identities
(4.4) on this curve, we may differentiate twice with
respect to A and set A =0. If we assume that (¥g(0)
=g satisfies the exact Einstein equations, Ein(‘¥g)
=0, and that 'j satisfies the perturbed Einstein equa-
tions, DEin(g). =0, the resulting expressions are
considerably simplified. In the notation of Secs. 2 and 3,
we obtain

ND?H (g, ) - (R, p), (k, p)) + DH (g, 7) - (0, p")]
- Ni[Dzéi(g; 77) ° ((h7 P), (h’ .D)) +D6i(g7 77) ° (O, p')]
=2(-det @)/ 2[D?Ein(“Wg) - (W, “n)]9,

- g;,lD%6% (g, 1) - ((n, p), (h, p)) + D& (g, ) - (0, p")]

=2(-det (4)g)1/2[D2 Ein(“"g) . ((‘”h, (‘“h)]? (4.5)
in which
N:N(M)g)y N;':(q)gop gij=(4)gij, hij:(4)hij’
i 2. tF
pi=20(@g0)| , pe=TT (@) . (4.6)
o A=0 ax A=0

Terms involving 8N/ax, 9N,/ax, and 92N/9)% do not
occur since these multiply factors which vanish by virtue
of either the exact or the perturbed constraint equa-
tions. Terms involving 92 g(x)/@)? vanish since

@ () is linear in A. Notice that there is no necessity

to distinguish @ g*#(D? Ein(@g) - (“’h, ©h)],, from
D?[Ein(*g)*]. (*n,“n), since [for a X linear curve
“g(2)] the terms by which they would differ in general
vanish by virtue of either Ein(‘*’g)=0 or D Ein(‘4'g)- “n
=0.

Since Eqs. (4.5) hold at any point pe 'V, they hold,
in particular, at every point of the x> =¢=constant
hypersurface = on which the data (g, r) and (&, p) are
induced by ‘Y’g and ““’4. Now, suppose that the space—
time (g, V) admits a Killing vector field ‘X which,
in ADM coordinates, is expressible as

3 .. 0
+Xi =
ax® ¢

oy (4.7)

@y _ Cn®

where »® is the unit, future directed, normal field to
the t=constant hypersurfaces. Evaluating ‘X on the
t=constant hypersurface (Z, g, 7) and contracting it with
[D? Eiin(“)g) - (Wh, @p)]0 we obtain, by means of Egs.
(4.5),

CLD*H (g, ) - ((h, p), (h, p)) + DH (g, m) - (0, p')]
+ginj[D25i(gs 77) © ((h’ p), (h’ P)) +D5i(g, 77) ° (09 P')]
=~ 2(— det“*’g)”z “’X“[Dz Ein((‘“g) . ((‘“h, (‘”h)]‘f,

=+ 2(detg)‘/2n6 Wxe[p2Rin(“g) . (Wp, (4)’1)]‘; »  (4.8)
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where we have used the formulas

WxO—_C/N, Wxi=X +(C/NN,
(4.9)
(~det@g)*/2 = N(detg)*/?, n,=-69N.

We now integrate Eq. (4.8) over the hypersurface
(Z, g, ) and reexpress the terms involving D4 (g, r)
- (0, p") and D8%(g, 1) - (0, p'). Recalling Eq. (2.7) we
obtain

j): dax{CD/_/(g, ) (0, P +XiD6i(g’ )« (0, Pl)}
= J_ax((C, X);D2 (g, ) (0, ')
= [ @x(Da(g, m)*- (C, X);(0, p'))

=0. (4.10)

The last equality follows from Lemma (4.1) of paper I.
This lemma states that D&(g, 7)* - (C, X) =0 provided
that C and X are the normal and tangential projections,
onto a Cauchy surface (Z, g, n), of a Killing vector
field for the vacuum space—time determined by (g, 7).
Consequently we have, upon integrating Eq. (4. 8) over
Z,

.[1: dsx{CDZH (g’ W) ° ((h! p)9 (h9 P))
+X,D%6%(g, m) « ((h, p), (h, )}
=+2 [_d*x{(detg)!/2n, ' X*[D? Ein(‘*g)
((4)h’ (4)h)]li}

or, in the notation of Secs. 2 and 3,

f: &x{(C, X);D*@ (g, m) - (1, ), (hy P))) = + 2E 0y, (h, T).

(4.11)

(4.12)

This equation holds provided, as we have assumed,

that g satisfies the Einstein equations, ‘“’ satisfies
the perturbed Einstein equations, (g, ) and (k, p) are the
exact and perturbed Cauchy data induced on T by g
and “Yh, and ‘X is a Killing field of (¥'g, Y V) with
projections (C, X) at =.

As shown by Theorem (2.1), the left side of Eq. (4.12)
must be constrained to vanish as a necessary condition
to exclude spurious perturbations. There is one such
condition for each linearly independent Killing vector
field of (Wg, V). It follows from Eq. (4.12) that
E(4),(““h, £) must be constrained to vanish, As shown
in Sec. 3, however, E(4,X(““h,2) is a conserved
quantity whose value is independent of the choice of
Cauchy surface Z. Thus Ew,(*’k, =) must be con-
strained to vanish on at least one (and therefore on
every) Cauchy surface of the space—time (‘¥g, V),

It follows that, if the condition (2. 10) is imposed on
some initial surface T and if the perturbations are prop-
agated to any other Cauchy surface (Z', g’,7’), then the
perturbation data (»’, p’) induced on (£, ¢, 7') will also
satisfy condition (2.10). In summary, we have

Theorem (4.1): Let (“¥g, ®V) be a vacuum space—
time with compact Cauchy surfaces and a Killing vector
field ‘X, and impose the nonlinear constraint (2.10)
upon perturbation Cauchy data (&, p) at some Cauchy
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surface (%, g, 7). Then the corresponding constraint

(2. 10) will hold at every other Cauchy surface provided
the perturbation data is propagated by the linearized
Einstein equations, DEin(‘Yg)- ‘4 =0. This nonlinear
constraint is equivalent to E),(“Yh, =) =0 which holds
on every Cauchy surface if it holds on any single one.

This theorem assures us that a perturbation cannot
appear acceptable on some initial Cauchy surface but
spurious when propagated to some other Cauchy surface
of the space—time.

It seems reasonable to conjecture that, in addition
to being necessary, the nonlinear constraints discussed
above are also sufficient conditions to exclude all spur-
ious linear perturbations. However, no proof of suffi-
ciency seems yet to be known. One can, of course, ex-
tend the nonlinear constraints of Sec. 2 to higher
order perturbation theory by differentiating
¢ (g(r), m(1)) three or more times with respect to A and
proceeding as before. But the new constraints obtained
in this way would always seem to involve the higher
order perturbations 3"g(x)/8x" and 3"r(»)/ 3", with
n* 2, Thus they would provide no additional restric-
tions purely upon the first order perturbations (&, p)
but would instead provide the corresponding restric-
tions upon the higher order perturbations. By perturb-
ing the Bianchi identities to higher order one should
also be able to derive conservation theorems for these
higher order nonlinear constraints,

5. GAUGE INVARIANCE OF THE NONLINEAR
CONSTRAINTS

It is well known that if ‘Yz is a solution of the lin-
earized Einstein equations, defined over some vacuum
space—time (“g, @V), then so is W+ @Y, ,

+ @y, , for any vector field Y, The special perturba-
tions Y, + DY, =/ ), ®g] ., (called gauge trans-
formations) represent infinitesimal coordinate trans-
formations and so are physically trivial. One would
therefore not expect such gauge transformations to
affect the satisfaction of the nonlinear constraints. In-
deed, we shall show here that the conserved quantities
Ew (“h,2) are gauge invariant so that if Ewy(®h, )
=0 for some perturbation “h, then Ew, (“h

+/ @4 5)=0 also holds for any vector field ‘¥,

To obtain this result we note that the integral
L4, (", Z) depends upon “’k only through its values
and the values of its first and second derivatives at
the hypersurface . Thus if % is held fixed on any
tubular neighborhood (i.e., an open region bounded
by two disjoint Cauchy surfaces) containing £, then
E),(“h,2) cannot change in value. Conversely, if
we want to investigate the possible change in value of
E), (&, %) under some gauge transformation of “'a,
we need only know the transformed ‘“z on an arbitrary
tubular neighborhood of Z.

Suppose we could alter the value of Ew, (‘“k, Z) by
a gauge transformation generated by some vector field
@y, This same change would be effected by any vector
field ‘“Z which agrees with ‘Y on an arbitrary tubular
neighborhood of £. Choose a ‘©’Z which agrees with
)y on some tubular neighborhood of £ but which van-
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ishes on some tubular neighborhood of another Cauchy
surface Z’ disjoint from £. We then have

Ewy ("4t @, Pg,T)
=Ew (“Yh+fw, Yg,2)
ZE(q)X((4)h +f(4’z (4)g, 2')=E<4)X((‘“h,2’)

=Ew),(*h, 2), (5.1)

where the next to last equality follows from the vanish-
ing of “’Z (and thus £, “’g) on a neighborhood of Z*

and where the last equality follows from the hypersur-

face independence of E(4)X(““h,2)o We conclude that

Ewx(Wh+fray Wg,8)=Ew, (Ph ) (5.2)
for any Y., An immediate corollary is that
E(q)x(.'/__my “g,Z)=0,

which means that pure gauge perturbations automatically
satisfy the nonlinear constraints.

The above results are quite reasonable intuitively.
The set of solutions of the perturbation equations may
be divided into equivalence classes; two solutions belong
to the same class if and only if they differ by a mere
gauge transformation. All the classes except for that
of pure gauge perturbations represent perturbations
towards space—times distinct from the given one. It is
quite natural that the nonlinear constraints which arise
when Killing symmetries are present only impose re-
strictions upon complete classes of perturbations. They
do not distinguish between different perturbations with-
in the same class, since the latter are physically
equivalent,

In paper I we discussed the gauge transformations of
perturbation data (&, p) induced by an arbitrary vector
field ‘Y, In Ref.13 we used this result to decompose
the space of tangent vectors (&, p) satisfying
D& (g, n)-(h, p)=0 into a direct sum of two subspaces.
One of these subspaces contains all the pure gauge
perturbations induced at the hypersurface (£, g, 7). The
other subspace is, with respect to a convenient inner
product in the tangent space T, ./ x %, orthogonal to
the gauge subspace. Thus every solution of D&(g, )

- (h, p) =0 can be split uniquely into two terms,

(h) p) = (h" p)l + (h’ p)gauge9

which both separately satisfy the perturbed constraints
and for which one of the terms, (k, p), ., 15 always

a pure gauge perturbation. It follows from the fore-
going results on the gauge invariance of the integrals
E(,,,x(“*’h, =) and the relation of these integrals to the
nonlinear constraints (2,10), that

(5.3)

J @, X);D%@ (g, m) - (s ), (2, D))

= [, @x{(C, X);D%@ (g, m) - ((hy P, (hy L)) (5.4)
with no dependence on (i, p), .- This result generalizes
that of Brill and Deser® who applied a standard trans-
verse-traceless decomposition to the perturbations of

a flat space—time with compact, flat Cauchy
hypersurfaces.
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6. DISCUSSION

To this point we have only considered the perturba-
tion of vacuum space—times with compact Cauchy
surfaces. If we consider perturbing space—times with
noncompact Cauchy surfaces instead, then our con-
clusions must be considerably modified. For the non-
compact case the arguments of Sec. 2 no longer imply
nonlinear constraints upon the first order perturbations,
but instead give formulas relating the quantities
Ew , (h,Z) to certain boundary integrals involving the
second order perturbations. Since these formulas have
some potentially interesting applications to the perturba-
tions of asymptotically flat space—times, we shall
briefly discuss their derivation and significance here,

It follows from Lemma (4.1) of paper I that if (g, )
is Cauchy data for a vacuum space-—time which admits
a Killing vector field “’ X, then the projections (C, X)
of X onto (Z, g, n) satisfy D& (g, n)* . (C,X)=0, This
is a purely local result which does not depend upon
compactness of Z. However, Eq. (2.7) relating
D& (g, m) to D& (g, 1)* no longer holds, since the partial
integrations give divergence terms or (equivalently)
surface integrals over the boundary 2% of Z. The gen-
eral formula is

S @x(C, X);D8 (g, 1) - (k, p)) - |_dx(D@ (g, m)*- (C, X);3(, p))
:J; dgx{_ [(detg)‘/ZCh“li]”+[(detg)1/ZC(hi,~)'j]|j
+[(detg)t/2C hii],; ~ [(detg)t/2CVint ]

+2(XpH),; + X Ry, - Ximtig ], ) (6.1)
in which the right side is the integral of a pure
divergence,

The argument given in Sec. 2, which led before to
nonlinear constraints upon the first order perturbations,
no longer obtains. If one assumes a curve of exact
solutions of the constraints, differentiates ®(g(x), 7(»))
=0 twice with respect to A, contracts with projections
(C, X) of a Killing field ‘X, and integrates over =,
he is left, by virtue of Eq. (6.1), with boundary inte-
grals involving the second order perturbations,

(0%g/ 322, 8%/ 32%),.,. Thus, instead of obtaining nonlin-
ear constraints upon the first order perturbations, one
obtains formulas relating the quantities Ew),(“#,Z) to
boundary integrals involving the second order perturba-
tions. One can interpret the boundary integrals at
spatial infinity as second order changes in the asymp-
totically defined energy (timelike ’X), momentum
(spacelike, translational ‘X) or angular momentum
(spacelike, rotational “’X) of the perturbed space—
time. Thus the integrals E«), (““k,2) may be thought of
as contributions to the total energy, momentum, or
angular momentum which results from the first order
perturbation “s.

For perturbations of black holes such as those repre-
sented by the Schwarzschild or Kerr space—times, it
may be of interest to consider a partial Cauchy surface
with an inner boundary 9%, at the event horizon of the
unperturbed space—time in addition to the outer bound-
ary 9z, at spatial infinity, In this case, one expects to
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relate the surface integrals over 3%, to properties of
the perturbed (apparent) event horizon.

One motivation for studying the effect of first order
perturbations upon second order boundary perturbations
is the possible application of these results to the recent-
ly discovered Hawking process of spontaneous particle
production by black holes. Hawking? has initiated a study
of the properties of quantized fields on certain space—
times which represent gravitational collapse and the
formation of a black hole. He finds that a production
of particles (field quanta) occurs for which the spec-
trum of particles escaping to infinity is that of a
thermal distribution. It is as though the black hole
were a body at some nonzero temperature which emits
photons and other particles into the surrounding vacuum.,
In the initial investigations by Hawking and others, the
reaction of this particle production upon the black hole
was not taken into account. The perturbation results
described above suggest a means of computing the
reaction effects up to the second order of approxima-
tion. While we have only discussed the gravitational
perturbations (which would become “gravitons” in a
quantum mechanical treatment), it is straightforward
to extend these results to include the electromagnetic
and other standard perturbations,

The idea would be to treat the perturbations (#,;, p*/,
etc.) quantum mechanically and to construct operators
modeled on the quantities E(4)X(‘4’h, %) which represent
the energy or angular momentum of the quantized per-
turbations. One could then define the (second order)
boundary integral operators through the use of the
formulas obtained from Eq. (6.1). Even on the classical
level the integrals E),(“h,2) are conserved only in
the absence of energy or angular momentum flow across
the boundaries. The Hawking process should lead to
particles crossing the event horizon and modifying the
properties of the black hole. The formalism mentioned
above suggests a natural (perturbative) method for
studying precisely these reaction effects upon the black
hole. We propose to develop this treatment and its phys-
ical interpretation more carefully in subsequent work.

APPENDIX

The explicit formulas for D*/{g,n). ((k, p), (k, p))
and D?8%g, ) - ((k, p), (%, p)) are given by

D*H (g, m) - ((h, p), (h, D))
= (detg)t /2{[2(h*)? + ™, MLm= 3(mi )P

=217 (Ripgsy = shyg)THT - 21, (7w ;0"
= amtpf )+ 2Rk, = Shyhy YTk
+2(hipgin + &inhiy = 3hy 8k — 28: 50 ) - (PHTH
) +2(g0,850 — 581,8w) - (PP}
~ (detg)* 2{[5(h',)? = shin IR - F RPR,,
F21 M, Ry = R (R P By )+ R

- (kii)iflj) +2hk1(hk11i "+ (hii)lkl - hiklill)
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+ 3R = mR ] 2Ry = () )

+ gy B+ R (R = )}
and

D25i(g, TT) * ((h’ P), (h, P))
:zpjkg“(hu el - hjkll)

- 27Tjkhu(hj1 et Py = hikll)'

These formulas are also useful for the construction of
a variational principle for the linearized evolution equa-
tions. For an application to the special case of per-
turbing the Reissner-—Nordstrom family of black holes,
see Ref, 14,
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Two bases in the Hilbert space of tensor fields on the unit sphere are discussed: the tensor spherical
harmonics and the tensor multipoles. For vector fields these two bases are related by an orthonormal
transformation whose coefficients are shown to be Clebsch-Gordan coefficients. This remark suggests a
method of building multipole bases for higher order tensor fields. The second order tensor multipoles are
studied in detail as well as their relations with the symmetric ones defined by several authors for

application to the gravitational radiation.

1. INTRODUCTION

Many problems of mathematical physics require a
knowledge of bases in the Hilbert spaces of complex
tensor fields on the unit sphere $%, embedded in the
three-dimensional Euclidean space £°. In this paper,
we describe two such bases, the tensor sphevical har-

monics and the tensor multipoles, and their relationship.

The r»th-order tensor spherical harmonics are built
by coupling the scalar spherical harmonics with the ir-
reducible tensor basis of (£%®7, through Clebsch-
Gordan coefficients, so that they transform according
to a given representation of the rotation group. Of
course for the lowest-order tensor fields this basis is
already known: for » =0 it is the scalar spherical har-
monics themselves; for »=1 it is the vector spherical
harmonics of Blatt and Weisskopff; ! for »=2 it is the
tensor spherical harmonics defined by Mathews® and
Zerilli.?®

Without speaking of the scalar fields for which it is
exactly the scalar spherical harmonics, the basis that
we call tensor multipole basis has been already consi-
dered for the first- and second-order tensor fields. In-
deed in the study of electromagnetic radiation***'* one
has been led to consider the basis of vector fields ob-
tained by action of the vector operators r/», vV, and
—irXV on scalar spherical harmonics. Quite in the
same spirit, and motivated by the work of Regge and
Wheeler® on gravitational radiation, Zerilli® has built a
basis for second-order symmetric tensors by action of
the tensor products of the previous operators on scalar
spherical harmonics. For both cases it has been noticed
that the derived vectors and tensors are orthogonal lin-
ear combinations of the corresponding vector and tensor
spherical harmonics. However the structure of this re-
lationship has not been clearly exhibited and studied in
great detail. We shall emphasize that the coefficients of
the linear transformation for vector and second-order
tensor fields are actually Clebsch—Gordan coefficients.
This remark provides a powerful tool to build multipole
bases in the Hilbert spaces of higher-order tensor fields
which may be useful for the description of strong inter-
actions since there exist massive bosonic states with
higher spins. Moreover, many properties of the tensor
multipoles can be easily deduced from those of the ten-
sor spherical harmonics. In particular it will be easily
shown that, besides being orthonormal functions for the
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scalar product in their Hilbert space, the tensor multi-
poles are orthogonal for the scalar product in (£ 3)®"
whereas the tensor spherical harmonics were not.

This paper studies successively vector fields (Sec. 2),
second-order tensor fields (Sec. 3) and arbitrary »th-
order tensor fields (Sec. 4). For each tensorial order
we build the irreducible tensor basis of (53)®', the ten-
sor spherical harmonics and the tensor multipoles.

Throughout the paper Euclidean tensors are denoted by
bold face letters. We use the summation convention for
repeated cartesian and magnetic quantum number in-
dices but we always write explicit summations over
angular momentum indices. The scalar products in ¢ 3,
E3® E% and (€)% are denoted by a single dot (.), a
double dot(:) and (%), respectively, e.g., u-v=wu;v;,
t:6=¢;0;, t() T=t;...5, Ty...;,- Concerning rotation
matrices, Clebsch—Gordan coefficients (CG coefficients)
and 6j-symbols, the reader is referred to the books of
Wigner, ' Rose, ® Edmonds, ® and Brink and Satchler.!’
Finally, we use the short notation X = (2X + 1)1/2,

“eiy

2. VECTOR FIELDS

A. Spherical basis

Consider three vectors ey, e,, e; which form a right-
handed orthonormal basis, denoted by {e}, of the real
Euclidean space €%, In the complexification &2 of this
space, the spherical basis associated to {e} is constituted
by the three complex vectors e, =% (1/V2)(e, +7e,),
e,=e,. These vectors satisfy the identity (e,)*
=(-1)"e_,, where (*) means complex conjugation. They
also verify the following orthonormality, orientation,
and closure relations

ern re,= émm (1)
(erm €ny er) = €y enxer: - 2.€mn'r‘, (2)
er®e,=9, (3)

where €,,, is the Levi-Civita tensor for the spherical
basis (with €,,.=1) and 6 the identity tensor. Note that
the tensor ¢,,,, can be represented by a CG coefficient

€y = (= 172 (lmln‘ 1-7), 4

Under a rotation R of the basis {e}, the spherical basis
vectors transform according to the representation D‘(R)
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of the rotation group

Re,=e, D R)". (5)

In the basis {e}, the spherical components v, of a vector
v are

V,=V e, V=v.ek

(6)
and, in the rotated basis R{e}, the components v% are

v®=v.Re,=v,D'(R)].

)

The second-order dual tensor of an arbitrary vector is |
denoted by vX and defined by

vX=(e,, v, €,)eL® eX.

(8)

In particular, the dual tensors of the spherical basis
vectors are

e X= i€, ,e5® eX=iV2(lnlr|m)e,® e,. (9)

The three tensors S,=1ie, X can be considered as the
spherical components of a vector operator S. They act
on &2 by S,v=ie,Xv. They form a spin-one realization
of the angular momentum operator

SXx8=1i8, 8%=295, (10)
and the three vectors e, are a realization of the spin-
one standard basis, in particular,

S;e,= ne,. (11)

B. Scalar spherical harmonics

To any vector r of €3 with spherical coordinates

(7, 9, ©) in the basis {e}, we associate a unit vector u
=r/7, whose extremity lies on the unit sphere $2. Let
us consider the space / 2(§%) of scalar complex functions
flw) on $2, square integrable ([|f(u)|%du< =) with re-
spect to the usual measure du=d(cos6) dg on the unit
sphere. It is a Hilbert space for the scalar product

i fo=[ ¢ Fi(w* fy(w) du. (12)
Let L=~ ir XV be the orbital angular momentum opera-
tor. An orthonormal basis of the space / (%% is the set
of the spherical harmonics Y (6, @) which are eigen-
functions of L? and L, with the eigenvalues I(I +1) and
m. In the following we shall denote the spherical har-
monies by Y (u,{e}) or simply ¥}, (u) when no confusion
is possible. Using CG coefficients, they are built from
the spherical components of u by an iterative process
with Y= (4m)/2

V() =1 AT = 1m | ) Y @y, (13)

In particular, one has Yi(u) = (3/4m"/%,. They satisfy
the identities

Yi(w*= (- )™Y,(0), Yi(-w=(-1'Y (), (14)
and the orthonormality relation
YL, YLy =8,,0m - (15)

Under a rotation of the basis, the transformation law

of the scalar spherical harmonics is
Yi(u, Rle}) = Y}, (u, {ehD'(R)7, (16)

i.e., atfixed ! the 27 +1 spherical harmonics transform
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according to the /th-order representation of the rotation
group. For higher-order tensor fields we shall look for
bases which have similar transformation properties un-
der a rotation of the basis.

The product of two spherical harmonics is a scalar
function on §?, which can be expanded on the basis of
spherical harmonics. The corresponding reduction
formula is given in Appendix A, Eq. (A1).

C. Vector spherical harmonics (Refs. 1 and 4)

The space / 2(5%) of complex vector fields on the sphere
$2, with integrable modulus squared, is a Hilbert space
for the scalar product

<f1,fz>:f52 £, (W* - £,(u) du. (17)
The vector functions Y (u)e,, which are eigenvectors of

the set of operators {12, L,, 8% S,}, form an orthonormal
basis of this space

<Ylmem anl'en'> = <Yylm Y5n">e: €y = 5”,5""", 5m’: (18)

but in a rotation of the basis {e} they transform accord-
ing to the tensor product of representations D' D',
Then by coupling the spherical harmonics Y% (u) and the
basis vectors e, with the CG coefficients which reduce
this product of representations, one gets the vector
spherical harmonics (VSH)

Y () = (m 1n| IMY Y (0)e,, (19)
which transform according to the representation D7,
Y5 (u, Rie}) =Y. (u, {e}) DT (R, (20)

Let us call J=L+S the total angular momentum opera-
tors, then the VSH are eigenfunctions of the set of oper-
ators {J%, J;, L2, 8% with the eigenvalues J(J +1), M,
I(I+1), 2, respectively. The VSH satisfy the ortho-
normality relation

(Y, Y B = 8,106, 708,400, (21)
and they also verify the identities,

Y = (= 117 ), (22)

Yi(=u = (- V'YW, (23)

where the sign (- 1)’ is the intrinsic parity of the VSH.
The scalar product in &2 of two VSH Y'%,. Y''). is a
scalar function whose expansion in terms of the spheri-
cal harmonics is given in Appendix A, Eq. (A2).

For J=0 one has only one VSH, Y'l(u)=- (4m)"/2y,
while for fixed J= 1 and M, one has three VSH, Y’%(u)
with parity (= 1)7 and Y’ #}(u) with parity (- 1)’"". The
equation (A2) for J=J and M =M exhibits the geom-
etrical properties in £ of the VSH. The symmetry of
the CG coefficients implies that the product Y'y. Y''y
vanishes for (= 1)'# (- 1)*'. Hence the vector Y'¥ is
perpendicular to both vectors Y7/#4 put these latter are
not mutually perpendicular. This drawback will be elim-
inated in the following basis that we shall build.
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D. Vector muitipoles (Refs. 1, 4, 5, and 10)

The study of electromagnetic radiation leads to the
basis of the vector multipole (VM) defined by action of
the operators u, ¥V, and L on the scalar harmonics,
and called “longitudinal electric, transverse electric,
and transverse magnetic” respectively, !

&, ulw =uYy(w, (24a)
& uw =+ D] rory), (24b)
M, w0 =[J(+ D] LYy, (24c)

By construction, the VM are orthonormalized vector 1

functions for the scalar product (21) of the space / 2(59),
they are pairwise orthogonal vectors in £3, and they
have a well-defined parity. Their names follow from
the geometrical properties of the VM in £2 and from
their parities. A multipole is “electric” (resp. “mag-
netic”) if its intrinsic parity is (- 1)**[resp. (- 1)*]
and it is “longitudinal” (resp. “transverse”) if it is
proportional (resp. perpendicular) to the vector u. In
other words, the longitudinal VM is orthogonal to the
sphere $% while the transverse VM are tangent to this
sphere.

An interesting remark is that the 3 VM are ortho-
normal combinations of VSH with the same parity, the
coefficients being CG coefficients, cf., Appendix Egs.
(B1), (B2), (B3). This suggests the new notation X, § for
the VM, and the new definition!?

Xop(w =&, 5w = Ll“,(i /I){1010]JOY* S (w), (252)
Xl =&, 5w =241 - (- )™ IV /D)

X (110]J1)Y" f(w), (25b)
i) =y G0 = AL+ (- V™I 2HE /D)

X (1110] J1)Y* (u). (25¢)

With this notation, the properties of the VM are easily
written down, e.g., the orthogonality in &3 reads

Xy Xy = 00, (4 2 (T2 /R)
k
X{T o = 1| kO TMIM | k) Y*(u), (28)
where €,=¢;=+1 and €_=- 1. By using analytic ex-

pressions of the CG coefficients, the change of functions
from the VSH to the VM can be written as the rotation

Xy 0 1 0 Y7,
X = -vIFi47 o VI Y’ 27
X1y VIS 0 VIFL) \ Y .

Under a rotation, the VM transform according to a
representation D’, i.e., they are eigenvectors of the
operators J? and J,; with the eigenvalues J(J +1) and M.
They are also eigenfunctions of S% but not of L?. Let
S, =7uX the component of the spin one, operator S along

u. Then the VM satisfy
SXoy( =0, (28a)

b ACES SVACIEFS) FFACIES SVACHIR (28b)
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i.e., X, is eigenvector of S, with the eigenvalue 0 while
X, are orthogonal combinations of the two eigenvectors
of S, associated to the eigenvalues +1 and - 1.

3. SECOND-ORDER TENSOR FIELDS

A. Second-order tensor spherical basis (Refs. 3 and 10)

The spherical basis of the space £3® £ is composed
of the nine tensors t(j=0,1,2; n=—=j, ..., +J) built by
reducing the tensor product of the basis vectors with
CG coefficients

(29)

For given j, they transform according to a representa-
tion I¥ in a rotation R of the basis {e}

R® Rt,=t,D'(R)"'.

t=mim’ {jn}em® €pee

(30)

This transformation law implies that the tensors t/, de-
scribe the states of a spin j system. By using explicit
values of CG coefficients, Eq. (29) gives

th=(1/V3(e,Qe. te e, ~e® e,
ty=(1/V2)(e,® e.-e.® e,),
th=(E1/V2)(e, ® eg—e® e,
tZ=(1/V6)(e.B e.+te ®e, +2¢,® ¢y,
B=(1/V2)(e.® g+t e,® e,),

t,=e,®e,.

(31)

Let us study some properties of these tensors. They
satisfy the identity

th*=(-1""", {32)
and the orthonormality relation
A tril: =0;5:0p00. (33)

The tensors tg and 2 are symmetric, while the tensors
t, are antisymmetric and dual of the vectors of the
spherical basis, see Eq. (9), ti=(1//V2)e,x. All tensors
but tg have a vanishing trace

tl‘(t';) =9 :t{'::_ ‘[_géj(léno, (34)
and the closure relation (3) implies that t)=- (1/V3)5.
Note that the saturation of a tensor t] by u® u vanishes
for j=1 and is proportional to the spherical harmonics
Yi(w) for j=0,2

t: (u® u) = (V47/5 (101050 Y (u). (35)

B. Second-order tensor spherical harmonics (Refs. 2 and 3)

The space /. 2{5%) of complex second-order tensor fields
on the sphere $%, with integrable modulus squared, is
a Hilbert space for the scalar product
&, f)= sz £, (W)* : £,(u) du. (36)
As for the vector fields, the second-order tensor

spherical harmonics (TSH) are built by coupling the ten-
sors of the spherical basis and the spherical harmonics
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through CG coefficients

Y (a) = (Imjn | JMY Y (@t (37
By construction, the TSH transform according to a re-
presentation D’ in a rotation, and they form an ortho-

normal basis of / 2(5?

<Y”AJ1! Yl'j'u‘) = éll'éfi'GJJ'éMM’ . (38)
The TSH satisfy the identity

Yli:{’(u)* — (_ 1)1+J+J*MYIJJ(u) (39)
and they have the parity

Y- = (- D)'Y (). (40)

For fixed values of J= 2 and M, there are nine ten-
sorial harmonics which can be divided in three classes
according to the value of j.

(1) j=0. There is one TSH for ! =J which is propor-
tional to the identity tensor

YW =- 13T (41)
(ii) j=1. There are three TSH for I=J, J+1 which
are antisymmetric and dual tensors of the VSH
Y =(1/72)Y

(iii) j=2. There are five TSH for I=J, J+ 1, J+2
which are symmetric and have a vanishing trace.

1 (u)x (42)

By action of the operators u®, V&, L® on the VSH,
we get linear combinations of TSH involving CG coeffi~
cients and 67 symbols. These expressions are given in
Appendix B, Egs. (B4), (B5), (BS).

To study the geometric properties of these nine TSH
consider their scalar product in the space £3% €2, given

TABLE 1. Relation between the tensor multipoles and the tensor spherical harmonics.

are omitted. )

in Appendix A, Eq. (A3). This equation shows that the
TSH with different j or opposite parity are orthogonal,
but the TSH with the same j and parity are not ortho-
gonal. Therefore in the following subsection we define
the basis of tensor multipoles which form an orthonormal
set of / 3(5%) and also an orthogonal set in 3% &2,

C. Second-order tensor multipoles

To define a set of tensor multipole (TM) which form
an orthogonal set in the space £3® £3, Zerilli? follows
the same procedure as for the vector fields. He applies
tensor products of the operators u, V, L on the spherical
harmonics, and he takes appropriate combinations to
obtain an orthogonal set. We shall follow another way;
the generalization of Egqs. (25) for second-order ten-
sors provides us with a method to build TM as ortho-
normal combinations of the TSH with the same j and
parity. Our TM are denoted by Xi%,(w), (j=0,1,2; u
=-j,..., tj) and they are defined by

X5 =233 /7)G010| J0)Y Y (u) (43a)
1

XL, nw) = L{ 1x (= D™ V3 Gulo] Ju) Y (u)

u >0, (43b)

The orthogonality of the CG coefficients allows us to
show that the change from the TSH to the TM is an or-
thogonal transformation. This transformation is made
explicit with analytic values of the CG coefficients in
Table 1.

By construction the TM transform according to a
representation D’ under a rotation, and they form an
orthonormal basis of the space / 2(§)

<XLHI’X ’M’>_61J’ uu'élJ'éMM" (443)

(The indices J and M and the u dependence

Xj=v0  Xj-v
J+1 VB g V2
1 J+it
X <‘ 2J+1] 571 Y
[ g Jefge1 )2
L < 711
X 2J+1 [2J+1 Y
[ g2 g1
2 - J+H2
X L27+2] 2771 Y
X% : g1 2[gea Jve v/-12
2d+1) |27+1

1/2

[ J+1)(J+2) )
2

1/2
@dJ ~ l)(2J+3):|

2
v Y72

x? JJ-1) 172 30U -1J+2)]
+2 2(2J +1)(2J +3) (2J~1)(2J+3)J
X2 _ 2J(J +2) 172 ]
+1 - T eI+1)2J+3) 2J — 1)(2J+‘i)
% 3(J+1)(J+2) _JU+1)
0 2(2J+1) (2J +3) QI-1)@J+3)

2(J+1) (7 ~1)
2J—1)@J+3)

3JJT-1)
2

1/2 1/2
@2J~1)(2J+3)

yI-22
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TABLE II. Construction of the tensor multipoles by action of
the operators u®, »9®, and L® on the vector multipoles.
(The indices J and M and the u dependence are omitted.)

X)= ;%—{u@XO—- (T +1))Y2 (LOX,, —»ISX_,)}

2= ._\f%‘{u®xo + I+ 1)V (LXK, — ¥ISX )
0

X =V I +1) VIV ~u) @K, ] 2
X3 =VZ -1+ +u)8X_,]°

20U -1 T+ VLB X, + 0V +20® X_, ]
X3 =VZuwX, e, X4 =vZ (u®X,]?

X =V2 [u®X_ 7, X} =VZ [u®X_]?

{]® and []2 mean symmetric or antisymmetric part.

while for fixed values of J and M, they are orthogonal
in the space £3& &3

X4 ) X3 )

= 8,500,064 (AW T2 (T 2/ )T T — 1] RO
k
X{IMJIM | kny Y% (u), (44b)

where €] =(~ 1) for =0, (- 1)* for >0, and (- 1)**
for ¢ <0. Like the TSH, the TM have a well defined
parity
Xj(— Wy = (- V7¥Xi(w)7y,
1=y == (= VD7XI, (wy.

(452)
(45b)

We note that the product of a TM by the vector u is either
vanishing or proportional to one VM

Xi(wy - u=(1010|0)X,(w), (46a)
W u=2Ap10]jmX.(u. (46b)

The TM can be built by action of the operators u®,
7V®, and L® on the VM, by using the identities (B4),
(B5), (B6) and the properties of the 6 symbols. The
result is given in Table II. Then, the definitions of the
VM and the identity

{u u+[JI+ D ]HLE L- vV »W)} Yy (u) = 8Y5(w) (47)

allow us to deduce the TM from the spherical harmonics
by action of tensor products of the vector operators or
by action of the identity tensor, see Table III. With this
we can relate our TM to those defined by other authors.
Zerilli® defines the following symmetric TM

ay,=- (1/V3XYy +V (273 X24, (48a)
by =XE 5, cru=X41, (48b)
d;,=X%1, £u=X%0 (48¢c)
by =V (@73K 5+ (1/VIXEy, (48d)

while Regge and Wheeler® also consider a;,, by, Cru
d;y and two others TM e;, and g, , which are linear
combinations of f;, and h;,:

e;y=J+1) 2 {[I- ) +2)1 %,

-+ n} /ZhJM}9 (49a)
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gru=[IT+ /28 - DI+ 2} 4y,

+[J@+ 1D} %n, ). (49b)

The TM set of Regge and Wheeler does not form an
orthonormal basis of the space £ 2(§%). The set of Zerilli
does, but for fixed values of J and M it is not ortho-
gonal in the space £3® £3. Furthermore the TM a;,,

h;, (and e;,, g;4) have a nonvanishing trace whereas,
only one of our TM, X{% has trace.

By analogy with the electromagnetic appellation of the
VM, we can characterize each TM by its parity and its
geometrical properties in £2® £2. For this we use the
convention adopted by Thorne and Campolattaro13 and
by Zerilli.* The TM are denoted by a symbol/} (mag-
netic) or & (electric) for parity (- 1)7*! or (- 1), re-
spectively, 15 with an upper index s (symmetric) or a
(antisymmetric), and a lower index §(scalar) or a
couple of 7 (transverse) or / (longitudinal) in the follow-
ing geometrical configurations

X for X:6=0,

X, for X:(u® w#0and X:6=0,
for X-u#0and X: (u® u)=0,
for X-u=0.

With these conventions, we get the following new nota-
tions (the fixed values of J and M are omitted):

(i) j=0. There is one TM, with parity (- 1)?, pro-
portional to

& =X%=_ (1//3)8Y

(ii) j=1. There are three antisymmetric TM, dual
tensors of the VM

(50)

&%y =Xy = (1/iV2M, X, (51a)
Merr =Xi=(1/iV2)¢E, %, (51b)
/ﬂ“i XL =( l/z\/'_)é X, (51¢)
(ii1) j=2. There are five symmetric traceless TM

6 SrTE XEZ’ 6SLTE Xf1 ) 6SLL = X%,

Mo =X, M =X (52)

TABLE III. Construction of the tensor multipoles by action of
the tensor products of operators u, »V, L and by action of the
identity tensor 6 on the spherical harmonics. (The indices J
and M and the u dependence are omitted,)

X§=- a~3)8Y, X=V3@Bu-8)yY

=2 JE+ D6V -wEL| Y
X3 =V2{U-1JU+ 1T +2) V26V +wS L] sy
X5=[20

XE=VZ[J U+ D2 [u®LIsY, XY =vZ[JJ+1)]"Vu®L]ay

— 1)U +1)(+2)*V2[LEL + (Y + 2u)®»V] 87

XL =2+ DI u®rv) sy, X} =vE[J(+1)]- V2 [u®+V)2y

[1® and []® mean symmetric or antisymmetric part.
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4. ARBITRARY ORDER TENSOR FIELDS

A. Tensor spherical basis

The tensors of the spherical basis of the space (63)®'
are built by an iterating process, from the vector e,.
We have already seen the second-order tensors. The
tensors of order ¥ > 2 are obtained from the (» - 1)th-
order tensors and the vectors e, by means of CG
coefficients

v G m inljmtit e e, (53)

These tensors satisfy the identity

t_:"r...* _ (— 1)r+jr+mti:-n (54)

and the orthonormality relations
Gpo oK e ihees r
& 06 (116, S (55)
i=2

The contraction of the tensor product ® "u with a basis
tensor is proportional to a spherical harmonics

SulWr ™ = (VT /5 »(kﬁa vk-loloijkt») Yrw.  (56)

The tensors obtained for the maximal couplings (i.e.,
J2=2,...,dp=Fk, ..., j,=7) are simply denoted by t,.
They are completely symmetric and have vanishing
trace

(t;!)il'°'ik'“'iz eseiy (t’;ﬁ)‘i"’il .o.ik...;r, (57)

(t:-n)iln,ikuail..,iréikil:0. (58)

Furthermore, for these tensors, the CG coefficients
product in Eq. (56) can be calculated and one gets the
identity

1/
Y(w = [(—z%ﬂl,)'—'] “du()e. (59)

B. Tensor spherical harmonics

The space / 2(§2) of complex rth-order tensor fields
on the sphere $2, with integrable modulus squared, is
a Hilbert space for the scalar product

4, t= [ H@O5M du (60)

2
As for lower-order fields, the vth-order TSH are

built by coupling basis tensors and spherical harmonics
through CG coefficients

Yl () = Gmgn [ I Y ()7

so that they transform according to a representation
DY in a rotation, and they form an orthonormal basis of

L3S?)

(61)

(ytired Yty = 6,,,(}1 5j,-f§> Oy Ouse (62)
Besides they satisfy the identities

Y () = (= 1)THE e ) (63)

Y o) = (= DY ). (64
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The contraction formula of two TM is quite similar to
that of the second-order TM, see Ref. 12, Eq. (3—65).
It shows that for fixed values of JM, the TSH do not
form an orthogonal set in (£3®7. To remedy this we
shall now define the »th-order TM.

C. Tensor multipoles

The rth-order TM are built in the same way as the
second-order TM, by the orthogonal transformation

X = LM G, D X (65)
where the matrix elements M(j,, J),,; are defined by

MG, D=1 /7)(,000]I0), (66a)

MGy D sy ={[1£ (= VIV /TG, 10| Ty, 1> 0.
(66b)

The orthogonality properties of the CG coefficients im-
ply that the matrices M{,, J) are orthogonal. Further-
more, each matrix can be split into a direet sum of two
orthogonal submatrices

M, J) =M., (,, ) & M_(y, J) (67
defined according to the parity of 7. as follows.
MGy ) :n=0,1,..., 4y
1= |d =g 1=+ 200 T4y,

j» even (68a)
M.y, d)ipp==1,-2, ..., -7,
I={d=j, i+ 1, |J=j | +3, ..., d+j =1,
MGy D) it =1,2, 00, 0ns
L= |J~j [+ 1, [T=j, +3,...,J+j, =1,

T 00 )y G ) i u=0,-1, ..., =) (68b)
L=~ |, [T =dn 42,000, T+

By construction, the TM transform according to one
irreducible representation under a rotation, they form
an orthonormal basis of / 2($?)

E

> jtanaf ® 7 A
<Xu My X,irr {4:> = 6uu '(x_l—_lz 6]’,—1,-) 6JJ'(sMM' (69)
and for fixed J and M, they are orthogonal in (£3)®"

1

jene Floss, 7 ) [Py
X xk if::( %f') b, (M2 ST /R)
j=2 3

X (T ud = | ROITMJIM | kr) Y2 (w),  (70)
where ei’: (—1)r for p=0, (- 1)* for u >0 and (- )**
for 1 < 0. Another interesting geometrical property of
the TM is that the scalar product by the vector u of a
rth-order TM is either vanishing or proportional to a
(v ~ 1)th-order multipole

Xy u= (107,400, 0%0 W, (71a)

Xy u=x (10, g p X W, w00 (71D)
The TM have the following intrinsic parities

XJJM:/(-“): (- l)J‘jrxoj"";(u), (72a)
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X (= w) =+ (= VX ). (72b)

By analogy with electromagnetism, we can call mag-
netic, the TM with intrinsic parity (- 1)/ “*!, and elec-
tric those with intrinsic parity (- 1)7*".

5. CONCLUSION

In this article we have considered bases in the space
of Euclidean tensor fields on the unit sphere $2. In the
following paper we shall build bases in the space of
Minkowski tensor fields on $2, We shall generalize the
concept of tensor spherical harmonics and tensor multi-
poles and study their transformation properties under
rotations and Lorentz transformations.

APPENDICES

In these Appendices, we have gathered useful formulas
concerning: (in Appendix A) the product of spherical
harmonics and the contraction of vector and tensor
spherical harmonics; (in Appendix B) the action of the
vectorial operators u, »V, L=~ {irxXV on the scalar and
vector spherical harmonics. For the demonstration of
these formulas and of some formulas of the main text,
the reader is referred to the “These de Doctorat” of one
of the authors.!?

APPENDIX A
YhYY, = @mt/2 (11 /R)ol’o
k

ROY(Iml'm' |kn) Y Y,
(a1)
Y Y= (= DE T @)t R S IS k)

R
, kL1 ry gt
X (10 0|k0>{1J, J}(JMJM | Y?, (A2)
Y”ﬁ : Yt’i':{[:: ij:(— l)L '+l’*j'(4ﬂ)-l /Zz(jl:f’z'/ié)
k
, k11 Vo .
x{101°0| k0>{1 J,J}(JMJM rn)YE.
(A3)
APPENDIX B
wyd(w) =2, (J /1)(1010| JOYY% (w), (B1)
H
oYy = [+ D2 5{[1- (- D7)V
13
x{1110| J1)Y*,(u), (B2)
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LY (u) = [J(7 + D]/2¥7 4 (w)
=[J+ D251+ (- 1) V2

X(1120| J1YY' S (u), (B3)

u® Y () = (= 1) 3711010} k0) {l 1J
2%

i 1}Y"j‘,’,,(u), (54

) Y”(u) = (= 1)I+J[l(l + 1)]1/22 (__l)li__ljf
M e V2

[1dJ

x{11] -1 \kO) {j k I}Ykii’(“)’ (B5)

L® Y@ = (- D+ D255 z‘{].l h ‘{}Y”f,(u)

- 1+k ~~
=(- 1" 1 +1)]1/zi_";j——~—( 1\)[2 15

11J

X (111 - 1\k0>{]. b I}Y"f{,(u). (B6)
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Inequalities concerning the spin correlations of states of finite energy of the isotropic ferromagnetic
Heisenberg model are proved. These inequalities estimate the spin correlation between two lattice sites in
terms of the total energy and the electrical resistance between the lattice sites as calculated using the
inverse of the coefficients occurring in the Heisenberg Hamiltonian. These resistance inequalities are
combined with the resistance properties of a regular three-dimensional lattice to yield the result that all
states of finite energy for the isotropic Heisenberg model in three dimensions have long range order.

INTRODUCTION

In this paper we prove inequalities concerning the
spin correlations of states of finite energy of the
isotropic ferromagnetic Heisenberg model. These in-
equalities estimate the spin correlation between two
lattice sites in terms of the total energy and the elec-
trical resistance between the lattice sites as calculated
using the inverse of the coefficients occurring in the
Heisenberg Hamiltonian as the resistances between
neighboring lattice sites. These resistance inequalities
are stated and proved in Sec. 3, Theorem 3, 3.

One application of these inequalities is to the
isotropic Heisenberg model in three dimensions. For
a regular three-dimensional lattice the resistance be-
tween any two lattice sites is bounded by a constant
R., independent of the distance between the sites. The
resistance properties of a regular three-dimensional
lattice when combined with the resistance inequalities
yield in Theorem 3. 5 the result that all states of finite
energy for the isotropic Heisenberg model in three di-
mensions have long range order.

In Sec. 1 of this paper we introduce notation for de-
scribing the isotropic Heisenberg model in a C*-
algebraic setting. In Sec. 2 we discuss the ways of cal-
culating and estimating the resistance of electrical net-
works composed solely of resistors. In Sec, 3 we prove
the resistance inequalities.

1. C*-ALGEBRAIC FORMULATION OF THE
HEISENBERG MODEL

We refer to Ruelle’s book! for a general reference to
quantum lattice systems, to Sakai’s book? for a general
reference on C*-algebras, and to Wigner’s book® for a
general reference to the description of quantum spin.

To describe the spin of a single particle of spin
j=%,1,15,2,2%,---, one uses a Hilbert space of dimen-
sion d =27 + 1. On this Hilbert space there act three
Hermitian linear operators §=(S,, S,,S,) satisfying the
relations

[Sxy Sy] =1iS,,
[Sz, Sx] = isy,
§=8:8=S+ S+ =i+ 1)

[Syy Sz] :Z-SX’
(1.1)

where [ is the identity operator on the Hilbert space /4
and [A, B]=AB -~ BA.
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As is well known, the operators $=(S,,S,,S,) set ir-
reducibly on //. One can choose an orthonormal basis
{fpsm==4,1-4,2-4,--+,j=1,j} so that

Sofm =1y
Sufm= (S, TSN =VG-m)T+m+1)f,.,
S fn=18 =SV =V +m)G-m+1)f, .

1.2)

We also introduce the operators 8 =(s,, s,, s,) where
§=5/7. The advantage of these operators is that they
are normalized so that for n¢ R®

In- 8 = e, +nys, +nes.] = ] = 0 +n3 + 32,

where || - || indicates the operator norm. For j =% the
8 are the Pauli spin matrices,

S_(o 1) S_(o -1) s—<1 o)
*=\1 0/ 7 \1 o) " \0 -1/

The Heisenberg model describes a system of parti-
cles on a lattice /- where the interaction between parti-
cles is only through their spin. We define the C*-
algebra associated with the Heisenberg model. 45 Let
/ be a finite or countably infinite set. We will usually
denote the points of / by 4,7,k,7, etc. We suppose that
at each point # €/ there is a particle of spinj,. In
more mathematical terms we assume that to each point
ke [ there is a C*-algebra ¥, generated by all
polynomials in the three operators S, = (S, Sy, Ske)s
where these elements satisfy equations (1.1) with j =j,.
As is well known, this algebra ¥, has one and only
one irreducible x-representation (up to unitary equiva-
lence) on a Hilbert space and that representation is on
a Hilbert space //, of dimension d,=2j, +1. One may
choose a basis for #, so that the operators S, act on
these basis vectors as given in Eq. (1. 2).

Since ¥ , is x-isomorphic to 5(#,) the *-algebra of
all bounded operators on //,, ¥ , is an (# Xn)-matrix
algebra with n=2j, + 1= dimension of #,.

If Ac/ is a finite subset of / we denote by %, the
tensor product of the algebras ¥, withkec A, i.e.,
Wiy, gy oeerey) =W @U@ -0 Uy
Since the tensor product of an (r X#n)-matrix algebra
with an (m Xm1)-matrix algebra is an (nm Xnm)-matrix
algebra, ¥ , is an (» X7)-matrix algebra with
r=Tl,cn 2+ 1)
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Let @ be the collection of all finite subsets A of / .
The matrix algebras ¥ , satisfy the following relations,
If A;D A, then® o D% 4,. If Ay, Ay Q then¥ , )y, is
generated as a *-algebra by ¥ A and ?IAz and ¥ AN Ag
=y Uy, B Ay and A, are disjoint, then each element
of o ,, commutes with each element of U ,,.

If A is an infinite subset of /, we define¥ , = U ,.¥,.,
where the union is taken over all A’ @ with A’CA, The
bar denotes the completion of the algebra with respect
to its unique norm. A more detailed account of this
construction can be found in Refs. 4 and 5. For A
infinite ¥ , is a uniformly hyperfinite algebra or UHF-
algebra because¥ , contains a increasing sequence of
matrix algebra whose union is norm dense in¥ ,., UHF-
algebra were defined and studied by Glimm.  We will
refer to¥ , as the Heisenberg spin algebra over A,

The interaction in the isotropic Heisenberg model is

given in terms of a Hamiltonian,
H=3 ,El J(@,j)I-8;-8,),
iis

where 8; - 8;=5;,5;,+;,5;,+5;,5,, and 8;=8,/j;. The
J(,j) are real numbers so that J({,7)=0 and J(,j)
=J(j,?) for all ¢,j < /. In this paper we will consider
only the ferromagnetic case with J(,j)= 0 for all
L,ie/.

A difficulty with the above expression for H is that
for cases of physical interest the sum is not con-
vergent. If A is a finite subset of /, we define

Hy=13 ing‘/A J@, )-8 8;).

This expression defines an element of the algebra. The
dynamics of the Heisenberg model is given by a strong-
ly continuous one parameter group of *-automorphisms
{t— a,} of ¥ . Heuristically, there automorphisms are
given by

a,(A) = exp(itH)A exp(- itH).

Since H is not an element of the algebra, the above ex-
pression is not well defined. One can define the above

automorphisms by replacing H by H, and letting A in-

crease to /., In fact, it is known that if

supd 2o |JG,5)|;ie < (1.3)
i€t

and if A, is an increasing sequence of finite sets whose

union is / , then there is a strongly continuous one-

parameter group of x-automorphisms {a,} of A/ and

o, {A)=1im exp(itH, )Aexp(-itH, )

for all A=¥%(/), where the limit converges in norm.

A discussion of the proof of this result can be found in
Refs. 4 and 5, Automorphism groups which can be ap-
proximated in the above fashion by inner automorphism
groups are called approximately inner automorphism
groups.’

We conclude this section with some remarks con-
cerning the spectrum of /- 8;.8,. Suppose ,s</ and
S=8, +8,. We have

[SJU Sy] = isz, [Sy’ SZ] = in’ [S S ]: isy'

2y ~x

Let /3 be the *-algebra generated by the three elements
S,, S,, and S,. Since 4 is a finite-dimensional x-
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algebra, A4 has a central decomposition as a direct sum
of matrix algebras. This decomposition of A is directly
related to the problem of decomposing the tensor prod-
uct of two irreducible representation of SU(2) into irre-
ducible representations, The solution to these problems
is well known, Let =2 min(j,,j,)+1. There aren
orthogonal minimal central projections {E,,k=1,...,n}
(i.e., E,c S and AE,=E,AforallAc/ and k
=1,...,nand 3, E,=1I) so that

S’E,=(S2+ S+ SHE, =1,(1,+1)E,

with l,=j,+j,+1~Fk. It follows that =&, 8E, and
RE, is a ({21, +1)x(21,+ 1)) matrix algebra.

Applying these results to the element I-8,-8, we
find

(-8, -8)E,=(j,j ) (j,isl = 8, S)E,
= (pd ) pd ol + 287+ 284~ 5(S, + 8,1 ]E,
=203 ) U, 45U, +is+1) = LT, + D]E,
=3(j, i)k = 1)(2), + 2+ 2~ R)E,.

Hence, the spectrum of /- 8, - 8, consists of the numbers
(30d ) k- 1)@j, + %, +2- k) for k=1,...,n}. It
follows that I~ 8, - 8, is positive and zero is in its
spectrum,

Il. RESISTANCE OF ELECTRICAL NETWORKS

In this section we collect various known results need-
ed to calculate and estimate the resistance of electrical
networks, We refer to Ref. 8 as a general reference,
Suppose / is a finite set and G is a graph with vertices
/. The graph G is simply a set of lines (i,j) connecting
pairs of vertices. We assume G is connected. We as-
sume that with each line (7,7) of G there is associated a
positive real number J(7,7) > 0. We imagine that each
line corresponds to a resistor of J(i,j)™! ohms. Given
two vertices i and j, we wish to calculate the resis-
tance R(i,j) between 7 and j.

There are two physical laws which enable one to cal-
culate the resistance of an electrical network, One is
Ohm’s law which states that the potential difference
V(i) — V(j) between two vertices 7 and j connected by a
line (i,7) of G is equal to the current I(z,j) flowing from
7 to j times the resistance J(i,j)'1 associated with the
line (i,5) [i.e., V@)~ V(j)=J(,j)"I(i,5)]. The second
physical law is the Kirchhoff law which states that the
total current flowing into a vertex must equal the total
current flowing out of that vertex. One can calculate the
resistance between two vertices 7 and j by injecting one
ampere of current af the vertex ¢ and extracting one
ampere of current at the vertex j. Ohm’s law and the
Kirchhoff law determine the voltages V() at all the
vertices 2 e/ (to within an additive constant)., The
resistance between 7 and j is the difference in voltage
V{i) - V(§) between 7 and §.

We will now restate these ideas in a more mathemati-
cal form. Suppose G is a connected graph with vertices
[ . Suppose with each line (7,j) of G there is associated
a positive number J(@#,j) > 0. The graph G together with
the positive numbers J(,j) will be called a network, We
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denote by G(7) the set of vertices of / connected to i by
a line of G.

Suppose f is a real function on /, i.e., fis a mapping
of / into the real numbers. We define the Laplacian of
f denoted by Af as the function

(af)G)= jGZ;sz(i,J')[f(j) - f@)].

We say f is harmonic if Af=0, Note if f is harmonic,
the value of f at each vertex 7 is a convex combination
of the values of f at the vertices connected to ¢, i.e.,
if (Af)(@) =0, then

,-CE J(i,j)f(i):jEEGmJ(i,]')f(j)

2.1

S G(i)
or
f= 21 2 fG)
with A,:J(i,j)[kezc(‘)J(i,k):l "

We have that the ); are positive and their sum is one.

1t follows that if f is a real harmonic function on /
which attains its maximum value at the vertex i, then
f must also attain its maximum value at all the vertices
connected with ¢, Since the graph G is connected and
the number of vertices is finite, it follows that every
real harmonic function is constant, i.e., f({)=c for
allie /.

With the aid of the Laplacian we define the resistance
between two ventices as follows. Let 5; be the function
on / given by 5;(j)=0 if i#j and 5;({)=1. Suppose
i,j/ and V is a solution to the equation

—"AV: 6{‘6]'. (2.2)

The resistance between i and j is defined to be V(7)
- V().

We will take the time to outline a proof that Eq. (2.2)
has a unique solution (up to an additive constant) since
the proof also provides a useful way of estimating the
resistance between two vertices. Suppose for each line
(i,7) of G we specify a real number I({,j). We may think
of I(i,j) as the current flowing along the line (7,j). If the
current is flowing from ¢ to j, we have I(;,j) > 0. If the
current is flowing from j to / we have I(Z,j) <0. With
this convention we have I(Z,j)=-I{j, 7).

We wish to calculate the resistance between the
vertices i, and j,. We imagine injecting one ampere of
current at ¢, and extracting one ampere of current at j,.
Now consider a current flow specified by numbers
I(r,s) for each line (r,s) of G. We say this current flow
is admissible if it satisfies the Kirchhoff laws, i.e.,
the total current flow into a vertex equals the total cur-
rent flowing out of that vertex except at i; where the
total outflow of current is one ampere and at j, where
the total inflow is one ampere, In terms of equations
these constraints read if {I(,)} is an admissible cur-
rent flow, then for »#i, and v #j,

2 IG,7)=0

iCGir)
and
Y Iy, )=1, 2 I(G,j)=1.
iE'g(io) (0: ) ’ i€G U (y]O)
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Certainly, there exist admissible current flows, For
example, let (ig, ), (i1,7,),..., (i,1,7;) be a sequence of
lines of G connecting 7, to j,. I we simply set I(iy, )
=1I(iy,iy) =+ +=1(i,(,7;) =1 and set all other 1(i,j)=0,
we obtain an admissible flow.

Given an admissible flow {{(7,7)}, we define the dis-
sipation D of this flow as

p=p(1G,)}) = 23 JG,))"16,5). (2.3)

U, e

We consider the problem of minimizing the dissipa-
tion. One can prove the existence of minimally dissipa-
tive flows as follows. Construct some admissible flow
and calculate its dissipation. The set of admissible
flows with smaller or equal dissipation is a compact set
with the obvious topology on current flows, i.e., two
current flows I{¢,7) and I'({,j) are close if I{¢,j) - I'(,7)
is small for each line (¢,7) € G. Since the dissipation is
a continuous function on this compact set the dissipa-
tion achieves it minimum value,

Suppose {I(i,j)} is a minimally dissipative admissible
current flow. Suppose (iOyil)y (ii,iZ)y U] (in-iy in); (im iO)
is a closed path starting at i, and returning to ¢,, We
show that

¢ :J(Z.O’ 7.1)-11(1.07 Zi) + J(ii- i2)-11(i1s ZZ) + J(im io)-il(im Z0) =0,

To see this, suppose we form a new admissible flow by
defining I’ ¢y, 74) =1(ig, 1) + A, I'(iy, i) =1(ig, %) +A,. ..,
I'(inyiy)=1(,,7,) + 1 and for all other lines I’(i,j) =I(,J).
The dissipation of the new flow minus the dissipation

of the original flow is given by

D(I') = D) =d iy, i1) " [2M Gy, 74) + NP1+ T (i, 89)™"
X[Z)J(ii’ 7'2) + )\2] tore +J(in, iO)-1
X[20I iy, 15) + 22,

Since {I(i,j)} is a minimally dissipative flow, the deriva-
tive of the above expression with respect to x at A=0
must equal zero, Hence, we have C=0. We now de-
fine the potential function V by

- V(]) :J(io; il)_il(iOi ll) Fae.t J(in;j)-ll(imj),

where (¢y,71), (F1,%2),..., {innj) is a path from i, to j,

The number V(j)} is independent of the path chosen
since the sum C around a closed path is zero. Note that
V(,)=0. A straightforward computation shows that

~ AV=23;, - 8;,. Therefore, a solution to Eq. (2.2)
exists. If V' is a second solution to Eq. (2.2), then

- A(V-V)=0and V-V’ is harmonic and, therefore,

a constant function, Hence, Eq. (2.2) has a unique
solution up to a constant function.

The resistance R(i,,,) between iy and j, is V(i)
- V{j,), where V satisfies Eq. (2.2). We also remark
that the resistance R(iy,j,) is the minimum dissipation,
This can be seen a number of ways. One of the simplest
is to note that the total energy dissipated by an elec-
trical network [D= voltage difference times current
= V(i) - V{jy) =R(,y,J,)] is the sum of the energies dis-
sipated in each of its parts. We will give a fairly in-
volved proof of this fact not because we will need this
fact but because we will need the methods used in the
proof in the next section of this paper.
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Suppose #,,j, €/ and V is a solution to Eq. (2. 2).
Note V will take its maximum value at 7, and its mini-
mum value at j,. We consider the current paths from
i, to j, where a current path is defined as follows, A
current path is a sequence of distinct vertices
{i6 21, 22y« - + » in) Starting with ¢; and ending at {,=7,, so
that the kth and (¢ +1)th vertices are connected by a
line of G and V(i) > V(i) for k=0,1,...,n-1. In
more intuitive terms a current path is simply a path
from 7, to j, along which a particle of current might
travel. We define the terms upstream and downstream.
We say i is immediately upstream of j if (,/) < G and
V@) > V(j)., We say ¢ is immediately downstream of j if
@i,j)€ G and V@) < V().

Let @ be the set of all possible current paths from
iy to jo. If pc @ is a current path we assign a probability
s(p) to p as follows, If p=(iy,4y,...,%,) (with i,=j,) is
a current path from i, to j,, we define

s(p) =16y, i)AG) 11, 1)AG)™ > 1y, 1,)A )™,
(2.4)

where I(i,7)=J(,7)[V({E) - V(j)] is the current flowing
from ¢ to 7 and A{{) is what we will call the activity of ¢
which is the total current flowing into 7 (or the total
current flowing out of i), i.e.,

A@=3 2 16,7, i#ior ity

and A(iy) =A(j,)=1. The ratio I(i,7)/A() is the probabil-
ity that a particle of current having arrived at ¢ will
flow to j. Intuitively the number s(p) is the probability
that a particle of current will follow the path p in its
flow from ¢, to j.

Lemma 2, 1: Suppose G is a finite connected network
with vertices / and resistances J(,7)! associated with
each of its lines. Suppose ig,j; €/ and V is a solution to
Eq. (2.2). Let @ be the set of all current paths from
iy to j, and let s(-) be the function defined by Eq. (2.4).
Suppose 7,s €/ and ¥ is immediately upstream of s,
Let @(7, s) be the set of all current paths which pass
through », s, Then,

16r,8)=J(r, $)[V(r) = Vis)]= 20 s(p).
pEQ(r, s)

Skelch of proof: This lemma states that the current
I(r, s) is equal to the probability that a particle of cur-
rent flowing from i; to j, will pass through the line
(r,s), Consider the sum

Yosipy= 25 G, iAG)™] -

PEQ(r, s) PSR s)
x[1(r, $YA@) M- o (Il pegs o)A Gny) Y],

All possible paths p € @{r, s} can be generated as fol-
lows. Start at » and move upstream one vertex at a
time until reaching ¢, and start at s and move down-
stream one vertex at a time until reaching j,. For each
different set of choices one obtains a different path
peQ{r,s). In the above sum for each vertex & {with %
either equal to 7 or upstream of ) we sum over all
vertices immediately upstream of 2. The effect of this
summation is to cancel the A(k) in the denominator with
the sum of the I(Z, #) with the i the upstream vertices of
k. Similarly for each k (with %2 either equal to s or
downstream of s) we sum over all vertices 7 immediate-
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ly downstream of 2, The effect of this summation is to
cancel the A(®) in the denominator with the sum of the
I(k, i) with 1 immediately downstream of k. The results
of these cancellations leaves the single term I(»,s). The
completes the sketch of the proof of the lemma.

As a application of this lemma we show that the re-
sistance R(iy,j,) between i; and j, is equal to the mini-
mum dissipation as defined by Eq. (2.3). Consider a
path p € @ with p=(iy, 4, ...,%,) with i,=j;. We consider

p as a union of lines (iy,%), (1, %),..., (qy,is). Then
we have

) 2 V)= V() =[VE,) - VE))+ [V~ Vi) +-- -
i, 1)Cp

+[Vi) - V)
Vi(ip) = V().

Il

Then, we have

Y s(pvE) - V()
PEQ (3,
= 2, s(Vli) - Vi)

= Vi) - V(o).

In the first sum we interchange the order of summation
as follows, We choose a line (7,j) of G with V(i) > V(j)
and then sum over all p € Q(, ) and then sum over all
lines (Z,7) of G, Then, we find

Viig) = V{ig) = s(PIVE) - V(]

b
4, NEG pc @i, )
From Lemma 2.1 we have J,zqq, ;) S(P)=1{,7). Hence,
we have
Ry, 7o) =Vp) — V(jy)
2 IG,)VE - vii]

,ece

2 IG5, 5)° =D, )H)).

i, &6

i

I

Since the current flow I(i,7) with I(Z,§) =JE,)[VE) - V(5))
minimizes the dissipation, we have the minimum dissi-
pation equals the resistance R(zy,j,).

We have given this rather involved proof of the equal-
ity of the resistance with the minimal dissipation in
order to introduce this method of interchanging the
order of summation used above. We will use this meth-
od again in the next section,

The equality between the resistance R{3y,j,) and the
minimal dissipation is useful in determining some of the
properties of the resistance R(iy,j,) as a function of the
resistances J(,j)™! of the lines of G. For example,
suppose the resistance R(iy,j,) has been determined for
a certain network G, Suppose one of the resistances
J(i,7)! is decreased [i.e,, J(i,j) is increased]. Then
the resistance R(i;,j,) must decrease or remain the
same. To see this, consider the admissible flow which
minimizes the dissipation for the original network,
Using that admissible flow, we calculate the dissipation
for the new network in which J(i,j)"! is decreased. We
find for the new network a smaller or equal dissipation.
Since the resistance R(7,,j,) for the new network is the
minimal dissipation, we have that the resistance
R(y,79) for the new network is smaller or equal to the
resistance R(iy,j,) for the original network, Hence,
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we have shown

3R(ig,jo) _
0J (i, )

Another application of the equality of the resistance
with the minimal dissipation is the following. Suppose
G is a finite network with vertices / and R(i,,7,) is the
resistance between ¢3,j, €/ . Now, suppose G’ is a
larger network with vertices / ' containing G, i.e.,
['D2f, G'DG, and J(,j)=J'(i,j) for the lines (,7) < G,
Let R'(iy,j,) be the resistance between 7, and j, as cal-
culated in G’, We see that R'(i,,j,) < R{i;,7,) since the
minimally dissipative admissible flow for G is an
admissible flow for G’ and, therefore, the minimum
dissipation for G’ is less than or equal to the minimum
dissipation in G.

This fact gives us a convenient way to define the re-
sistance in an infinite network, If G is an infinite net-
work with vertices /, we define the resistance R(i;,j;)
between iy,j, €/ as the greatest lower bound of all the
resistances R'(i;,j,) computed by taking finite subgraphs
of G. Since the resistance decreases as the network in-
creases, we have the following. Suppose G is an infinite
network and 7, and j, are vertices of G, Suppose {G,} is
an increasing sequence of finite connected subnetworks
of G containing ¢, and j; as vertices, Suppose G, in-
creases to G as n— o, i.e., each line (,j)€ G is con-
tained in some G,. Let R,({y,j,) be the resistance be-
tween 7, and j, as calculated in G, and let R(/,,7,) be the
resistance between 7; and j; in G. Then R(iy,j,)
=1im, .. R,({,,j,) since the numbers R,(i;,j,) decrease
with increasing # and since every finite subnetwork of
G is contained in some G,,.

We mention that if the numbers {J(7,)} satisfy in-
equality (1.3), then R(fy,7,) > 0 is strictly positive for
any two distinct vertices of G, We also mention that
the resistance R(y,7,) is equal to the greatest lower
bound of all the dissipations calculated from admissible
current flows since this is true for finite systems and
follows by taking limits for infinite systems, The
definition of resistance in terms of the potential V
should be used with caution for infinite systems since
there are infinite networks for which there exist non-
constant harmonic functions which are bounded.

Next, we would like to mention how to estimate the
increase in resistance R(i,,j,) if some of the lines
(r,s) are removed from a network. Suppose G is a
finite network with vertices / and R(i;,j,) is the re-
sistance between 7; and j,=/ . Suppose G’ is a connect-
ed subnetwork of G with vertices / ’ (and y,7,€/ ') and
G’ is obtained from G by removing the lines (»;, s;),
i=1,...,n. We wish to estimate the resistance
R'(iy,j,) as calculated in G’ in terms of the resistance
R(ig,j,) as calculated in G. Let I(Z,j) be the admissible
current flow in G which minimizes the dissipation. We
will show that if 7., 17(r;, s;)}1 <1, then

n -2
Rlig o < i 30 = R (1= 25 116, 501) " 2.9
This shows that if the lines (v;,s;) carry little current,
then the resistance does not change much when these
lines are removed from the network, To see this we
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express the current flow {I({,7)} as a sum of simple
current flows s(p) along current paths p € @ as was
described in Lemma 2, 1. Let @(r;, s;) be the current
paths which pass through the line (»;,s;) and let
W=Ui_;Q(;,s;) be their union. We have
n n

y\ = 7‘ = 7‘ . .

P-C:/W s(p) i@lpeoﬂi.Si)S(p) 1—=/1 |](71’s;)‘-
We assume 774 1I(r;,s,)] <1, We denote by ¢ - W the
paths in @ not in W, We have

=

A= 2 s(p)=1- 25 s(p)=1-
PEQuW

264, 55| 0.
bW i

It
—_

Let I'(i,7) be the current flow given by

I'G,j)=x* 2 s(p)<xUG,j )
PE QG i)W

for each line (¢,7) of G’ with ¢ upstream of j and if ¢ and
j are of the same potential I’(,j) =0, The current flow
{r'@,j)} is obtained from {I(i,j)} by removing the current
paths which pass through the lines (»;, s;) and then re-
normalizing the current flow by multiplying by A™!, We
have {I'(,7)} is an admissible flow in G’, Clearly, we
have A1I'(i,7)| < {1(Z,7)| for all lines (/,j)< G’. We
estimate the dissipation associated with the flow
{6,

23

D= 2 I,
TR
LD TGN =0 Ry, o)
1, C

Since R’(i;,7,) is the minimum dissipation, we have

R'(iy,jy) < DU') < A2R(y, 4o)
n =2
gR(io,jo)(l - 2_1 |10, Si)|>

This establishes inequality (2. 5). The left most in-
equality of (2. 5) follows from the fact that G’ <G,

We conclude this section with a discussion of a regu-
lar cubic lattice with nearest neighbor connection in
three dimensions. Let / = Z? be the set of all three-
tuples of integers, e.g., i=(,,é,7,)</, and let G be
the graph of all lines connecting each vertex of / with
its six nearest neighbors, i.e., (i,7)< G if and only if
li—jl =1i,~j,| +1iy—j, 1 +1i,—j, 1 =1. We associate a
resistance of one ohm with each line of G, i,e,, J(i,j)
=1 for all (,7) < G.

If follows from known results? that the only bounded
harmonic functions on / =Z% are the constant functions
and, furthermore, the equation - AV = Gio with V({i;)=0
has a unique bounded solution which we will denote by
V;,- This function has the property that V; (/) ~ - iR
as il =1ti { + i, 0 +1i,l —~ where R.=0.50546--. .
Also, we have - 3R. <V, (i)<0forallic/,

Heuristically, this shows that the resistance be-
tween 7, and “infinity” is finite in three dimensions.
Given two vertices ¢),j, €/, we define V="V -V, .
We have — AV =05, ~ 0;,. Then, the resistance R{iy,70)
between 7, and j, is given by R, jo) = V) — V(i)
== V;,(éo) = Viy(jo) = = 2V;(jo) < Rw. Hence, the re-
sistance between any two vertices is less that R, in
three dimensions, In two dimensions the resistance

Robert T. Powers 1914



grows logarithmically with the distance between the
vertices,

One may show that the resistance calculated from the
potential function [R (i, jo) = V(io) - V(j,) = - 2V; (i)]
agrees with the definition of resistance for infinite net-
works given earlier. Consider an increasing sequence
{G,} of finite connected subnetworks of G with vertices
[ »</ and with #;,jo€ /[, for each n. We assume the G,
increase up to G, i.e., G=U;G,. Let ¢, be the solu-
tion to the equation — A¢,=8;, ~ d;, on G, with daliy)

+ ¢,(j,) =0. The function ¢, are uniformly bounded. In
fact, ¢.(y)= ¢,()= ¢,(j,) for all i€/ , and ¢,()

=— ¢,(j,) decreases as n increases since the networks
G, are increasing and, therefore, the resistances

R, (ig,7¢) = dnaliy) — ¢a(iy) are decreasing as n increases.
We extend ¢, to a function on / =Z° by defining ()

=0 foric/ -/, Since the ¢, are uniformly bounded
there is a subsequence {¢,,, #=1,2,--}, which con-
verges pointwise to a bounded function ¢ () =1lim, ..
X@ay (). One can easily show that — Ad =6, ~ §;.

Since the only bounded harmonic functions on / = Z° are
the constant functions, we have ¢ — V is a constant func-
tion. Since ¢ (Z,) + ¢ (jy) = V(i) + V(j;) =0, we have ¢ =V,
Hence, we have

R(iy, 7o) =1im Ry, (iy, 4g)
koo
=1im @ (€)= Bniry (o),
koo

b)) - d(jo) = Vo) - V(ig) == 2V (fo).

Hence, the resistance as calculated from the potential
is equal to the resistance as defined earlier for infinite
networks,

Finally, we would like to state a lemma which shows
that the resistance between vertices distant from the
origin is only slightly increased by removing a few
lines near the origin.

Lemma 2, 2: Let G be the network with vertices
/ =23 in which each vertex of [ is connected with a one
ohm resistor to its six nearest neighbors, Let G’ be
the network obtained from G by removing the lines
(riys4), i=1,...,n. Let R@iy,j,) and R'(iy,j,) be the
resistances between 7; and j, as calculated in G and G’,
respectively. Then, R’(iy,j,) - Ry, j,) —~ 0 as 14,!, 17,/
— o, Also, given a positive number ¢ > 0 there is a
finite set S of vertices so that R’{iy,j,) < R. +¢ for
tg,Jo€/ ~ S,

Proof: Suppose %y,j,& /[ and V=V, -V, . Let I{,j)
= V(i) - V(§) be the current flow associated with V,
From our previous discussion we have that if 3],
X [I{r;, s;)1 <1, then

n -2
Rliy,iy) < B (igso) < R(io,jo>(1 -2 |16, s»l')

Note that in our previous discussion we only estab-
lished this inequality for finite networks. The fact that
this inequality holds for G may be seen by taking an in-
creasing sequence {G,,} of finite connected subnetworks
of G which increase up to G and then taking the limit

of an appropriate subsequence,

As 1{y)] — = we have V; (i)~ - zR.. Then, as liyl, |jy|
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- we have V()= V,-O(i) - V,o(i) —0forfixedic/. It
follows that I(r;, s;)=V(r;) = V(s;) —0 as ligl, ljs| —oo.
Hence, we have

0 < R'(iy,70) — R(Zy,7y)
n =2
< R(iy,4o) [(1 - 21 |1(r;, s;) 1) - 1]

=0 as |i], [jy] = .

Since R(7y,j,) <R« for all i;,j, </ the last statement of
the lemma follows. This completes the proof of the
lemma,.

111. RESISTANCE INEQUALITIES

Let G be a finite network with vertices /. We as-
sume that to each vertex i</ there is associated a
particle of spin j;. Let¥ = ¥, be the Heisenberg spin
algebra over / as described in Sec. 1. The algebra
¥ is generated by the elements S, =(S,,, S;,, S;;), which
satisfy Eq. (1.1) with j=j; and the elements S; and S,
commute for ¢#7. Let H be the element

H= JE,I~-8;-8
(i,jZ)>EG (:])( i j))

where 8; :S,-/j,». We will prove the operator inequality
I-8;-8;<R(i,j)H,

where R(i,j) is the resistance between ¢ and j. To prove
this we will need the following lemma,

Lemma 3. 1: Let % be the Heisenberg spin algebra
describing three particles of spin jy, j,, and jj, i.e.,
¥ is a C*-algebra generated by the spin operators
S; = (S;x Siy» Sie) for £=1,2,3 and the S, satisfy Egs.
(1.1) with j =j;. Let 8;=S8,/j;. Then, the element

H=a(l-8;.8)+a(l-8;.8;))+c(I-8,"8;)

is positive if and only if a, b, and ¢ are real and
satisfy

a+b+c=0 and ab+ac+bc=0. (3.1)

Furthermore, zero is in the spectrum of H.

Proof: Let #; be the C*-algebra generated by the
three elements 8; = (S;,, S;,, S;.) satisfying Eqs. (1.1)
with j =j;. Then we have { =%, 2 AU ;. Let 4, Hs,
and #/y be Hilbert spaces of dimension d;=2j; +1, and
let II; be the unique (up to unitary equivalence)
*-representation of { ; on #/; for i =1,2,3. Let
N=I;® My® I3 be the representation of ¥ on 4 =4/,
® #H2® #{3 obtained by taking tensor product of the Ii;,
e.g.,

[1(S1:55,)1® f2® f3 =111 (S, )f1 ® fo® T5(S5,)fs.

Since I is a faithful *-representation of A, we have that
H is positive (i. e., H= 0) if and only if II(H) is positive,
II(H)= 0,

Suppose H= 0. We will show that inequality (3. 1) is
satisfied. Since H= 0, we have by convention that
H=H* and therefore a, b, and ¢ are real. Let f;, for
m==j;, 1-j;...,7; -1, j; be an orthonormal basis
for 4;, i=1,2,3 satisfying Eqs. (1. 2) for the operators
11;(S;) and let

F(my, my, m3) = fim ® Frny® fmge
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Using the fact that
S; -S,-:S,.ZSJ.Z+ 5(S;.S8;.+ S;.S;.)

-+

and Eqs. (1. 2), it is possible to compute I (H)

X F(my, g, m3). We find II(H)F(jq,74,75) =0. Hence,

zero is in the spectrum of H, Let i = F(j; - 1,7,,j3),

hy=F(j{,jo—1,75), and hy=F(ji, 4,73~ 1). A straight-

forward computation shows that Il (H) maps the #’s into

linear combinations of the /#’s and the (3 X3)-matrix

(h;, L (H)R,) is given by

T = (hy, (D)
itta+b) = (g P = (G479

=l - (i)™ %a jitla+e) - (G2ig) %

= (g™ = (Gagg) % G50 +e)

The (3 X3)-matrix 7 can be written in the form T
=RAR, where

it 00

a+b -—a -b
A= -a a+c -c
-b -c b+tc

Since R is an invertable positive matrix 7'=RAR is
positive if and only if A is positive. A straightforward
computation shows that the eigenvalues of A are
{0,a+b+cx(@®+b*+c*~ab-ac+bc)’?. In order that
the two numbers a + b+ cx (@ +b*+ c% - ab— ac - be)'/?
both be nonnegative, it is necessary and sufficient that
inequalities (3.1) be satisfied. Hence, H= 0 implies
inequalities (3.1).

Next suppose inequalities (3.1) are satisfied, We will
show H=> 0, We begin by assuming j; =j, =j;= 3. Let
the representation Il on /4 be as we have constructed
and let iy, hy, g =/ be defined as before. Let/},; be the
subspace of #/ spanned by these three vectors. We have
H(H)M . /. and I (H) is positive on/),; by the above
calculation, Let kivF(‘, 5,—3), bp=F(~%,3,- %),
and ky=F(- 3,~ 3, 5). A straightforward computation
shows that IT(H) maps the %’s into linear combinations
of the k’s and the (3 X3)-matrix (k;, 1 (H)k,) equals the
(8 x3)-matrix (h;, 1(H);). Let/l.; be the subspace of
# spanned by %y, k,, and k4, Hence, we have II(H)/

C /M.y and I (H) is positive on/_y. Let/)].; be the sub-
space of #/ spanned by F(z, L, 1) and let /| ; be the sub-
space of /7’ spanned by F(- 3%, - i,—- ). We have
H(H)F(:. 3, £)=0 and J(H)F( %, - 3,—2)=0. Hence,
I1(H) maps each of the subspaces 4,3, M.,1, M.1, N.3 into
itself and [1(H) is positive on each of these subspaces.
Since 4/ =/ .s /M. ®HN 1 DM 3, we have II(H) is positive.
Hence, H= 0 for j;=j,=js=3

We will complete the proof of the lemma by induction.
Suppose the lemma is true for all j; s ny, j, <#ny, and
jg < nz. We will prove the lemma is true for all j; <ny
+ 3%, jy=ny, and j5< ny, Let¥ , be the spin-3 algebra,
e., %, is a (2x2)-matrix algebra generated by the

three elements Sy = (Sy,, S;,, S.) satisfying Eq, (1.1)
withj=14, Let 8,=2S;. Let 5 =%, % =% y2A1® AU 3,
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where ¥ ; are the spin j; algebras as before. Suppose
a, b, and ¢ are real number satisfying inequalities
(3.1). Since the lemma is assumed true for j; =5 or
Jj1<ny, j2 <ny, and ji; <ny, we have for the j; satisfying
these inequalities

a(1—51‘82)+b(1—51'53)+C(1—52’53)2 0,
a(l-8,-8;) +b(I-8y-8;)+c(I-8,-8;) =0,

Multiplying the first inequality by j; and the second by
+ and adding the resutant inequalities, we find

al(jy+2) - (8 +8,) - 8y] + [ (jy + 2= (8; +8) - 8]
+c(ji+ 3 ~8y-85)% 0,

Let A { be the C*-algebra generated by the three ele-
ments 8{ =8, +8,. As we have seen in Sec. 1, % { has
a minimal central profection E so that S{2E = (j, + 3)

X (j;+13)E. Let 8, =%{E. We have that £, is a spin-
(44 + 2) algebra. Since E commutes with 8/, S,, and S,,
the above inequality remains true when multiplied on
the right or left by E. Let 8]=(S;+8,)/(j; + 1) =81/
(4, + ). Multiplying the above inequality by E on the
left and dividing by j, + z, we find

(a(l-si*s)) +b(I-s{*sy)+c{I~8,"5))E=>0,

Since the algebra generated by 8{E, 8,E, and 8;F is the
Heisenberg spin algebra describing three particles of
spinj; + 3, j;, and j; we have shown that if the lemma is
true for j; <ny, jo Sy, and jg = 13, then the lemma is
true for j; < ny + %, j, < ny, and j3< ny. Since in our proof
we could have just as well have increased n, or ny by 3,
it follows by induction that since the lemma is true for
ji1=ja=j;3=1% the lemma is true for all j,,Jjs,75

=%,1,15, ..., This completes the proof of the lemma.

Lemma 3, 2: Let % be the Heisenberg spin algebra
describing n +1 particles of spinj;, i=1,...,n+1,
i.e., A is a C*-algebra generated by the Hermitian ele-

ments 8; = (S, Siy, S; ) with the S; satisfying Egs. (1.1)
and the S, and S; commuting for i #j. Suppose a; >0 for
i=1,...,nand 8,=8,/j; for i=1,...,n+1. Then
n n
I1-81-81 < Eal ‘Zrl(l I-8;"8;,). (3.2)

iz

Proof: For the case n=2 inequality (3. 2) states
(A +ay/a)) (-8 -8y) -
+(1+ay/a;)(I-8,-83)% 0.

(I-8;-85)

The numbers a=1+a,/a,, b=-1, and c =1+a,/q,
satisfy inequalities (3.1). Hence, the above inequality
is valid and the lemma is true for n =2,

We complete the proof of the lemma by induction.
Suppose the lemma is true for n. We prove it is true
for n+1, Let R,=37,a;' and R,, =R, +a;}{. Since the
lemma is true for n=2, we have

(I— 8- sn*E) = Rn-&l(R;r1 (1_ 8- sm-i) sy (1 Spay n+2))-
Since the lemma is true for n, we have

RN~ 8;8,) = ?‘;/lai(l‘ 8; - 8;4).

Combining these inequalities, we have

n+l n+l
(1_ sl * sn+2) < (lZ/‘1 a;l)(Zl: (l'-(]— s1 * sid)) .
= 1=
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Hence, the lemma is true for #+1, Since the lemma is
true for n =2, the lemma is true for all » by induction.
This completes the proof of the lemma,

Theovem 3. 3: Suppose G is a finite connected net-
work with vertices / and with resistances J@,j) > 0
associated with each line (Z,7) € G. Suppose with each
vertex 1 € / there is associated a particle of spin j;. Let
9 =9, be the Heisenberg spin algebra associated with
this system, i.e.,¥ is a C*-algebra generated by the
Hermitian elements 8; = (S,,, S;,, S;.) satisfying Eqgs.
(1.1) with j =j, and 8; and S, commuting for {#j. Let

H= u,.iZ);EGJ(i’j)(I— 8;-8,)

with 8; =S§,/7,. Then for any two 7,7 €/ we have
(I-8;-8;) < R(i,j)H,

where R(i,j) is the resistance between 7 and j as cal-
culated in G.

Proof: Suppose iy,jy /. Let V be a solution (unique
up to the addition of a constant function) to the equation
- AV=25; - 5;. As we saw in Sec. 2 the resistance be-
tween i, and j, is given by R(@y,7,) = V@,) - V(j,). Let @
be the set of current paths from i, to j;, and let s(p) be
the probability associated with the path p as described
in Sec. 2. Consider a path p= (i, %y,...,%,) € @ with
i,=Jjo. We consider p as a sum of lines (i,.4,%,) for
k=1,...,n From Lemma 3.2 we have {setting a,
=V, - V)]t for k=1,...,n}

M=

(I 85 8;0) < [Vio) = V(ig)] 23 [Vlirs) = VEIT

E- 4

=1

XT84, 4" 8y)

or
(I~ 84,8 < Rlio,do) | 20 (V)= V()]
X (I_ si . s,).

Multiplying the above inequality by s(p) and summing
over all paths p € @, we find

(I- 8;,°8;,)= pEEQ s(p)U—8y,- 8;,)

< Rly,dy) 2 s(p)[V (@) - V(I

PEQ (i, HEp
X(I-8;-8,),

Interchanging the order of summation as was described
in Sec. 2, we find

(-8, 8,) < Rlip,jo) T ,e‘;{, , sevE- v
X (I" si . sj),

where G’ is the set of all lines (7,j) of G with V() # V(j)
[we use the convention that the pair (,7) is ordered so
that V{i)= V(j)]. Note the lines with V(i) = V(j) do not
occur in the above sum since no path p € @ passes
through a line (i,j) € G with V(i)= V(j). From Lemma
2.1 we have J,cqu,n S(P)=1¢,5)=JG,7)VE) - V().
Hence, we from this fact and the above inequality

(- 8y, 8;)) < Rlin,do) , 22, ) =~8,-8)
<Rlio,jo) 24 JG, 1)U~ 8,-8,)
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ZR(fo,jo)Hs

where the second inequality follows from the fact that
the terms J(¢,5)}(I- 8; . 8,) for (i,j) € G- G’ are all posi-
tive elements of . This completes the proof of the
theorem.

Covollary 3.4: Suppose G,/ ,U=%, and 8,, 8; for
ie/ are as stated in Theorem 3. 3 except now we allow
G and / to be countably infinite., Suppose iy,j, &/ and
the resistance R(iy,j,) >0 is not zero. Then for any
state w of Y we have

Wl -8, -8,) <R, Jo) 25 I~ 8;-8)),

where the right-hand side of this inequality may be
infinite,

Proof: Let {G,} be an increasing sequence of finite
connected subnetworks of G containing ¢; and j, as
vertices and the sequence {Gn} increases up to G as
n—=, For each n we have by Theorem 3.3 and the fact
that w(A) < w(B) for w a state of ¥ and A and B Hermi-
tian elements of ¥ with A< B

w(I-8,*8;) < Ryfin,fo) u,@o;’("’j)“"" 8;-8;).
where R,(i,,7,) is the resistance between 7, and j, as
calculated in G,, As we saw in Sec. 2, as n— =,
R,(iy,79) = R(ig,j,). As n—, the sum over (i,j)< G,
converges to the sum over 2all (7,j) € G or diverges to
+, This completes the proof of the corollary.

Theorem 3.5: Let G be the network with vertices
[ =Z? with the lines of G connecting all nearest neigh-
bors, i.e., if i=(,,7,1,) andj=(j,,f,,7,), then (,j)c G
if and only if 1Z—jl =1, —j i +iiy~j |+ 1i,—j,1 =1,
Let the resistance J(i,j) associated with each line §,j)
€ G be one ohm, i.e., J(,j)=1 for all lines of G,
Suppose that with each vertex i €/ there is associated a
particle of spin j;=%,1,1%,2,---. Let A=¥; be the
Heisenberg spin algebra associated with this system,
i.e., ¥ is a C*-algebra generated by the Hermitian
elements 8, = (S;,, S;,, Si.) satisfying Eq. (1.1) with
j=j; and the S; and S; commute for i #j, Let 8;,=8,/j,
for i</ . Suppose w is a state of ¥ of finite energy,
i, e.,

2 w(l-~8;+8;) <,
4, HEC

Then for every number ¢ > 0
wil-8;-8;) <e

for all ¢,j €/ with at most a finite number of exceptions.

Pyoof: Let R.=sup{R(,j);i,j </}, where R@,j) is
the resistance between i and j as calculated in G. As
we have seen in Sec, 2, R.=0,50546--- is finite,
Suppose € > 0. Suppose w is a state of finite energy and
E=34 neewl—8;.8;), Since the sum is finite there
are a finite number of lines (r,,s,)s G for k=1,...,n
so that

M=

w(l-8, +8,)>E-}e/Ra.

-
u

1
Let G’ be the network obtained from G by removing the

lines (r,,s,) for k=1,...,n, Then, we have
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2 w{l- 55'51)<56/Rw.
4, ))ec*
It follows from Lemma 2. 2 of Sec. 2 that there exists
a finite set S so that for i,j €/ ~ S the resistance
R'(i,j) between ¢ and j as calculated in G’ is less than
2R., i.e., R'({,j)<2R. for {,je/ - S. From Corollary
3.4 we have for 7),j,/ - S

w(l - 8;; - 8;)) < R"(iy, Jo) w(-8;-8)

2
4, e’
<2R.(3¢/R.)=c.

Hence, w(I-8;+8,) <e for i,j €/ - S. This completes
the proof of the theorem,

Theorem 3. 5 shows that all states of finite energy
have long range order in three dimensions. We remark
that the theorem is false in one and two dimensions.

It is known from the work of Mermin and Wagner®®
that thermal equilibrium states of the Heisenberg model
at positive temperature do not have long range order in
one and two dimensions. We hope that the notaion of re-
sistance will be useful in understanding the presents
of long range order for equilibrium states of the
Heisenberg model in three dimensions.

We conclude this paper by showing the constant R(Z,7)
in Theorem 3. 3 is the best possible,

Theovem 3.6: Suppose G,/ , 9 =9/ and 8;, s;, and H
are as given in the statement of Theorem 3. 3. Suppose
i,j€/ and C is a real number, Then,

I-8;-8;<CH (8.3)

if and only if C= R(7,j), where R(Z,j) is the resistance
between 7 and j as calculated in G.

Pyoof: For C= R(Z,) inequality (3. 3) follows im-
mediately from Theorem 3. 3 and the positively of H.
Suppose, then, that C is real and inequality (3, 3) is
satisfied. We will show that C= R(Z, f).

Let #; be the Heisenberg spin algebra associated with
the vertex i, The C*-algebra 9; is generated by the
Hermitian elements 8; =(5;,, S;,, S;;) and has a faithful
irreducible *-representation IT on a (2j; + 1)~dimen-
sional Hilbert space 4. Let {f;m=-j;,1-4; ...,
j;=1,j;} be an orthomormal basis for # so that the
operators I1(8;) satisfy Eqs, (1.2). Let w be the state
of ¥ ; given by w(A) = (f,-i,H(A)f,{) for Ac¥;. Lets,
:Si/j,.. A straightforward computation shows that w(s;)
= (W{s;), w(syy), w(s;))=(0,0,1), Furthermore, since
the eigenvalue 1 for II(s;,) had multiplicity one if w’ is
a state of % ; and w’(8;)=(0,0,1) then w’' =w.

Let ne R? be a unit vector, i.e., Inl=(@n+nd+ni)/?
=1. Since the element n.8=mn,s;, +n,8;,+n,S;, is uni-
tarily equivalent to s;, (in fact, there is a unitary ele-
ment U=exp(fa-8;) e, so that Us;, U*=n-8,;) there is
a unique state w, of 9(; so that w,(s;) = (n,, 1y, n,).

Suppose for each i €/ we specify a unit vector n;.
We define the state wy,, on ¥ =¥, as W =@ ;g Wy, the
tensor product of the states w,,, 1.e., i Ay €U, [ then
W (Ad; e A) = Wy (A))wg (A4;) - - - wy (4)).

A straightforward computation shows that for ¢,j &/
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Wi /- 8;-8;)=1-n,.n,
and

o )= 2 IG5 -0 ).

Suppose 73,7, €/ and V is a real solution to the equa-
tion - AV=25; - ;). Suppose s >0 is a positive number
and let the unit vectors n,; be given by

ni=0, ny,=cos(sVE)], n;,=sin[sV({)]

for all € /. Since inequality (3.3) is assumed true and
wn) a88igns nonnegative numbers to positive elements
of we have

W (I = 8y, 8y ) < Cw yy (H)

or
1-cos[s(V(E,) - V(jy))]
<C 2 JG6,5)]1-cos[s(VE) - VGNIL
i, IS G

Multiplying both sides of the above inequality by 2/s?
and taking the limit as s — 0, we find

Vi) -vGaP<c 2 J6HVE -V
L NEG

or

Rp,o)<C 21 JG,5)"16,j)* =DIHC,
(i, HEG

where I1(i,j) =J(,j)[ V(@) - V(j)]. As we saw in Sec. 2,

R(iy,7,) =D{I}). Hence, the above inequality implies

C= R(iy, 7). This completes the proof of the theorem.
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The main objective of this paper is to derive from a unified viewpoint particular one- and two-body radial
matrix elements with respect to oscillator and Coulomb states. All the results have been obtained previosly
using either generating functions of Laguerre polynomials or group theoretical methods related to
particular realizations of the Lie algebras associated with those states. We show, though, in this paper how
some of the realizations proposed can be derived from physical considerations. The main idea is to translate
well-known realizations, in the Heisenberg picture, to the corresponding ones in the Schrodinger picture.
The latter realizations allow us to define indecomposable (i.c., not completely reducible) and irreducible
tensors of the Sp(2) [or equivalently the SU(1,1)] group for the one- and two-body problem respectively.
The evaluations of the radial matrix elements becomes then just a matter of applying the Wigner—Eckart
theorem, giving rise to Wigner coefficients of SU(1,1) that have been discussed extensively in the literature.

1. INTRODUCTION AND SUMMARY

Since the development of quantum mechanics a great
deal of work has been expended in showing that matrix
elements, that were evaluated through considerable
effort of analysis, are actually connected with group
theoretical concepts such as Wigner, Racah or 9j
coefficients of certain groups and, in particular, of
(J(3). The best known examples concern the one- and
two-body angular matrix elements

am' I Y’;(G, @) I Im),
BBLM [ Y76, ) Y*2(8,, ) )F| 1,1, LM),

(1.1a)
(1.1b)

where Y*is a spherical harmonic and [ ]t means cou-
pling of the two irreducible tensors associated with an-
gular coordinates 1 and 2 to a total % and projection g.

When we turn to the radial part of the one- and two-
body matrix elements, with respect to harmonic oscil-
lator or Coulomb states, we find that the problem has
received considerable attention.=® In some of the ref-
erences on the subject the approach follows what could
be considered a physically natural path. For example,
in the calculation of the radial integrals of powers of
¥ with respect to harmonic oscillator wavefunctions,
Quesne and Moshinsky® start from the dynamical
group Sp(6) of the three-dimensional oscillator and its
subgroup

Sp(2) xJ(3), (1.2)

where (}(3) is the ordinary three-dimensional orthogonal
group and the two-dimensional symplectic group Sp(2)
has generators that are linear combinations of p?, r?,
and r-p.% Both the states of the oscillator and the solid
spherical harmonics,

Yix)y=r"Y48, ¢), (1.3)

can then be expressed as a bases for irreducible repre-
sentations or irreducible tensors of both Sp(2) and
()(3), and the radial integrals are then given in terms
of Wigner coefficients of Sp(2) or, equivalently, of
Su(, 1).¢
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The approach followed by Armstrong®* for one body
radial integrals seems, at first sight, more mathemati-
cal. It uses a realization of the Lie algebra of SU(1, 1)
proposed by Miller” in which besides the radial variable
¥, another one, designated by ¢ and apparently without
physical meaning, also appears. Armstrong then intro-
duces functions of » and {, which from now on we shall
designate as Armstrong tensors, whose commutation
properties with the generators of SU(1, 1) are simple.
The matrix elements of Armstrong tensors with respect
to bases for irreducible representations (BIR) of
5U(1,1) in the Miller realization, turn out to be then the
radial integrals we are interested in and they can be
evaluated in a group theoretical fashion.

An objective of this paper is to provide a physical
justification of Armstrong’s approach, as well as for
generalizations of it used by Crubellier? in the analysis
of two-body radial matrix elements. This requires, as
we show in Sec. 2, the derivation of the Lie algebras
of the Sp(2) group mentioned above, not in the usual
Heisenberg but in the Schrddinger picture, in which
the parameter { mentioned in the previous paragraph
can then be identified with the time.!®

Furthermore, we discuss in Sec. 3 the indecompos-
able (i.e., not fully reducible) character of the
Armstrong tensor and show that the one-body radial
matrix elements can then be evaluated using essentially
the Wigner—Eckart theorem for the Sp(2) or, equiva-
lently, the SU(1, 1) group,

In Sec. 4 we direct our attention to two-body radial
matrix elements and show their relations with those
of tensors of SU(1,1), in this case irreducible ones,
when the Lie algebra is given in the Schridinger pic-
ture. Again we can use the Wigner—Eckart theorem
for the SU(1,1) group in deriving the two-body radial
matrix elements.

The discussion in Secs, 2, 3, 4 is always carried in
relation with the m-dimensional harmonic oscillator.
The particularization to m =3 in Sec. 5 gives the physi-
cal case, while in Sec. 6 we show that the radial inte-
grals with Coulomb wavefunctions correspond to the
oscillator ones with m =4,

Copyright © 1976 American Institute of Physics 1919



2. LIE ALGEBRA IN THE SCHRODINGER PICTURE OF
THE m-DIMENSIONAL OSCILLATOR

As is well known® the m-dimensional oscillator has
as dynamical group the symplectic group in 2m—dimen-
sions Sp(2m) whose generators are

X% pibyy slxptpx), 4,5=1,2,...,m.  (2.1)
The group contains as a subgroup the direct product
Sp(2) X0 (m), (2.2)

where () (m) is the rotation group in m-dimensional
space and the generators of Sp(2) are the scalars,
with respect to J(m), we can form from (2.1), i.e.,

T1=%(P2—72), T2=%(r'p+p'r),

T,=4(p? + ) = 3H. 2.3)
In (2.3), r, p, are m-dimensional vectors and we

use units in which 7%, the mass of the particle and the
frequency of the oscillator are 1. Furthermore, H is
the Hamiltonian of the oscillator. The generators of

Sp(2) satisfy the commutation relations
Ty, Tl==iTy, (T4, T=iT,, [T, Tl=iT,. (2.4)

Turning now our attention to () (m), its generators
are®

Lij=xipj"'xjpi9 i,j=1,2,...,m, (2.5)
and its Casimir operator becomes
LZE%E LijLij
i,J=1
== (r-p)? +i(m ~ 2)(r - p) +#p?, (2.6)

where we only make use of the relations [x;, p,]=i6,,.
From (2. 6) it is clear that all homogeneous polynomials
P(r) of degree ¢, that satisfy the Laplace equation,
i.e., V2P=0, are eigenstates of / * with eigenvalue

ke +m—=2). 2.7

Again making use of the commutation relation
[xj, p,,]:iéjk we see that the Casimir operator of Sp(2)
becomes

T8= T2 + T3 - T=—5{/? +m(m - 4)/4] (2.8)
and its eigenvalue is then
— il +m = 2) + mim - 4)/ 4). (2.9)

From (2.6) we also see that p* can be determined in
terms of 72/ ? and 73/37, and thus the generators T,
can be written in operator form as

IR O
r=i(- ),

. 1 0
T*=T111T2=T3+;(‘272i27"a—1,im> .

(2.10a)

(2.10Db)

The radial function R(#) is the eigenfunction of
H=2T, in (2.10a) corresponding to the eigenvalue
(2.7) of 2. To determine it more explicitly let us

write
R(#)= ¥ m 2f(y), (2.11)

and thus from (2.10) we get
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T R(¥) = =™ 12 f(y), (2.12a)
T R(»)=r""™/2Lf(y), (2.12b)
where
1 2 - 2 _ L
Iszz[_éa’?+("+(m ;_2r)/2) 4+r2j], (2.13a)
I=I+ L 27242 2
=1, 4—(-— £ rﬁil>o (2.13b)

In Ref. 8 we showed that the normalized eigenfunction
fof I, which we designate by £’ (r), corresponds to
the eigenvalue

Ly =[n+3w+D]fi0), (2.14)
where

v=x +5(m-2) (2.15)
and that its explicit form is

f2r) =20/ T +v+ D)}/ 2em 2022 10(2) (2.16)

where L! is an associated Laguerre polynomial,® Thus
the radial wavefunction R(») can be written as

RL(r) = vmm 262 (y), 2.17

where, for later convenience, we characterize it by
the eigenvalue u of /; in (2. 14) and the lowest value

of this eigenvalue, i.e.,
p=n+iz(v+1), r=3(p+1) (2.18)

with v given by (2.15). As a final point we note® that
I, and /, form a Lie algebra, i.e.,

L ]==+1, ,L]l=-2], (2.19)
and furthermore that
Lt ={n+v+33)m+5£ 512 (). (2.20)

From (2.14), (2.20), and (2.12) we then see that the
operators T, and 7,, in which /? is replaced by
k(k +m —2), when applied to the radial wavefunctions
R (7) give

TR\ =uRY, (2,21a)

TRy =[(p ) (uF A 1)P/2K,. (2, 21b)
The set of radial states R}, in which

p=x, A4+1, A+2,..,, (2.22)

is thus a basis for an irreducible representation (BIR)
of the Sp(2) lor equivalently the SU(1,1)*°] group
characterized by the lowest value A of the u given by
(2.18) and (2.15). The representation is infinite di-
mensional and unitary.°

In all of the previous analysis we have implicitly
made use of the variables r, p in the Heisenberg
picture.!! Thus functions of these variables such as
the 7, of (2.3) change with time in accordance with
the Heisenberg equations of motion, 2

daT

d_ts =-i[T,, H]=0, (2.23a)

d{} =T, H)= - 2i(T,, T,)=+2iT,, (2. 23b)
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where we made use of the relation T,=3H and the
commutations relations (2.4). From (2.23) we can
express T, in terms of their initial values 7} as'

(2.24)

T,=T3, T,=T.e".

The operators 79, 72 will be the corresponding
operators in the Schrodinger picture.* We can make
use of (2.24) to express them in terms of the T,.
We note that the 79 are applied to the Schrodinger
eigenstates of H which contain the extra factor!

e--iEt:_e-ZMt:e-(ZrlﬂM'l)t° (2.25)
Thus in T; we can replace
-é(p2+1’2)——i%, (2.26)
and from (2.24) the generators of Sp(2) in the
Schrodinger picture become?
10
7‘;: 5 57 y (2. 27&)
) a m
— Lt F2e ;1 4 =
T =3e ey Tziravi2>
= gT2it T°+l -Pzr 0 + 2 (2.27b)
82 or 2

Applying now 73, 7° to the Schridinger radial states,?

Yhlr, =R (r)e 24, (2.28)
we obtain using (2.27) and (2. 21) that

TS¥h = 1w, (2.29a)

T =[(pe M) (wF A= D2, (2. 29b)

Thus the functions yA (7, ) are also BIR of Sp(2) [or
equivalently of SU(1,1)***], characterized by x, but
now the Schrodinger realization of the Lie algebra is
the one given by (2.27), in terms of first order opera-
tors in 7, f, rather than the Heisenberg realization

(2. 13) which contains second order derivatives, but in
v alone. We note also that 7%% =0, and thus this
function of the set {y%,, p=xr,A+1,...,} is the one of
lowest weight.

Having obtained the generators 7§ and 7¢ in the
Schr()‘dinger2 picture we can also determine the Casimir
operator 7%, which from (2,27) becomes

7025732+722—7{3’2=T?T?—7“3’2+Tg

1 9 ., 8 m(m—4):]
A TR s
(2. 30)

and whose eigenfunctions are the % (, £}, all of which
correspond to the eigenvalue — A(x - 1) or equivalently
to (2.9).

=- —I:Zrzi —

The volume element in (r, #) space must be selected®
so that the operators T3, 7° are Hermitian, which
from (2.27a}, (2.30) implies that it becomes!

ym3drdt. (2.31)

Furthermore, as the time dependent part of the function
(7, t) is periodic, the interval of integration for ¢

can be taken as 0 <¢=<2#7. The corresponding interval
for » remains 0 < » <~ and the functions ¢’ (7, f) satisfy
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the orthogonality relations

@ ud) =/ O, DL, Oy dr dt

= 212X = 1)"165, 6 e - (2.32)

The 8,,,86,,. in (2.32) are due to the fact that the
yh(r, t) are eigenstates of the Hermitian operators
T3 and T°°, Note that in the radial part alone we get,
using the definitions (2.17) and (2.18), the new
orthogonality relation:3

@, ¢ =27 fo“’ VY ey 12O (V) d

By YU

(2.33)

which is completely independent from the standard
one in the Heisenberg picture®

| RoR® dr=6,,.

The factor 27v°! appearing in (2.33) can be evaluated
by first considering v =1’ in the integral which implies
A=A, As (), ¢}) is independent of p,'s the integral
in (2.33) is independent of » and we can calculate it
trivially for n=0 obtaining v"!.

— ~1
=27v7'5,,.

{2.34)

We have established the states ¢ (»,¢) as BIR of
Sp(2) [or equivalently of SU(1, 1)51°] and defined their
scalar product. In the next section we introduce inde-
composable, i.e., not completely reducible, tensors
of Sp(2) in (7, t) space and determine their matrix ele-
ments with respect to these states with the help of the
Wigner—Eckart theorem for Sp(2).

3. ONE-BODY MATRIX ELEMENTS

In view of the Eqgs. (2.29) that give the effect of the
operators T3, T? on the basis g% (7, t), it is clear that
an irreducible tensor of the Sp(2) group in the
Schrodinger picture will be a function P%(r, f) that
satisfies the commutation relations

L7, P]=qP%, (3.1a)
(72, Ptl= (g2 E)MgF R 1)]/2P%,,. (3.1b)
In case we were able to find such functions the
matrix elements
S L 8w o O P, O, 072 ar at (3.2)

will be given®® in terms of Wigner coefficients of
SU(1,1)* and a factor independent of u’, ¢, u. Armstrong
has discussed tensors with properties resembling those
of (3.1) and leading to radial integrals of the type we
want to discuss. We proceed to analyze these tensors.,

A. The Armstrong tensors

Armstrong defines the following functions of 7, 1,

plé(,’,’ t) = T-2k+ze-i2at , (30 3)
where k takes nonpositive integer or semi-integer
values, i.e.,

k=0a —%}_1’_%,""’ (3"4)

The values for ¢ go from ~« to +« with the restriction
q - k integer.

The functions (3. 3) are designated by a script letter
to distinguish them from the P(r,?), as from (2.27)
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the commutation relations for P*(r, ) are not (3.1) but
[Tg,/ﬂlﬁqu’;, (3.5a)
(72, PEl=(gF k= 1)P%,,. (3.5b)

Can the P%(#, t) be still identified as irreducible
tensors of SU(1,1)? To answer this question let us
first define a nonnormalized ket

|t
=y ELISH () e (3.6)
From (2.29) we then immediately have
TSy =p{auw), (3.7a)
Tjhu):(u?kil)hpil% (3.T0)

and furthermore, 7_1xx)=0,

This result seems to suggest that had we multiplied
P%(r, t) by an appropriate normalization factor, it would
satisfy the commutation rules (3.1) and become an
irreducible tensor. But the situation turns out to be
more complex. In the case of the set of states |au),
p=2A,x+1,---, any one of them can be reached from
any other with the help of 72 and furthermore the BIR
is bounded from below. For P*(», ¢) the g is unbounded,
Furthermore, if we start with a ¢ in the interval
k< g< ~Fk, we can reach P%(, t) with any other value of
i, but if we start with ¢> - & (g < k) we cannot go below
(above) g=—k+1 (g=k-1), because T_/%,, =0
(T,%,=0), This is illustrated in Fig. 1 where the
marks at the points — 2+ 1 (k~ 1) indicate that we
cannot go below (above) them in values of g because
of the commutation relation (3, 5b).

Thus the set %(, () for all allowed ¢ is not an irre-
ducible tensor. We shall in fact proceed to show that
it is an indecomposable one, by determining explicitly
the representation to which it belongs and showing that
it is not completely reducible.

B. The indecomposable character of Armstrong’s tensor

We are now interested in determining explicitly the
representation of Sp{2) [or equivalently SU(1, 13] to
which the set of functions P%(», t) belongs. The general
element of Sp(2) is given by!

. . .
i aTgezBTgew T3,

(3.8)

In so far as the part of 79 is concerned, we immediately
obtain from (3.5a)

Cmrgp;;(y’ Deiets = eI DAy, 1)
so that the representation of Sp(2) is exp(iqa)d . . It is

the part related with 79 that will be of concern to us,
i.e.,

RS o . -
cHBTPA(y, f)e 1873 =24% (v, D% (B). (3.9)
”
* —+ - + S
k-1 k 0 -k -k q

TIG. 1. Values of the component ¢ of the indecomposable
tensor /(»,8). If q is between k and -k, k=0,-% —-1,-3,...,
then all other values of ¢ can be reached with the help of

T, If g >—% (q <k) then there is a lower (upper) bound,

—~k =1 (k—1), that can be reached which is indicated by a

star,
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Taking the derivative of this equation with respect to

B and using the commutation relations (3, 5b) we
immediately obtain for the D% (8) the set of first order
linear differential equations

L DL (B =2(¢" = DD}, o(8) ~ (g + WDy, ().
This set of equations together with the condition
D, (0)=35,,, fully determine the representation Dz, (B),
but they are quite difficult to solve, Fortunately the
same Eqgs. (3.10) would appear in any realization of
the Lie algebra of SU(1,1). Using one proposed by
Miller” one arrives at the expression |see formulas
(5.10) and (5.11), p. 159 of Ref, 7]

Dk, (B) =(=)*[1 - tanh?®(8/2) J"*|tanh?(8,/2) ‘¢« /2
T(k+gq)
T'(k+¢"T(qg-¢ +1)

XF(-k+1-¢',-k+1+gq;g-q' +1; tanh?(3/2)),
(8.11)
where F is the hypergeometric function ,F,(a, b;c;2)
and I" is 2 gamma function, With the help of well-
known formulas for the hypergeometric functions® it
is possible to show straightforwardly that the D% (8)

of (3.11) satisfies (3.10).

(3.10)

Our concern now is to show that D} {8) corresponds to
an indecomposable, i.e., not completely reducible
representation. We shall analyze first the situation
when ¢’ < ¢ where we can write D% (3) as

Dg (B
R . 1=k B (g=q’)/2
= (=)o (1 - tanh® §> (ta.nh2 §>

w Lletq) sh(cktl-q),(-k+1+g), (tanhz g) "

T(k+q") Ilg=-q¢ +m+1)m!
(3.12)
where (a),, stands for the Pochhammer symbol
{0),,=T(a +m)/T(a), (3.13)

where m is a nonnegative integer. The Pochhammer
symbol can never become infinite and as

I(k+q)/T(k+q)=(k+q ),

we see that for g= ¢’, D% (B) is finite for any value of
the indices and 0 = 8= 7. We note though that if

(3,14)

k+g>0, k+q <0, (3.19)

the ratio (3.14) of I functions vanishes, We can then
divide the interval for ¢ in three parts,

(H): g>=k, 0): =kzgzk, (=) k>gq, (3,16)

and similarly for ¢'. We denote these intervals by the
symbols (+), (0), (-) as indicated in (3.16). Thus for
g= q' we note that if 4 is in the interval (+) and 4’ is
in (0) or (=), the representation D% (8) vanishes.

We now turn our attention to the problem when
q’ * q. Making use of the relation®

lim F{a, B;v;2)
T (@),8),

= e m By g +1, 8+ m + 1ym +2;2),

On +1)1°7 (3.17)

we immediately see that we can write D% (8) of (3.11)
as

. » L B\TE( L g\
DQIQ(B):(—)G" <1—t2mh §> (tanh“§>
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T{k-q)
“Tk-q)

XF(-k+1—q,—k+1 +q';q’—q+1;tanh2§)»
(3.18)

Using this formula for the case ¢’ = ¢ we immediately
see by reasoning similar to the previous one that the
D% (B) is always bounded and it vanishes when

k-qg>0, k-4 <0, (3.19)

i.e., when g is in the interval (-) and ¢4’ is either in
the interval (+) or {(0). We can summarize results in the
matrix expression

q tooser—mkFtll-Roeeck|b=1cee
ql
+ o
: D%, D%, 0
~k+1
my
DG ()l = 0 Dk, 0
k
k-1
: 0 D, D
- 00
(3.20)

We also decompose the set of functions P%(, ) into
three subsets corresponding to g> -k, -k=2 g2k, k> ¢
which we may denote as the row vector

P, D)= [P, Ps, PE]. (3.21)
We then see that
exp(iBTY(P*, P4, P*] exp(- iBTY)

= [PD%,, PED%, + PED: +PADE PAD* ], (3.22)

Under the action of the operator exp(i373) the functions
P47, t) for g> — k or g< - k transform among them-
selves. In fact D*,, D*_ correspond to irreducible repre-
sentations of Sp(2) lor equivalently SU(1, 1}] bounded
from below or from above, On the other hand the opera-
tion exp(if73) on the set of functions P%(7,¢) in the
interval (0) involves also those in the intervals (+) and
(=),

The Armstrong tensor is then an indecomposable
one but, as we proceed to show, the Wigner—Eckart
theorem is still applicable to these types of tensors
and so the radial matrix elements can be evaluated by
purely algebraic means, The procedure followed below
closely parallels the analysis of Armstrong, %4

Indecomposable representations bounded either from
above or below have been considered in a different
context by Gruber and Klymik.** Their paper provides

l

a good introduction to what for physicists is still a
somewhat esoteric subject.

C. The Wigner-Eckart theorem for indecomposable tensors

From the definition (2. 32) of scalar product and
(3.7) of the nonnormalized ket A1) we see that

O [ PE D aw)
=Buran,g [, 7RI ()
X exp(— 72/ 2) 7221 2121 (32) exp(— #2/2) dr . (3.23)

To carry out a group theoretical analysis of the
radial integral we take into account the properties
(3.7) of the kets and the commutation rules (3.5) to
write3:*

i (73, P51 [hae) = (g7 ks D00 [Pl i
={u £ F DN FLPE Ap)

SR PR e 1) (WFEALD). (3.24)

A similar relation for 795 provides the selection rule

i =-p=q. (3.25)

The recursion relations (3. 24) are very similar
to those used by Racah!® in the derivation of the Wigner
coefficients of SU(2). Using the same type of approach,
we start by writing
(3.26)

[Py = T g,

(w=2)tg-#
whereby the two recursion formulas (3,24) become

(A =Dflpgn'n’ =) =fug+ L3 0) - flu +1 ga'u’),

(3.27a)
(' =X +D)flugn'u’ +1)
=(g-R)g+R=1f(pqg-1;2"p")
(- =Df(p =1 gr'u’). (3. 27Db)

Setting p” =)' in (3,.27a), and recalling that only
matrix elements with .’ =2’ can arise, we deduce that
AugA' ) =ANR2) (3.28)
with A being independent of the “magnetic’” quantum
numbers p’, g, ¢. Then from (3.27b) and (3. 28) we
can obtain explicit formulas for f(g;x/x’ +1),

Auga’a’ +2), ..., which suggest the following general
solution for fluqg;)'u’):

(g = MHp+rx-1Hg-RHg+hr-1)

Fpg 'y =AM kAL t,
~ 1

(g+k-1)l(g-R)!

:A(h'kx)éq, ek el d=DI{e=1)1

d, e

1923 J. Math. Phys., Vol. 17, No. 10, October 1976

W =A== p-2=Hp+r=T1=)g=-k-p " +X +D) (gt =12 TA' + D!

a, b, -¢
3F2[’ 7 ;1]9

{(3.28)
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where in the last step we have used the selection rule
(3.25), and the parameters of the hypergeometric
function have the values

a==pu-x+1l, b=-p+r, c=p" =2,

d==k-u+A +1, e=k-p+2, (3.30)

If we substitute the “ansatz” (3.29) in (3.27b) we
obtain

a, b, ~c J_ a, by —c-1
3F2[d, e ’1]_3F2[d, e 91]
a+l, b+1, —c,
+Z153F2[d+1, e+1 1)
(3.31a)

Hence, if this formula is true, Eq. (3.29) will be the
correct solution of the recursion formula (3.27b).
But (3.31) is indeed true, since from the identities

plp+1) = (P,

(B +m¥P) =) rs (3. 31b)
(p~1)p),=(p-1),.,
we have
ab a+l, b+1, —c
d—eﬂFz[dH, e+1 ’1]
=5 (@) o (D) (= ) (= c+m+1+¢)
"m0 (m + 1) Hd) 1y ()
5 @) ey (0) s (=€) e
=L i
. 2 (a)md(b)m*'l(— c— 1)m+1 (3D 310)

m=0 (m + 1) !(d)m+l(e)m+l

a, b, —¢ a, b, —c-1
— b b .1 — F b 3 _1 )
SFz[d, e ’ j] 8 z[d, e ’}

By similar analysis it can be checked that f{ug;x'p’)
as given in Eq. (3.29) satisfies the recursion formula
(3.27a) as well.

The matrix elements of the tensor /9’; are thus given,
according to (3.26) and (3. 29), by

(=)(g+k-1)!
pleld=D(e= 1)1

Xst[a, b, —c ;1}

W’ PR = AN NS, .

4 e (3.32)
with a, b, ¢, d, e defined in (3. 30), and where we have
still to determine A(X’kA). For this purpose we make

a direct evaluation of the integral in (3.23) for the

case p=2x, u’=2A’, and identify the result with the
right-hand side of (3. 32) for the same values of u, u’.
We find thus that

AN =10 = A =R)IT (A +2" = B). (3.33)

We have given a group theoretical derivation of the
radial matrix elements with respect to harmonic oscil-
lator states. Using the transformation formula’”

rl® b, ¢ q = (=)T(b—~e+1)T(e)
2d, e T'b+c—e+1DT(e-c)

d=—a, b, ¢
a, b, nt
X3Fz[d7 btc—e+1’ ] (3. 34)
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The matrix elements can also be written as

Ot PRI
=0g, wu TN HX =BT (= k=2 4N +1) (3. 35)

(=) VAT (L= A+ 1)

X
Tl -2+ =2 + DT ko p X + DT k-’ +x +1)

e N e
X I, ' ’ ;1
ke N+, k- ut A1

which have a symmetric form with respect to x, u;)", '
and besides can be derived directly from the radial in-
tegral with the help of generating functions of Laguerre
polynomials.®

The ,F, function appearing in (3, 35) is then related
to the Wigner coefficients associated with the irreducible
representations X, A’ and the indecomposable one char-
acterized by the index k associated with the P%(r, ().
In particular cases these Wigner coefficients involve
only irreducible representations. For example, if
q>-Fk (g<E), then the property T2 L% =0 (T} /%, =0)
implies that the tensor P%(r, #) is irreducible and bounded
from below (above). The result of the previous para-
graph indicates that the Wigner coefficients contain an
indecomposable representation only when k< g=s - &,
But even here we have that under certain circumstances
the representation is irreducible and finite dimensional.
This happens, for example, when both — %2- ) +2’ and
— k-A"+x are nonnegative integers. In that case the
matrix (3. 35) can be written as

<>"I'U“’ U,)ﬂ)k“»:éq. ron

(=) ML AN =R T (== a2+ 1T (= k=2 +2 +1)

x T{(pw-=2+DT(u =2 +1)

(=R+A+A), 00— p), (A =),
T(eb=p+N +r+DT (== +x+v+1)°

X2

v

{3.36)

where from the properties of T functions and
Pochhammer symbols, v is limited by the inequalities

(3.37a)
Dep’ =X —psS—Rk+r=2". (3.37b)

Changing the sign and order of the inequalities in
(3.37a) and summing it with (3. 37b) we finally get

Osp_)\_yii—k‘i‘)\'—?\,

—hAEA=N (=)= (M =N R+ AN, (3.38)
which from the relation ¢=p’ — 1 implies that the
values of ¢ are limited to the interval

—kz gz k. (3.39)

Thus if — 2+x -2', —k—x+2’ are nonnegative
integers, the matrix elements vanish unless ¢ is
restricted as in (3.39). The index k characterizes in
this case an irreducible and finite dimensional repre-
sentation of SU(1, 1); the Wigner coefficients for this
type of representation have been given by Ui,'®

The importance of the particular case discussed in
the previous paragraphs is that for a problem in three-

dimensional space the condition
A==~k (3.40)

corresponds to
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lk =k’ | -2k, (3.41)

where «,k’ are IR of the ()(3) group indicated in (2.7).
This condition is automatically satisfied in the approach
followed by Quesne and Moshinsky® because of the se-
lection rule for the angular part of the matrix elements.
Furthermore, the same rule indicates that —« +«x’ -2k
is an even integer which implies that x -\’ ~ k is an
integer. Thus the analysis we have carried out in this
section, involving the Wigner coefficients in which one
of the representations is indecomposable, reduces,
when (3.41) is satisfied, to the analysis of Quesne and
Moshinsky® which involves a corresponding represen-
tation that is both irreducible and finite dimensional,

4. TWO-BODY MATRIX ELEMENTS

Once the R (7) are understood as BIR of Sp(2), we
can certainly construct from products of two states of
this type associated with coordinates 7,, 7, a new state
that corresponds again to a BIR of Sp(2), i.e.,
Prerr, 1) = 20 Wiy n, | AM), R (r))R2 (1),

(4.1)
IJ-1U~2 1
where { | ),. is a Wigner coefficient of the noncompact
group Sp{(2), but now all the IR appearing in it are
infinite dimensional. We note that M =, + u, and thus
the minimum value of M is A, +x,. Furthermore, we
continue to characterize the indices in such a way that
M = A gives the state of lowest weight. Thus A is
restricted by

At SAsM, (4.2)

The generators of the Sp(2) algebra in the Heisenberg
picture for the two particle problem will be the sum of
the T, of (2. 3) associated with particles 1 and 2. Using
variables in 2m-dimensional space defined as

R=(r,1,), P=(p,p,) (4.3)
they become
T,=5(P*~-R?, T,=3R-P+P: R),
T,=%(P2+R?) =1H. (4.4)

The volume element in 2m-dimensional configuration
space is

R?*™1 dRsin™!a cos™ o da df2, dR,, (4.5)
where
v, =Rcosa, 7,=Rsina, (4.6)

and d$?,, d2, are the elements of the solid angle
associated with particles 1 and 2.

The operators (4.4) are given in the Heisenberg pic-
ture. We note that their commutation relations and
equations of motion continue to be given by (2. 4) and
(2.23) respectively. Thus using (2.24) we can express
the Schrédinger operators in terms of the Heisenberg
ones. Again, as in Sec. 2, these operators are applied
to the time dependent Schridinger states and we can
make the replacements

3PP R~ i L

57 4.7

Thus we arrive finally at the Schrddinger operators
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t 0
=z = .8
T3=55; 5 (4.8a)
70 = sexp(F 2it) (z i—RziR iim) (4.8b)
2 ot 3R ’
where from (4.6) we have
bl ¢ 2
SR, T P=r . .
R~ yzarz’lR nr 4.9)
The operators T3, 7° can now be applied to the
two-particle radial Schrédinger wavefunction
WPeA(r,, 7,, 1) = 0,128 (r,, 7,) exp(- 12M1), (4.10)

and give, from the very definition of Wigner coeffi-
cient, 1° expressions similar to (2.29), i.e.,

7oV _ prgly et
S Ay Ao A AlAo A
TOW 20 = [(M2 AYMFA£1)P/2gjleA,

(4.11a)
(4.11b)

The Casimir operator for the two-particle case in the
Schrodinger picture is obtained from (2, 30) if we re-
place » by R and m by 2m. Thus the dependence of the
volume elements on R, f must be of the form

R*™3 4R dt (4.12)

if we want 102, T3 to be Hermitian., We still have to
determine the dependence of the volume element on

the a defined in (4.6), For this we note that another
relevant operator is the Casimir one for the () (2m)
group, as two particles in an m-dimensional oscillator
are equivalent to one particle in a 2m-dimensional
oscillator, From (2. 6) and (4. 6) we see that

[=—(r, P +1,-P,)2+i(m-2)(r,"P, +1,-P,)
+ (R + )BT+ p5)

0 2

0

+(m—2)R-ﬁ

1 il 0
+ 2 (_ m=1 + - m-
R ¥l oy, 4 er, 7 vl £ ar, 1
1 o .

= e gin™!a cos™
sin™la cos™a da da

2 2
n L] + /3
cos’a  sina’

{4.13)

where /2, /2 are respectively the Casimir operators
associated with the (} () groups of particles 1,2.

From (4.13) the operator /2 will be Hermitian only if
the volume element contains the factor

sin™! a cos™! @ da, and thus finally for the two-particle
problem we arrive at the volume element

R*™3gin™la cos™ o dRda dt =Ry vt dy, dv, dt.
4.14)

We have now Schrodinger two-particle radial states
\I/:})‘ZA(VU 7, 1) which are BIR of Sp(2), as well as the
volume element (4.14) with respect to which we can
define scalar products. If we wish to calculate two-
body matrix elements using the Wigner—Eckart
theorem, we would have to introduce irreducible ten-
sors in a way similar to the one in which indecomposable
ones were discussed in the previous section. One of
the more interesting examples concerns radial matrix
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elements associated with the Coulomb interaction

[r, - r,|"*. The expansion of this in spherical harmonics
gives radial parts of the form »’/75* where 7, is the
smaller and 7, is the larger of 7, 7,. This expression
suggests that, following the lead of Crubellier,? we
introduce functions of »,, 7,, t of the type

spz/z%Vz,t):[(q(aagzw(a 1)1‘)' ]1/2 7 § iz
(4.15)
where g, s, are nonnegative integers and
g=a/2,a/2+1,a/2+2,..., (4.16)
Using (4.8) we can immediately check that
(79, spa/z]=q *p?/? (4.17a)
[79,5P2/2|=(qx a/2) (g a/2 = D]/2 SPE2 . (4,17b)

Thus independently of the value of S we have an irreduc-
ble tensor of Sp(2) characterized by the IR a/2. We note
from (4.16) that the representation is infinite
dimensional.

The matrix elements of interest to us come from the
following integral

jx/ wfh [‘l’?vfll')‘lzl\’(”urz’t)]* sPa/z(”u Vz,t)

X W2y gy, RPN dor, dry dl

(g—a/2)(a-1) ]”7/ RIS
M'

a2 +q-D1
Lyl dy, dv,

= (2ﬂ)61W+q,M’ [

PRI

Vs+a '1) (711/2)1/1"-

=(Ma/2)Mq | A" M"), NN ([SPe/ 2|3 A, A). (4.18)

Again (!),, are the Wigner coefficients for the noncom-
pact group Sp(2), or equivalently SU(1,1), 5! discussed
in Appendix A. The last term in the equation is the
reduced matrix element which can be calculated from
the radial integral M’ =A’, M= A, The detailed evalua-
tion of the latter is given in Appendix B.

The procedure followed for the evaluation of the two
body radial matrix elements in this section exactly
parallels the application of the Wigner—Eckart theorem
in the two-body angular matrix element (1. 1b).

We note that from the orthonormality properties of
the Wigner coefficients we can write

./ f L QALALC usm R (r)

XRZZ(TZ)’VI Lyml dr, dr,
=20 20N lus [ AMTY, O M iy | AMD),
AT M AM
v -1
f/ ):,‘,Az (r,7,)]* = Ry )y dy d,

(4.19)

Thus the two-body matrix elements of (r/7{*) with
respect to m-dimensional radial harmonic oscillator
states can be obtained by purely group theoretical
methods in terms of the reduced matrix element in
(4.18).
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(r, ) J*

In the next two sections we particularize the present
analysis to the ordinary harmonic oscillator, i.e.,
m =3, and to the Coulomb problem which we show, at
least in what we have called the pseudo-Coulomb
form, ® to be entirely equivalent to the radial oscillator
with m =4. .

5. MATRIX ELEMENTS FOR THREE-DIMENSIONAL
OSCILLATOR STATES

In this section we note only that for m =3, « is the
angular momentum [ of the particle. Thus

v=Il+z, A=3(+3), u=n+3(l+3). (5.1)

For the Coulomb interaction with respect to oscillator
states the radial part takes the form 7‘2/75*1. Thus in
formula (4,18), when m =3, we are interested in the
case a=1.

The Wigner coefficients that appear in the previous
sections have to be particularized to the above values
of the parameters.

6. RADIAL MATRIX ELEMENTS FOR THE THREE-
DIMENSIONAL COULOMB PROBLEM

Let us denote by r’, p’ the coordinates and momenta
in three-dimensional space and in atomic units
(¢e=fi=m=1). The Schrdodinger equation for the
Hamiltonian of the Coulomb problem becomes then

($p2=1/7)y==(1/2N%yp, N=1,2 . (6.1a)

We denote by N the total quantum number to distinguish
it from the radial quantum number » that appears in
Sec, 2 for the oscillator. For the Coulomb problem the
total and radial quantum numbers are related by

N=n+I1+1, (6.1b)
where [ is the angular momentum.

Introducing a dilatation canonical transformation for
each energy level

=(r'/N), m=NMNp’, (6.2)
we obtain the equation
Ho=sple® + 1) =Ny, (6.3)

The #/ in (6. 3) is the well-known Hamiltonian for what,
in Ref. 8, we called the “pseudo-Coulomb” problem.
We denote the radial eigenstates of / by K} (p) and they
satisfy the equation

1 18 ,0 . W +1) ]

|- = —pP— + +1{RE(p)=N 6.4

zpl: 5P 5n Ry =NL(p). (6.4)
Introducing the change of variable

p =37, (6.5)
we obtain then the following equation,
17 10 , 0  201021+2) 2] L
2 MR s

=2NR [ (z7). (6.6)

Turning now to Eq. (2.21a), i.e.,
2T, R (v) =2 Ry (%), (6.7)
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where 7, is given by (2.10a) in which / ? is replaced by
its eigenvalue (2.7), we immediately see that

RGP =RL(7) (6.8)
when n =4 and k =21 which implies
A=1+1, (6.9)

Besides comparing the eigenvalues in (6.6) and (6.7)
we have

p=N=n+Il+1l=n+xr. (6.10)

The radial pseudo-Coulomb wavefunctions in three-
dimensional space are thus related with the radial har-
monic oscillator states in four-dimensional space. This
indicates that all matrix elements involving the pseudo-
Coulomb states R ;(p) can be converted into oscillator
matrix elements. We note further that for // to be
Hermitian the volume element must be p dp. Therefore,
in the one-body case, we are interested in matrix ele-
ments of the form
SRR o dp

=2k jow REA () BRREH () d, (6.11)

where, to keep up with the notation used in Sec. 3, k&

takes the nonpositive integer values 2=0,-1,-2,~3,**".

Looking into (3.2), (3.23) we immediately can determine
this integral in terms of Wigner coefficients of SU(1,1)
associated with the indecomposable representation &

and where we take m =4, x=1+1, u=N, M =l'+1,

and }L’ =N'.

Going now to the two-body case, we are interested
in particular in the radial matrix elements associated
with a Coulomb interaction, i.e., in the integral

f f “RIOR 0o p",%lfe ¥ ()

>

xR ;\122(02)91 dp,p, dp,

1 Y © li#l 1;,1 r2t
= = , R, . -

2‘/0"/0- RNl (r) N, (72) 7

<R () RE () v dr, dr,. (6.12)
Looking into (4.19), we immediately see that we can
express (6.12) in terms of the Wigner coefficients and
reduced matrix elements of (4,18), if we make the
replacements

s=2t, a=2, N=L+1, p =N, MH=L+1, p,=N,

(6.13)

and similarly for the primed ones.
coefficients are of the type

I, +1, L,+1, N, N|AM),, (6.14a)
MM g|A'M",,, (6.14b)

The required Wigner

APPENDIX A

where all the symbols are nonnegative integers. Thus
the coefficients contain only true representations!®!!
and as was shown in a recent paper by the present
authors!® they can be expressed in terms of ordinary
Wigner coefficients of SU(2) by the relation'®

G+, L, +1, N, NZIAM>nc
+1, -1, - +l,-1,-1
= (=1)¥amia* <M 112 -1 , M 122 L s

><z\rl_z\r2+2zl+zz+1 ’NZ-N1+211+ZZ+1 A—l,ll+lg+1>,

{6.15)
and similarly for (6. 14b).

We have determined the one- and two-body radial
matrix elements for the pseudo-Coulomb problem for
p™*, pt/pi™ respectively. We note though from (6.2)
that they will give us the corresponding Coulomb
matrix elements only in the case when all the radial
eigenfunctions belong to the same energy, i.e., the
same N,

7. CONCLUSIONS

We have derived from a unified point of view one-
and two-body radial matrix elements using the Wigner—
Eckart theorem for the Sp(2) [or equivalently the
SU(1, 1)] group. It proved fundamental for our objective
to obtain realizations of the Lie algebra of Sp(2) in the
Schrodinger rather than the Heisenberg picture.

The final results for the radial matrix elements
are certainly not simpler than those that can be derived
by other procedures, but the explicit group theoretical
structure of the problem leads to Wigner coefficients of
SU(1,1),'% and thus to all the selection rules con-
tained implicitly in them. In fact for the two-body
pseudo-Coulomb radial matrix element of p{/p*!, the
Wigner coefficients!® can be reduced to those of SU(2)
by expressions such as (6. 15). Then all the extensive
results for selection and symmetry rules for the
latter coefficients can be applied to the corresponding
matrix elements.

The technique used suggests the possibility of de-
riving through the Schrdédinger picture, realizations
of Lie algebras appropriate to the discussion of prop-
erties of other special functions” and of the matrix
elements that can be defined with respect to them.
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In this Appendix we summarize some results on the Wigner coefficients of SU(1,1), discussed by Biedenharn
and Holman, 1! that are relevant to the analysis of the two-body radial matrix elements discussed in the present

paper.
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The starting point in Ref. 10 is the set of states |au), A20, p=x,x+1,..., which constitutes an infinite dimen-
sional and unitary BIR of SU(1, 1). Thus the generators T,, T, of this group acting on the ket give!®!!

T awy=paw), T aw)=[(p£0)(pFrz1)]/2apx1). (A1)
The Wigner coefficients provide us, then, with the set of states | AM) that are again BIR of SU(1, 1), formed from
the direct product of Ix 1), [A,u,), i.e.,

\AM>: 2 O‘R‘z‘-‘u“zlAM>ncI7\1ﬂ1>|7\2“'2>' (A2)

Hi¥g
The generators of SU(1,1) for the direct product are the sums of the generators for systems 1 and 2, i.e.,

T,=TM+T®, T,=T® +TP. (A3)
Applying them to (A2) we get recurrence relations for the Wigner coefficients entirely similar to those obtained
by Racah'? for SU(2). These recursion relations were solved in Refs. 10 and 11, and with the phase convention given
there, one obtains

A Aghq g | AM), = (= 1M 42A 1V /2[T(py + 2, = A+ )T, + A 42

[F(A+>\1+>\ “UT( +A=0)T(M - A+ 1)T{M+A) r(uz_x2+1)r(u2+>\2)]”2
TOLFAXITA +A =200, =2, + DT, +2))

[l a9

with
Pa=A, N+l e uo =g At ey M=A A+, - (A5a)
20, 2,20, A=d +2,0 +X,+1,-00, (A5b)

i.e., three unitary infinite discrete representations of SU(1,1). We note only that, for comparison of (A4) with
formula (2.11) of Ref, 11, we require the identification of (- 11"2"* with the phase factor ¢, given in (2. 10) of the
same reference. This can be achieved trivially when we notice from (A5) that A -2, — , is a nonnegative integer.

The Wigner coefficients (A4) encompass both the one given by the same notation in the present paper as well as
(Ma/2) Mgl N M"Y,,..
APPENDIX B

In this appendix we calculate the reduced matrix elements of the two-body m-dimensional harmonic oscillator
radial functions, which, from (4.18) are

(X{XQA'|ISPG/2HM)\2A>=[(A (a/z)Aq\AIA’i)nc]-léA'-A, [(CI— a/2)Ha-1)! ]1

W (@/2rg-11
x2m 20 2o AN pg | A A Ny | AN), 1}, (B1)
l-llll Uv’Ur'

2
where

/ / YI)R ('rz) ,Vsm }‘1 (’rl.)}z)t2 (72)7’;"-17’2 = d'r]_ drg f f fu, (71 (’}’2 ’rsﬁl f (yl)f (7‘2) d’}’l d1’2. (Bz)
The SU(1,1) Wigner coefficients which appear in formula (B1) do not contain a summation and, choosing the nor-
malization and phase as Biedenharn and Holman'® have, are given by the following formula:
O bty | AN, = (= #1424~ 172
[F(A X FAIT(A =Xy =2, + DT(A +2, = AT +2g + A= 1)] 1/2

B3
Tl T AT (h, P AT (a3, T D T, -, F DI ED) (B3)
Following Moshinsky2' we can write
v = (n V——g,n V—z,p) -
4 — )] 14 f
I ('r)fn(r)_Zyz,;/ T +2) ¥ebe (B4)
where for the case of m and v+’ odd, the coefficients B are those tabulated by Brody and Moshinsky. * It is
immediate to extend the program to the calculation of the other cases of interest. Consequently we have
=7, 4B(n', v{ - 3,m,v, - %’Jp)B(né» ’;é =3, My Yy~ %7PZ)J (B5)
b1b r(pl +§)F(1)2 +§) ’
- 0% + ) ar, a, (B)

J:ff P21yl ? 7:?“ exp
4] [}

To carry out the last integration we turn to polar coordinates so that we can write J as follows:
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o cosa)?

«© /4 S P
J:f AR R2P1#282%5-a e-gy" [(cosa)?1*3(sina)?#2*2 + (sina)?*1*2(cos a)??2"?] ((tga) da= I'(p, +P22+3 a/2) K. (B7)
0

As a consequence of the Kronecker delta which appears in (B1), the sum p, +p, is always half-integer if g is odd,
and integer if g is even. Thus, doing the transformation x =7#ga we can write the angular part of the integral in the

following way:

1 m m.
K:/ izll++xn2dx, my=2p, +s+2, my=2p,+s+2, n=p1+p2+3..a/2, (B8)
0

Using the formula 2. 147.2 and, depending if m, and m, are even or odd, formula 2.148,4 or 2,124.2 of Ref. 9 we

can obtain the final result for K.
Writing
K*m) = [ xmdx/ (1 +52),

(B9)

where the index + denotes the parity of m, + if m is even, — if m is odd, we obtain the following result:

Kom)=w L Lln +1/2)060 = (m +1)/2) | T{on +1)/A0-(m +1/D § ___T(n- k)
=T T+ (n-k+3) 2T . T )T (n= k13
+ T{m +1)/2)Tn - (m +1)/2)
4T(n) ’
oo 1 "'"213’-’  T((m+1)/2)T(n - (m+1)/2) _ T((m+1)/2)T(n~ (m+1)/2) L Don+1/2)T (= (m +1)/2)
m)=-g= L NCESYCET) 5T () 3T ()
(B10)
So for a even, p, integer, s even, or p, half-integer, s odd, we have
K=K'(2p, +s+2)+K'(2p, +s+2), (B11)
For the other cases corresponding to g even, the value of XK can be obtained changing X* into K™ in (B11).
For a odd, p, integer, s even, or p, half-integer, s odd, we have
K=K(@2p,+s+2)+K(2p, +5+2), (B12)

and for the other cases the value of K is given by interchanging p, and p, in (B12).
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ERRATA

Erratum: Proof of the charge superselection rule in local

relativistic quantum field theory
[J. Math. Phys. 15, 2198 (1974)|

F. Strocchi

INFN, Sezione di Pisa, Scuola Normale Superiore, Pisa, Italy

A. S. Wightman

Joseph Henry Laboratory of Physics, Princeton University, Princeton, New Jersey 08540

(Received 7 July 1976)

In Eq. (1.8), the round brackets, (, ), should be
angular brackets, {, ).

At the end of Definition 2. 3, add: In the following, we
still say there is a special gauge transformation lead-
ing from A,, to A,, even if the vacuum in /4, is not a
cyclic vector for A4,,.

At the end of Proposition 2.1, the phrase “satisfies
(2.50)” should stand clear of hypothesis (iii).

On p. 2206, first column, line 14, replace B(f)" by
B(f).

On pp. 2207, 2209, and 2210, Laudau should be
Landau, in six places.

In Eq. (2.111), G(- x) should be OG(- x).

On p. 2209, first column, third line from the bottom
(line 3-), (2.44) should read (2.46), second column,
line 8—, (2.117) should read (2.118).

On p. 2210 in Eq. (2.130), the minus sign should be
plus.

On p. 2214, second column, line 5—, (2,168) should
be (2.175).

On p. 2215, all script 4 should be Gothic %; same
page, first column, line 14-, (¢ )should be & (0);
second column, line 5 () should be § ().

On p. 2217, second column, line 14, A, +8,x should
be A, —3,x; line 23, 3, A*(f)A(g) should be
3, A (NA(g); Eq. (2.188) should read

(BO)..., = U2 ()« - 0 (e ), (e e e ey,

VieosVp n
where k2, b" (k) =k,b(R), #bL(k)=Fk"a(k) with a,bes S(RY.
On p. 2218, first column, line 8, |®)’ should be

[#]; second column, line 20—, T(¥,, V,) should be
(L, ¥,).

On p. 2219, first column, line 2, {,,x,) should be
Ty X0

On p. 2220, first column, line 25, “in one gauge- - -
another.” should read “in every gauge...””; second
column, line 3—, 2,f,, should read 3“f,,.

On p. 2221, first column, add after (4. 3): [the
currents J (x) themselves being charged fields].

On p. 2222, first column, in (4.10) and (4.12), F
should be G.
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On p. 2223, second column, line 22, 6 =27 should
be 6 =1/2,

On pp. 2210-11, the discussion of the o« space
realization of the Landau gauge in (2.132)—(2.153) is
not satisfactory for two reasons, First, because the
matrix 5 given in (2.153) has eigenvalues greater than
one. As a consequence, the form (, ) is not bounded
with respect to (, ). This difficulty is easily overcome
by inserting a suitable constant N on the right-hand side
of (2.132), N being larger than all the eigenvalues of
the matrix . Second, as pointed out to us by Professor
G. Rideau, the transversality property (2.146) is not
satisfied as an operator identity in the Hilbert space #/.
[ The somewhat confused argument after (2.146) reflects
an earlier version of the paper in which a Landau gauge
was defined as one for which the two-point function of
the vector potential has zero divergence. That is also
a legitimate definition, but it is not the one we have
finally adopted. | A correct ®o k space realization has
been given by Rideau in Letievrs in Mathematical Physics
1, 17 (1975). [See also L. Bracci and F. Strocchi,

J. Math. Phys. 16, 2522 (1975), Sec. 4. ] Here is
another, for the special case M =0, which has some
virtues of simplicity.

For any test function f,, define
Fu (k) = (guukz - kukv)fv(k)
and the eight-component wavefunction

k2F, (k)
¥, (k)=
2

-1 _ Y -
B 5 F,(k)

The Hilbert space scalar product, (-,-), and the invari-
ant sesquilinear form, ¢.,.), are then defined as

W, ¥,)=N [ a2, (k) 2 B, (k) o),

@, ¥,) = f A(R) L2 Ty o0 ¥ o),

a, B=0

where 77 is the 8 X8 matrix

uv T38u08vo — LuoBvo

n=xz
= Buobvo Zuv

Because the largest eigenvalue of this 5 is (5 + V13)/2,

Copyright © 1976 American Institute of Physics 1930



N should be chosen so that N > (5 + vV13)/2. The vector
potential is defined as in (2.140) with the I1Z(0)f of
(2.143) replaced by

K2F, (£ k)
(nff)u. (k)= k3

8 = .
‘].___‘
K akOFu(:tk)

The discussion then runs parallel to that given in the
paper.

Regrettably, neither in this realization nor in
Rideau’s is it obvious the operator » has an inverse
with the properties which would enable one to carry
out the argument (2.154)—(2.158), However, c,=0 is
implied by the following altered version. The extended
scalar product is defined as in (2.154) [with the correc-
tion: there should be a bar over the ﬂO)’s]. The new 7
is the old with one new row and column consisting of
zeros except for the diagonal element sgnc, g,,. The
definition (2.155) is replaced by the definition of the
four functionals

F . (¥)=0, F,(AH¥)=VTeTf,(0),
FLLAf) - A(f):¥,)=0, n>1.

Because the F, are clearly bounded with respect to
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{, )V, there exist four vectors &, such that
FuA(N%)=(8,,A(N¥,) =V TE,TA0).

By the definition of
(@, A(P¥) = (@, 14(N)¥,) =sgnc, /16,11, (0).

Thus, the contribution ¢, 10)g*(0) in the two-point func-
tion comes from the ¢,’s:

@, A(PA(g¥,) - (2.130)

‘—'-“Z <‘1’0, A(f)‘b p)(q’ Wy A(g)‘II{))

= ¢, /,(0)2*(0).
Clearly,
(@, Ua)A(N¥,)=sgnc, VT, T (e¥¢f),(0)

= <¢#1A(ﬂ‘yo>v
i.e.,
m(Ula)e, - ,), A(f1¥,) =0

so since the A(f)¥, span /), and the metric is
nondegenerate,

U(a)<1>“ =¢,.

This is impossible if the vacuum is the unique invariant
vector.

F. Strocchi and A.S. Wightman 1931
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